miz, Cambridge Assessment
-§> International Education

Endorsed for full syllabus coverage

Cambrldge
IGCSE® and 0 Level

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

4 1 Additional
~ | -* Mathematics

- "
% _-"
--------------------------------
"'\-\_\_\_“-
."'--.
i —— y
i
( .
i - —
o~ :
ra #
¥
F
\
) L
3 /
gl N
\ | A8
] ,

v . DYNAMIC ‘ HODDER
CEARNING ) EDUCATION




DYNAMIC
> LEARNING

Dynamic Learning is an online subscription solution that supports teachers and students with high
quality content and unique tools. Dynamic Leaming incorporates elements that all work together to give
you the ultimate classroom and homework resource.

Online Teacher’s Guides include a host of informative and practical teaching resources, such as:
o Lesson planning support via editable schemes of work

e (uidance on teaching the course

e Answers and worked solutions

Cambridge IGCSE® and 0 Level Additional Mathematics is available as a Whiteboard eTextbook
which is an online interactive version of the printed textbook that enables teachers to:

e Display interactive pages to their class

e Add notes and highlight areas

e Add double-page spreads into lesson plans

Additionally the Student eTextbook of Cambridge IGCSE® and O Level Additional Mathematics
is a downloadable version of the printed textbook that teachers can assign to students so they can:

e Download and view on any device or browser

e Add, edit and synchronise notes across two devices

e Access their personal copy on the move

To find out more and sign up for free trials visit: www.hoddereducation.com/dynamiclearning




The Student eTextbook version of this book
contains interactive quizzes. Note that
these quizzes are not exam-style questions.

& Cambridge
IGCSE"™ and 0 Level

LA B N AR N E NN EENEESENENENENERENNENENSNESHSHNH:NH;]

Additional
Mathematics

LA R R R R RN EEEEESEEESRESEESESEEREENENESEESE}..]

This resource is endorsed by \

Cambridge Assessment International Education

v Supports the full Cambridge IGCSE® and
O Level Additional Mathematics syllabuses
(0606/4037) for examination from 2020

/ Has passed Cambridge International’s
rigorous quality-assurance process

v Developed by subject experts

v For Cambridge schools worldwide

EDUCATION

- DYNAMIC
i.e:ﬂwwu

4 (7 HODDER

AN HACHETTE UK COMPANY



Duestions from Cambridee 1GCSE® and O Level Mathematics past papers are reproduced by
permission of Cambridee Assessment International Education. Unless otherwise acknowledsed,
the gquestions, example answers, and comments thal appear in this book were wrillen by Lhe
authors. In examinations, the way marks ane awarded may be differenl. Cambnidee Assessment
International Education bears no responsibility for the example answers 1o gquestions 1aken

from ils past gueshion papers which are contained in this publication.

IGCSE= s the registered trademark of Cambridee Assessment International Education.

The Publishers would like 1o thank the following for permission Lo reprodoce copyright matenal
Photo crediis

pazc 1 & Yulia Grozoryeva/l 23RFcom: paze 190 The Granser Collection/ Alamy Stock Photo:
page 41 © SCIENCE PHOTO LIBEARY: page 58 © MasaMima/Shutlersiock com: page 68

© Shuuersiock | FabnkaSimf: page 81 Shutterstock / Bonma Suniya: page ™ € Monkey
Busincss - stock_adobe.com; page 114 © Shutlersiock [ Vilali Nesterchuk: pages vaii . 128 © siraphol
-stock adobe com: page 138 © varhdacy - stock adobe.com: page 184 © while 78 - stock adobe.com;

page 125 Jeft © marcel - stock adobe com; page 275 rght © Marnusz Blach - stock adobe com:
paze 257 © Peler Bernik - stock adobe com: page 277 © NASATPL

Adknowledeements

Every cilon has been made Lo trace all copynight holders. but if any have been inadveriently
overlooked, the Publishers will be pleased 1o make the necessary arransemenis al the first
opporionily.

All]mu#l every cllon has been made 1o cnsure that website addresses are cormect at lime of
soing Lo press, Hodder Edocation cannot be held responsible [or the conlent of any wehsile
menboned in Lhis book. 11 s sometimes possible 1o ind a relocated web pase by typing in the
address of the home page for a website in the URL window of your browser.

Hachette UK's policy is Lo use papers Lhal are nalural. renewable and recyclable products and
made from wood grown in sustainable forests. The logging and manufacturing processes arc
expecied Lo conform o the environmental regulations of the country of ongin.

Orders: please contact Bookpom Lid, 130 Park Dinive, Milion Park, Abingdon, Oxon OX14 45E.
Telephone: (44) 01235 B27827 Fax: (44) 01235 40040 1. Email education@bookpoinL.couk Lines
are open [rom 9 a.m. 1o 3 pm., Monday 1o Saturday, with a 24-hour message answening scrvice.
You can also order through our website: www hoddereducation.com

©) Rooer Porkess, Val Hanrahan and Jeanctie Powell 2018

First edition published 2018

Hodder Education,

An Hachetie UK Company

Carmchic House

30 Victoria Embankmenit

London ECAY 0YZ

www hoddereducation.com

Impressioonnumber 109876543 21

Year 22 21 2020 2019 2018

All nights reserved. Apart from any use [h:rmiltmd under UK copyright law, no part of this
publication may be reproduced or transmitled i any [orm or by any means. elecironic or
mechanical. including phulmnp}lngand rmnrd.mg,,mh:.bd wilhin any information slorage
and retneval system. withoul permission in writing from the publisher or under licence from

the Copynight Licensing Agency Limited. Further details of such icences (lor reprographic
reproduction ) may be obiained from the Copynght Licensing Agency Limiled, wew.cla coonk

Cover photo © Shutterstockpjhpix

IMestrations by Integra Software Services Pyl Lid, Pondicherry, India

Typescl in Times Ten LT Sid 10712 by Integra Software Scrvices Pvl Lid, Pondicherry, India
Printed in ltaly

A calaloguc record [or this litle s available from the Britsh Library.

ISBM:-9T781 5104 2164 6
clSBN:- 9781 5104 2052 6

VAR

responsible sources
SC FSC™ C104740




Contents

CHAPTER 1
CHAPTER 2
CHAPTER 3
CHAPTER &
CHAPTERS
CHAPTER 6
CHAPTER7
CHAPTER 8
CHAPTER 9
CHAPTER 10
CHAPTER 11
CHAPTER 12

Introduction

Functions

Quadratic functions

Equations, inequalities and graphs
Indices and surds

Factors of polynomizls
Simultaneous equations
Logarithmic and exponential functions
Straight line graphs

Circular measure

Trigonometry

Permutations and combinations

Series

CHAPTER 13 Vectors in two dimensions

CHAPTER 14
CHAPTER 15
CHAPTER 16

Differentiation
Integration
Kinematics

Mathematical notation
Answers

Index

19
41
28
68
80
70
114
128
138
173
184
210
225
257
277

290
293
334



INTRODUCTION

Introduction

This book has been wrillen for all students of Cambridge 1GCSE® and
O Level Additional Mathematics syllabuses (0606/4037). It carefully
and preciscly [ollows Lhe syllabus [rom Cambridee Assessment
Inlernational Education. It provides the delail and guidance thal are
nceded Lo support you Lhroughout the course and help you Lo prepare
for your examinalions.

Prior knowledge

Throughout this book, it is assumed thal readers are compelent and
flucnl in the basic algebra Lhal s covered in Cambrnidge 1GCSE®/ O
Level Mathemalics:

» working wilh expressions and [ormulae, simplifying and collecling
like lerms

» subsliluling numbers inlo algebraic expressions

» lincar and quadralic faclorisalion and Lhe use of brackels

» solving simple, simullancous and gquadralic equalions

» working wilh inequalilics

» changing Lhe subject of a formula

» plolling and skelching graphs.

Chapter 1 Functions

As well as basic algebra, Lhis chapler assumes a knowledge ol graphs
and the basic trigonomelrical [unctions. This chapler introduces readers
Lo the idea of a funclion, and the associaled vocabulary; this pervades
the rest of the book.

Chapter 2 Quadratic functions

In this chapler, readers are expecled Lo be [amiliar with the basic
algcbra associaled wilh quadralic funclions, including drawing their
graphs. Quadralic functlions are used in many places in Lhis book.

Chapter 3  Equations, inequalities and graphs

This chapler assumes Lhal readers are compelenl in basic algebra. 1t
builds on the work on the modulus function in Chapler 1. Chapler 2
included solving quadratic equations and this 1s now exlended Lo solving
cubic cqualions.

Chapter £ Indices and surds

In this chapler readers are expecled to be [amiliar with numbers,
including squares, square rools and cubes. They are also expecled Lo be
familiar wilh lechnigues from basic algebra, especially working wilh
brackels and collecling like lerms.
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Chapter 5 Factors of polynomials

This chapler builds on and slarts lo generalise ideas developed in Lthe
conlexl ol guadratic and cubic [unclions in Chaplers 2 and 3 . 1t requires
compelence in basic algebra and [amiliarily wilh curve skelching,

Chapter 6 Simultaneous equations

In this chapler readers solve simultancous equations in lwo unknowns,
including cases where one of the equations is quadratic and the other
lincar. 1t builds on work in Chaplers 2 and 3 , which in lurn requires
Mlucncy in basic algcbra.

Chapter 7 Logarithmic and exponential functions

This chapler develops new ideas based on the work on indices covered
in Chapiler 4.

Chapter 8 Straight line graphs

In this chapler, readers are required Lo use lechnigues relating Lo the
graphs of straight lines thal they covered in Cambridge IGCSE®/

O Level, including drawing a straighl line given ils equation. They are
expecled o know thal y = mx + ¢ is Lhe equalion of a straighl line with
gradienl m thal crosses Lhe y-axis al (0, ¢) and Lo be able Lo find the
gradient of a given line. They should also be able Lo find the equation of
a straight linc given lwo points on il. or onc poinl and its gradienl.

Chapter 9 Circular measure

In this chapler, il 1s assumed thal readers arc [amiliar with the standard
[ormulac [or Lthe area and circumierence of a circle.

Chapter 10 Trigonometry

Readers are expecled o understand the three basic lrnigonometrical
[unclions, sin, cos and Llan, and how they are used Lo lind unknown sides
and angles in right-angled triangles. They are expecled Lo be able to
work in radians. which are mel in Chapler 8 . as well as in degrees. This
chapler involves drawing and translorming Lhe graphs of the various
trigonomelrical functions, so il builds on ideas [rom Chaplers 1,2 and 3 .

Chapter 11 Permutations and combinations

The work n this chapler is essentially new and no prior knowledge 1s
required.

Chapter 12 Series

This chapler develops ideas aboul sequences and series. Readers
who have prior knowledge of this lopic will find it helplul bul it 15 nol

essenlial. Much more important is fluency in basic alecbra. Knowledge
ol the work in Chapler 4 on indices is expecled. -
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Chapter 13 Vectors in two dimensions

Much of the work in Lhis chapler will be new Lo readers. However, Lhey

are expecled Lo be compelent in basic trigonomelry and also in ranslations,
both from Cambridec IGCSE®/ O Level and [rom Chapler 10.

Chapter 14 Differentiation

This is the first of three chaplers on calculus. Readers are expected Lo be
Mluent with basic algebra [rom Cambndge IGCSE®/ O Level and from
the carlier chaplers in this book. They are also expecied Lo be [amiliar
wilh work on straight linc graphs [rom Chapler 8 .

Chapter 15 Integration

Ths 1s the second chapler on calculus. 1t [ollows on [rom Chapler 14

and rcaders arc expecled o undersland the ideas and lechniques
developed there.

Chapter 16 Kinematics

This chapler shows how Lhe ideas in Lhe two previous chaplers on
calculus can be applied Lo motion. So knowledge of both Chaplers 14
and 15 is assumed. Readers are also expecled 1o be [amiliar with
Chapler 8 on straight linc graphs.

How to use this book

To make your study ol Addiional Mathemalics as rewarding and
successful as possible, this Cambridee endorsed lexibook olfers the
[ollowing imporiant [calures:

Organisation

The conlenl s generally in Lhe same order as the syllabus, although the
malerial wilhin each chapler is presenled in a nalural leaching order
Lo aid both teaching and lcarning. Where possible, Lhe chapler litles
and chapler section headings match those of the Cambridge IGCSE®
and O Level Additional Malhemalics syllabuses; however, Lhe long,
final secction on calculus is splil inlo three chaplers: Diflerentiation,
Integration and Kinemalics, so Lhal it is casily manageable for studenis
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Approach The modulus function
Each chapter is broken down into several T!:u: —ﬂﬁ_ufa number is ils posilive value oven when the numbcr
itscll s negative.

sections, with each section covering a
single topic. Topics are introduced through
clear explanations, with key terms picked
out in bold type.

The moduhs & denoled by a vertical finc on cach sede of the nomber
and = somclimes called the masnitnde of Lhe guantity.

Worked examples

The worked examples cover important technigues and guestion styles. They
are designed to reinforce the explanations, and give you step-by-step help
for colving problems.

=» Worked example

Show that the two lines vy = %
Solution

Start by rearranging the second equation inlo the form v = mx + c.

x—4 and x - 2y — 6 = [} are parallel.

x=2y-6=0=x-6=2¥%

= 2y=x-b
= F=

Both lines have a gradient nt'lz sp arne parallel.

Exercises

These appear throughout the text, and allow you to apply what you
have learned. There are plenty of routine questions covering important
examination technigues.

l

Exercise 1.2 1 Given that fix) =3z + 2 gir) = r° and hiz) = 2x_find:

a Igi2) b Igix) c ghix) d fghix)
2 Given that fix) =+ZFx+ 1 and gix) =4 — x. find:

a lgi—4) b gli12) € igix) d glix)
3 Given Iha-tl{l:il-J.'--t.g{l:]-Mandh{xl-h-'_l.ﬁnd'

a Fx) b 2ix] ¢ bix) d hefix)

4 For each (unclion, find the inverse and skeich the graphs of v = {x]) and
w=f"{x) on the same anes. Use the same scale on both axes

a fix)=3x-1 b f{x)=x* x>
5 Salve the following cquations:
a x-3=4 b [2x+1]=7 ¢ 3z-H=3% d [x+3=2

& 5keich the graph of each funchon:
a y=x+2 b y=|r+=3| c y=lx+3+35
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Commentaries

The commentaries provide — o Civen Bt f{x) = 17 - 27 - Sr5 12
additional explanations and * S il (v - Fiea tacioral ).
encourage full understanding To those that " Sl
. .. (x—5) i afactes, Solulion
of mathematical principles. oo nped foshow 3= < ¥ -3 +9
that f{3) =0. . I Py
The- shesss thal £z = 3 b m o of Bz)
chtﬂh.llb_}' b O wow bonve o oo lecar Esclon of = oshe: cxprossion., e rosaming
""""iiFJT:"'! ot o 1 e, With practios yowwill he shic o o ths sep by

ThaT you egred
o g o A S R B T e O 1™ e |

rlﬂ"dﬂ:.'ﬂ‘f-' — e g = 2r— 4 o b i | o e b ik o b e

knsw i can't o S -

foctoried ? @i s s =ll-e g - F“'., £
L=

N P T T

In s cxemple a= L bel gug—=E= =0
5 T 1
—x= 1545

The sisfarioss 1o Bht Sqpeasion & thencbony & @ "ar g = | a8

The Tmmily of curves v = i, shcie & nap s ol el

oF sramiormanions of the cure v = & Thess pepeesens sirerches of The
isve o= et il the vdeietann.

Hefioe fhat fe
Swrve y = ket ——2
srogies The o

i
nh':Jn.

Simmilarly, tor s fived velne of & graphs of the Sy § = 02 e
repeescniod by streichios of the praph v = o by scale factan & in the
walifersion

Oz addieonal rencloematon ees graphs of the fofm s = L™ < &

»— Discussion pDIHtS

These are points you should discuss
in class with your teacher or fellow
students, to encourage deeper
exploration and mathematical
communication.

Th.:ulh:‘!uwm’:ﬁpu 1 b @ radins of 75 metres. 11 lzkes ahont
3 minuies 1o complete one mottion, ravelling ai a consdant speed. How
sl do the capsules travel?
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LEHITIIFIQ outcomes

Each chapter ends with a Learning outcomes Y-)\K
summary of the learning Now you should be ablc o-

outcomes and a list of key points #* intcrpret the cqualion of a straight line graph in the form

to confirm what you should have y=mx+c

leamed and understood . # sohve guestions involving midpoint and kength of a line

# know and use the condition for two fincs Lo be paralicl or
perpendicular. incloding inding Lthe cquation of penpendicular
biscclors

# lransform given relalionships, including ¥ =ax® and y= AP 1o
slraighl finc form and henoe delcrmine unknown constants by
cakculating the gradicnl or intcreepl of the ransformed graph. V.

Key points

¥ An equation of the form v = mx 4o represents a straight hine

that has gradient m and inlersects the y-axis at (0, c).

v The midpoint of the line joining the points (x,. ¥, ) and (x.. ¥, ) is
erven by

midpainl = 15'—;—1";_2—"1

v The length of the line juning the poimis (£, v, ) and (£, ;) & gven
b=

length = \'ll:“:: —xF+l-wT -

+ Two lines are parallel of they have the same gradient.
# Twao hnes are perpendicular if they milersect a1 an angle of %F
» When the gradients of two paralle] lines are given by o, and

fily, mym, =—1.

+ Logarithms can be used to deseribe the relationship between two
vanables in the following cascs:

i v=ax® Taking loss, ¥y = ar® = eguivalent to bog v = loaa + nlop .
Plowing kog v against kog r gives a traighl hine of gradien
thal imlersects the verical axs a1 the poant (i, logal

il v= Ab Taking logs, = Ab' is equivalent to log v = log A + xlogh.
Plotting bog v against x gives a straight line of gradicnt log & that
miersects the verical axis at the point (0. log A ). /

Additional support

The Workbook provides additional practice [or sludents. These wrile-in
workbooks are designed Lo be used throughoul the course.

Assessment
For both Cambridee IGCSE® and O Level Additional Mathemalics vou
will lake lwo examination papers; Paper 1 and Paper 2:

» 2 hours cach
» 50% cach
» scienlilic calculalors are required.
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Command wnrds

E:nmmanll mrll

Cal.culate

Describe

: I]Etermme

.Elplall'l

wme [
: Write down

Wurk out fmm gwen facts ﬁgure-;. or
- information, generally using a calculator

State the points of a topic / give charactengu-cg
: and ITI.T:III'I feature5 :

SEt out purpus.es or reasﬁnﬁf ma!-:e the -
: relationships between things evident / provide

: why and / or how and support with relevant
Ewdence

: Pm-duce an answer fmm a gnren Source or
: recall / memory

- Mark point(s] on a graph
Prowvide stmctured E'ﬂden ce that leadg tn a

- Make a simple freehand drawing showing the
5 key featureg

Express in clear terms

: Confirm a given statementf re-sul_t Is true

- Calculate from given facts, figures or
information with or without the use of a
: ca].cul.atur

; Ewe an answer in a EP'ECIFIC f::-rrn

Ewe an answer wathuut 5|gnrf|cant worlung

From the authors

We very much hope vou enjoy Lhis book. It introduces yvou lo

some of Lhe exciling ideas of malhemalics. These will broaden your
understanding of the subject and prove really helplul when you go

on Lo [urther study. They include Lopics such as identilies, veclors and
parlicularly calculus; all of these are covered in Lhe laler chaplers of the
book. In order Lo handle such Lopics confidently. vou will need 1o be
Mlucnl in algebra and numerical work and Lo be able Lo communicale
the mathemalics vou are doing. The carly chaplers are designed Lo build
on your previous expericnce in a way Lhal develops Lthese essential skills
and al the same lime cxpands Lthe technigues you are able Lo use.

Val Hanrahan
Jeanette Powell
Roger Porkess




If A equals success, then the formula is A equals X plus Y plus 7, with X
being work, Y play, and Z keeping vour mouth shut
Albert Emstlein (1879 — 1955)

Look al the display on this fucl pump. One of the quantitics is mcasurcd
and onc is calculated from il Which s which?

You can think of the display as a mapping. Somc of the valucs arc shown below.

Amounl of lucl (litres) —+ CoslL (%)
1 — 240

2 — 4 50

3 Cx 20

4 Lo Yonll

5 — 12.00

10 Lo 24 .00

| S 120.00

10D Lo 240000

Il x 1s an element of the hrst sel, then [{x) denoles the associaled
clement [rom the second scl. For example, this mapping diagram shows
inlcgers mapped onlo Lhe inal digit of their squares.




1 FUNCTIONS

Discussion point

Which digits will ncver appear in the oulpul sl of the previous
cxamplc?

A function is a rule thal associales cach clement of one scl (Lhe input)
wilh only onc clemenl ol a second scl (Lhe output). 1L is possible [or
more Lhan one inpul Lo have Lhe same oulpul, as shown above.

You can usc a flow chart (or number machine) Lo express a funclion.
This Now chart shows a [unction, [, with lwo operations. The lirst
operation 1s x 2 and the sccond operation is + 3.

Ingut —= @ — @ — Output

You can wrile the equation of a line in the [orm y = 2x + 3 using
Read this as 'f of function notation.
X equa'f two X plus >f(x)=2x+3 Read this as 'f maps ¥
three! or Exrs2r+3 e ontotwex pluF three:

Using this nolation, you can wrile, [or example:
f(4)=2x4+3=11
or F(-5)—2x(-5)+3=-7

The domain and range

The domain of a function [(x) is the sel of all possible inpuls. This is the scl of
Real numbers are values of x thal the funclion operales on. In the first mapping diagram of the
all of the ratienal  next worked example, the domain is the first five positive odd numbers. If no
and irrational ——= domain is given. it is assumed Lo be all real values of x. This is often denoted
numbers. by the letler B

The range of the [unction [(x) s all the possible oulpul values, 1.c. Lthe
corresponding values of [(x). It 1s somelimes called the image set and is
conlrolled by the domain.

In certain lunclions one or more values must be excluded from the
domain. as shown in Lhe [ollowing example.

=» Worked example

For the function fix) =

2.!+|:

3 Draw a mapping diagram showing Lhe oulpuls for Lhe sel of inputs odd
numbers [rom 1 1o 9 inclusive.

b Draw a mapping diagram showing the oulpuls for the sl of inpuls cven
numbers [rom 2 to 10 inclusive.

¢ Which number cannol be an inpul for this lunction?
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¢ A fraction cannot have a denominator of 0,50 2x+1=0
=x =3 must be excluded.

Mappings
A mapping is Lhe process of going [rom an object Lo ils image.

For example, this mapping diagram shows the function f(x) =x" + 1
when the domain is the set of integers -2 =x =2,

A mapping

diagram is ene

Way te llustrate a

function. =

There are [our different types ol mappings.




1 FUNCTIONS

One-one

Every object has a unique image and every image comes [rom only one
objecL.

V=x+1

- W

Many-one

Every object has a unigue image bul al least one image corresponds Lo
more Lhan one objecL.




Functions

One-many

There is al leasl one object thal has more than one image bul every
image comes [rom only one objecL.

¥
5
4 Ve
Input Cutput 3
. J e 2
® _ 1
. . .
P . -1 3 4 5 6 X
-1
. .
-2
=3
—4
Many-many

There is al leasl one objeclt that has more than one image and al leaslt
one image Lhal corresponds Lo more Lhan one objecl.

_l“'ll
6




1 FUNCTIONS

----------------------------------------------------------------------------------------------------------

Types of function

A [unclion is a mapping Lhal is cilher one-one or many-one.

For a on¢-one [unction, the graph ol y against x doesn'l ‘double back’ on
itscll.

Below are some examples of one-one [unclions.

» All straight lines that are not parallel to either axis.

» Functions of the form y = x™*! for integer values of n.
» Functions of the form y=a* fora > 0.

» y=cos x for 0° = x = 180°,

These are examples ol many-one [unclions:

» all gquadralic curves,
» cubic equations wilth lwo lurning poinis.

=» Worked example

Skelch each [unction and slale whelher il is one-one or many-one.
a y=x+3 b y=x'-1
Solution
a y=x+3saslraighl line
When x =10, y =3, so the point ({}, 3) 1s on the line.
When y =0, x =-3, so the poinl (-3, 0) 15 on Lhe line.

Vi

y=x+3

=¥

/3

¥=x+3 15 a onc-one [unclion.




Inverse function

b v=x"isau-shaped curve through the origin.

¥ =x" — | 1s the same shape, but has been moved down one unit so crosses
the v-axis at (0. -1).

y=x'-1factonses toy={x+ 1}{x-1)

= Wheny=0x=lorx=-L

oy ]

-\

v =1 - | is a manv-one function since, for example, v = 0 corresponds to
bothx=1 and r=-1.

Inverse function

The inverse [unction reverses Lhe elfect of the [unction. For example,
il the [unclion says “‘doublc’ the inverse says “halve’, il the funclion
says “add 2 the inverse says ‘subtract 2° All onc-one [unclions have an
inverse: many-one [unctions do nol.

=» Worked example

2 Use aflow chart 1o find the inverse of the function i(x) = >4

2

b Sketch the graphs of v = f{x) and v = f'(x) on the same axes. Use the same
scale on both axes

£ What do vou nolice?
Solution
a Forfix)=

Ax+2
7

wpit — 3] — [ — [E — Oupu

¥  — 3x —-3;-,1—-1‘;3—* )

Reversing these operations gives the inverse function.

Output <— [£3] «— «— [ «—  inpu

=100 1—11_3'24— 2E =2 *— Fy X
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Reﬁecﬁng in the—=- ¢ The graphs of ¥ = f(x) and y = f-'(x) are reflections of each other in the line
line vV = X has the ¥=X.

effect of switching  Ap allernative method is Lo interchange the coordinales, since Lhis gives a

the x- and reflection im Lhe line ¥ = x. and Lhen use an algebraic method Lo find the inverse
y-coordinates. as shown in Lthe next example.

=» Worked example

2 Find g'{x) when g(x) = % +4.
b Sketch v = g(x) and y = g '(x) on the same axes. Use the same scale on both

dAXCs

Solution

a Lety= % +4.
Interchange x and v x =-; +4
Rearrange 10 make y the subject, = %

x—4
=y=3{x-4)

The inverse function is given by g'(x) = 3(x - 4).

Rearranging and
inferchanging X
and v can be done
in either order.




Inverse function

b

=» Worked example

a Sketch the graph of the function f{x) =x" for 4 =x = 4.

b Explain. using an example, why f(x) does not have an inverse with
—4 = x = 4 as ils domain.

€ Suggesl a suilable domain for [(x) so thal an inverse can be [ound.

Solution

a fix) &
16+

¥
=

& The function does not have an inverse with -4 = x = 4 as its domain because,
for example. f{2) and {{-2) both equal 4. This means that if the function were
reversed, there would be no unigue value for 4 to return to. In other words,
f(x) =x° is not a one-one function for 4 = x = 4.

¢ Any domain in which the function is one-one, for example. 0 = x = 4.




1 FUNCTIONS

Exercise 1.1  1For the function f(x) = 3x + 4. find:

fRdERERE R EEREERRERRERER a f{aj h f{_z) c f{ﬂ} d '_[%l
2 For the function g(x) = (x + 2, find:
a g(4) b s(-6) ¢ 2(0) d gf3)
3 For the function hzx — 3¢ + 1, find:
a h(2) b h(-3) ¢ h(0) d nl})
& For the function f: x — 3—‘{—" find:
Vix+1is the a 1(3) b f(—6) ¢ £(0) d q%|
notation for the—— 5 For the function f(x) = yZx+1:
pesifive jquare a Draw a mapping diagram Lo show Lthe oulpuls when the sel of inpuls

root of Zx+1 is Lhe odd numbcrs from 1 10 9 inclusive.
b Draw a mapping diagram Lo show the outpuls when the sel of inpuls
is Lhe even numbers from 2 to 10 inclusive.
€ Which number must be excluded as an input?

& Find thc range ol cach lunclion:
a f(x)=3x-2 domain {1.2.3.4,5]
b g(x)=*5% domain|-2,-1.0.1.2)

¢ h(x)=2x* domain xR
d f:x = x+6; domainxeR

7 Which value(s) must be excluded from the domain of these functions?

a f(x)=1 b f(x)=+x-1
¢ f(x)= 52 d f(x)=v2-2
8 Find the inverse of each funchion:
a f(x)=7x-2 b glx) ="
¢ hix)=(x-1)Yforx=1 d fi{x)=x’+4forx=0

2 a Find the inverse of the function f(x) =3x - 4.

b Sketch f(x), f'(x) and the line ¥ = x on the same axes Use the same

. scale on both axes

Plot: Startwitha 44, pioy the graph of the function f(x) = 4 — x* for values of x such that
table of values. o <y =3 Use the same scale on both axes.

Sketch: Show the b Find the values of £ '(=5), £ '(0). f '(3) and  (4).

main features of ¢ Sketch y = f(x), v = '{x) and v = x on the same axes. Use the range -6
the curve. to +6 for both axes




Composition of functions

Composition of functions

When two [unclions are used one afler the other, the single equivalent
function is called the composite function.

For example, if {{x) =3r+ 2 and g(x) = 2x — 3, Lthen the composile [unclion
gl(x) is oblained by applying [ first and then applying g Lo Lhe resull.

ot —  [@] — [ef@] —  oupm

x — 3r+2 — 2(3x+2)=3 — ax+1
Ingrut Output
1 »> 7
2 j‘ \ = 13
3 > 10

If [{x) and g(x) are two [uncltions such Lhal the range of [ 15 the domain

ol g, then gl(x) = g(l{x)) mecans thal you apply [ firsl and then apply g 1o
Lhe resull.

f%(x) is the same as [{{(x)) and means that vou apply the same function
twice.

The order in which Lhese operations are applied is important, as shown
below.

-» Worked example

Given that f(x) = 2x, g{x) = x* and h{x) = Jl—‘ find:

a fglx) b gf(x) ¢ hi(x)
d fghix) e hegf(x)
Solution
a fg(x)=1f(x?) b gfix)=g(2x) ¢ h¥(x)=hl[h(x)]
=2 =(2x)* B h[ 1 "
=4y — X
=1l
X
=x
d fegh(x)=fg{) e hgi(x) = hg(2x)
_¢li1y¥ = h((2x}F)
_f[(ri ] - h(4x?)
_¢ 1)
=fl3z) -1

_2
=3
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=) Worked example

a Find ['(x) when f(x) = 2!
b Find flf(x)].

¢ Find ['[f{x)].

d What do you notice?

Solution
a Wrntef(x)asv= ‘h‘—_l
Interchange xand v. x= ¥
=dr=2y-1
=2y=4x =+l
I I 23!

=)=
b ] =1 *5]

o)
e W B
_4x=1)-1
_ﬁ—l—

= 3x
-3

=X

¢ #Yix)] =025

l[z"“;]:ldrl

_A .

_2x-1+1 This result is true for
- all funetions that

ol 3 have an inverse.

=X
d Questions a and b show that flf'(x)] = [f(x)] = x. <~_/

The examples above show that applying a function and its inverse in
either order leaves the original quantity unchanged, which 1s what the
notation f(f ') or 1 '(f) implies.

=» Worked example

Using the functions f{x) = sin x and g(x) = x°, express the following as functions
of 12

a fg(x) b gfix) ¢ f(x)




The modulus function

Solution
a fglx)= )
. =§({iz; Notice that sin(x?) is
. \2
b gfi(x)=g[f(x)] notT .fhe.m?w as (sin x)
= (sin xP or f'"f‘"‘ -1}*
¢ £x)=1f(x)]
= sin(sin x)

The modulus function

The modulus of a number is ils positive value even when the number
ilsell is negalive.

The modulus is denoled by a vertical line on each side of the number
and is sometlimes called the magnitude of the quantity.

For example. [28| =28 and |-28| =28
x| =x whenx =0and |x| =-xwhenx <0

Therelore [or the graph of the modulus function v = |[{x)]. any part of
the corresponding graph of y = [(x) where y < (), is reflected in the x-axis

=» Worked example

For each ol the [ollowing, skelch y = [(x) and y = |[(x)| on scparale axes:
a y=x-2, -2=x=6

b y=2-2. 3=x=3
€ y=cosx; (°=x-=I]180°
Solution

i}
i1
a4

-

—'2—'11/1.ééééi —'z—'11iié&iaé
. _2_
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L 1

B B oW w) !
i i i i i i

-k
i

Va

_P:_'["f—z _'I.':I_T;—Il

Netice the sharp
change of gradient N N
from negative o 2 2.1 1 2 3
positive, where

Par‘!’a‘F the graph .
is reflected. This =31
point is called a

‘cusp!
¥

-14

Exercise 1.2

FEAEESSEE R

1

Given that f(x) = 3x + 2, g(x) = x* and h(x) = 2x, find:

a fg(2) b fg(x) ¢ ghix) d fgh(x)
Given that f(x) = J2x+1 and g(x) =4 — x. find:

a fg(4) b ef(12) c fa(x) d gf(x)
Given that f(x) = x + 4. g(x) = 2+ and h(x) = 5. find:

a fx) b gix) ¢ hi(x) d hgf(x)

For each function, find the inverse and sketch the graphs of y = f(x) and

v =f"(x) on the same axes. Use the same scale on both axes.

a fix)=3x-1 b flx)=x’ x>0

Solve the following equations:
a [xr-3=4 b x+1|=7 ¢ |3x-2|=5 d [r+2|=2

Sketch the graph of each function:
a yv=x+2 b y=|r+2] c y=lx+2|+3



The modulus function

Tl I Tl I T I T I I I I I I I I I I NI NI IGIGIT IO TG ITGIGIGIGTIGIGICGTITITIGYIOTITTIIYTIITTITITIITTINITIT T YTIIIIIIITTIT]

7 Sketch these graphs for 07 = x = 360

a4 y=cosx b y=cosx+1
€ yv=lcosx] d y=|cosx]|+1
B Graph 1 represents the line y = 2x — 1. Graph 2 i1s related 1o Graph 1 and
Graph 3 is rclated to Graph 2.
Wrilc down Lhe cquations of Graph 2 and Graph 3.
Graph 1 Graph 2 Graph 3

7
)

¥
Y

0.5

" TR T T

"1}

0.5

? The graph shows partl of a quadratic curve and ils inverse.
Va

-y

v E

rd

a Whalt is the equation of the curve?
b Whal is the equation of the inverse?

10a Skcich the graphs of these [unclions:
i y=1-2x i y=]1- 21
i y=—{1 — 2] iv y=3-1 24
b Usc a scrics of transformations Lo skelch the graph of y=[3x + 1| - 2.
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Exercise 1.2 [cont] 11 For cach part:
s EeRERRREEREEERERER SRR R a S.kclch mlh hsu“ lhc Ea[rlc axm—

b Wnic down the coordinales of their poinls of inlerscclion.
i y=bhlandy=1-|x
il y=2xlandy=2—|x
ili y=3|x]and y=3 - x|

Past-paper questions
1 The [unctions [ and g are delined by

f(x) =—=—for £ >0,
x+1

g(x)=Jx+1forx>-1

lil" Find fg(8). 2]
[il) Find an expression for {7(x), giving your answer in the form —
where a, b and ¢ are integers to be found. hx+r[3]
[11i] Find an expression for g7'(x), stating its domain and range. [4]
[iv] On axes like the ones below, sketch the graphs of y = g(x) and y = g"'(x),
indicating the geometrical relationship between the graphs. [3]
Ly
-
# X

Cambridge O Level Additional Mathematics 4037
Paper 21 Q12 June 2014
Cambridge 1GCSE Additional Mathematics 0606
Paper 21 Q12 June 2014




Functions

2 lil Sketch the graph of ¥ = 3x — 5/, for -2 = x = 3, showing the
coordinales ol the points where the graph meels Lhe axes. [3]
lii) On the same diagram_ zketch the graph of y=8x [1]
liii) Solve the equation 8x = 3x — 3. [3]
Cambridge O Level Additional Mathematics 4037
Paper 13 Q7 November 2010

Cambridge IGCSE Additional Mathematics (606
Paper 13 Q7 November 2010

Learning outcomes i}z

Now you should be able Lo:

+ understand the lerms [unclion, domain, range (image scl),
one-one [unclion, inverse [unclion and composile [unclion

* use the notation f(x) = sin x. - x = g(x), x > 0, 1'(x) and (x)
[=f(f(x))]

+ understand the relationship between y = [(x) and y = |[{x)|. where
[(x) may be linear, quadralic or Lrigonomelric

+ explain in words why a given [unclion 1s a [uncltion or why it does
nol have an inverse

# [ind the inverse of a onc-one [unction and form composile
funclions

+ use skelch graphs Lo show Lhe relationship belween a [unclion and
ils Inverse. V4
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Key points

v A mapping iz a rule for changing one number into another number or
numbers.

v A function, f{x). i3 2 rule that maps one naumber onto another single
number.

+ The graph of a function haz only one value of y for each value of x.
However, two of more valoes of x may give the same valoe of »

v A flow chart can be used to show the indrvidoal operations within a
function in the order in which they are applied.

v The domain of a function 13 the set of input values, or objects, that
the function iz operating on.

v The range or image set of a function 1s the corresponding set of
output values or images, fix).

+ A mapping diagram can be used to illustrate 2 function It 1= best used
when the domain contains only a zmall aumber of values.

+ In 2 one-one function there iz a unique value of ¥ for every value of x
and a pnique value of x for every value of »

+ In 2 many-one fonction two or more values of x correspond to the
same valoe of 1

v In a2 one-many fonction one valve of x corresponds to two or more
valoes of y

+ In a many-many fonction two or more values of x correzpond to the
same valoe of y and two or more values of ¥ comrespond to the same
valoe of x

v The inverse of a function reverses the effect of the funchon Oaly one-
one functions have inverses.

v The ferm composition of fonctions iz used to dezcribe the application
of one function followed by another fonction(s). The notation fz(x)
means that the fonction g iz applied first, then f iz applied to the rezult.

v The modulus of a number or a function is always a positive value.
IM=xifx=0and |x| =-xi1fx<0.

+ The modulvs of a fonction ¥ = f{x) 1z denoted by f{x) and i3 illustrated
by reflecting any part of the graph where y < 0 1 the x-axis. V4




Quadratic functions

One really can’t argue with a mathematical theorem.
Stephen Hawking (1942-2018)

Early mathemalics focused principally on anthmeltic and gecomelry.
However, in the sixieenth centlury a French mathemaltician,

Francos Vicle, slarled work on ‘new algebra® He was a lawyer by trade
and served as a privy councillor Lo bolth Henry 111 and Henry IV ol
France. His innovative use of lellers and paramelers in equalions was
an imporiant slep lowards modern algebra.

7 Francois Vicle (1540-1603)

~ Discussion point
Vicle prescnled melhods of solving equations ol sccond., third and
fourth degrees and discovered the connection belween the posilive rools
ol an cqualion and the cocllicicnts of different powers of the unknown
guanlily. Another of Vicle's remarkable achicvemenls was Lo prove Lhal
claims thal a circle could be sguared. an angle tnisccled and
the cubc doubled were untruc. He achicved all this, and much more,
using only a ruler and compasscs, wilthoul the usc ol cither lables or a
calculator! In order Lo appreciale Lhe challenges Vicle laced, try Lo solve
the guadralic cguation 2x® — 8x + 5 = [l wilhoul using a calculator. Give
your answers correcl Lo lwo decimal places.




2 QUADRATIC FUNCTIONS

This chapler is aboul gquadratic lunctions and covers a number of
related themes.

The graph below illustrates these Lthemes:

The eguation 5 y=x% —4x + 3 Thiz iz & guedradic curve.

x? - 4x + 3 5 a quadratic function Quadrafc curves are
Quadratic functions are covered covered on pages 20 to 22 |
throughouwt the early part of this 7

chapter. III

S Va

The values of x at the points where the | | 13-4 ng point and theline of
r:uma-nmmtl'»ex—ansfe the roots of yymmeiry can be found by exprassing
the qmr““rm"‘atmr ~4x+3 =!:"' the equafion in completed square form._
Coverage of quadratic equations begins Coverage of completed squars form

at the bottom of page 22. beginz on page 24,

Maximum and minimum values

A polvnomial is an cxpression in which, wilh the exceptlion of a
conslanl, the lerms are posilive inleger powers ol a variable. The highest
power is Lhe order ol Lhe polynomial.

A quadratic function or cxpression is a polynomial of order 2.

x?+ 3, @* and 2y? — 3y + 5 arc all quadratic expressions. Each expression
conlains only onc vanable (letier), and the highesl power of Lhal
variable is 2.

The graph ol a quadralic function is cither w-shaped or ~-shaped.
Think aboul the expression 12 + 3x + 2. When Lhe value ol x 1s very
large and posilive, or very large and negalive, Lhe x* lerm dominales Lhe

cxpression, resulting in large posilive values. Therelore the graph ol the
[unction is w-shaped.




Maximum and minimum values

R

Similarly. the —2x? term dominales the expression 5 — 4x — 2x? for both
large positive and large negative values of x giving negalive values
ol the expression [or both. Therefore the graph ol this funclion s

~rshaped.

Although many ol the quadralic equations thal you will mect will have
Lthree lerms, you will also meel quadralic equations wilh only lwo, or
even one lerm. These [all inlo two main calegories.

1 Equations wilh no conslant lerm, for example, 2x* — Sx =0
This has x as a commeon [aclor so [aclonses lo x(2xr —5) =10

=x=00r2x-5=0
=x=0o0rx=25

2 Equalions wilh no ‘middle’ term, which come into lwo calegories:
i The sign of the conslant lerm is negative, for example, a2 —9=10
and 2¢> - 7=0.

@ - 9=0Factonses to(a+3)a-3)=0
=a=-3ora=3

28 -7=0 =2a*=35
= a= 135

il The sign of the constant term is positive, for example, p* + 4 =10.
pP+4=0 = p*=-4 sothere is no real-valued solution.

Depending on the calculator vou are using, \/1—4) may be displaved as "Math
error” or “2i, where i is used to denote {—1). This is a complex number or
imaginary number which you will meet if vou study Further Mathematics at
Advanced Level.

The vertical line of symmetry

Graphs ol all quadratic funclions have a verlical line of symmetry. You
can use Lhis Lo lind the maximum or minimum value of the [unction.

If the graph crosses Lthe horizontal axis, then the line of symmelry

is hallway between Lhe two points of inlersection. The maximum or
minimum value lies on this line of symmelry.




2 QUADRATIC FUNCTIONS

=» Worked example

a Plot the graph ol y =x% — 4x — 5 for values of x from -2 1o +6.
b Idenuly the values of x where Lhe curve mlersects Lhe horzonlal axis

¢ Hence lind the coordinates of the maximum or minimum poinl.

Firstcreate atable SOWWOM
ofvalvesfor S ‘x ~2°-1: 0: 1 2 3 4. 5" 56
Va

\ o _I'Jr":-ﬁr—'-'. I
T
2 "\\ L3 ‘I' 5 | :'T’ L /g é x

This peint is often

referred to as the

furning pﬂiﬁ'l'of

the curve. 1 [ 171

This is alse shown | | 11

in the table.

-

b The graph inlersects the hornzonlal axis when x = -1 and when x =35.

The line x=2 " —=x¢ The graph shows thal the curve has a minimum turning point halfway

paiﬂ_‘.‘f 'H'*rfugh 'I'_I-.e belween x =—1 and x =5. The table shows thal the coordinales of this point
"hjl‘ﬂlﬂg P&jrﬂ'. I+ 15 are {2_ —EI)_

a vertical line of

frmsne'hy for the

cun/e.

Factorising

Drawing graphs by hand to [ind maximum or mmimum values can be

time-consuming. The following cxample shows you how Lo usc algebra
Lo find these values.




Maximum and minimum values

Y

=» Worked example

The first step Find the coordinales ol the lurning point of the curve y = 32 + x — 6. Slale
is te facterise whether the lurning point 1s a maximum o a mimmum value.
the expressien. Solution
One methed of Find two integers (whole numbers) that multiply ogether Lo give the constant
fac‘[’erising 15 lerm, —b6.
T
shown, butif yev Possible pairs of numbers with a product of —6 are: 6 and —1. 1 and —6,
are confident using 3and -2.2 and 3.

a different methed

) ldentily any of the pairs of numbers thal can be added together Lo give the
then centinue fo

i coellicient of x (1). 3 and -2 are the only pair with a sum of 1, so use this pair Lo
use 1t splil up the x lerm.

X+x-6=x+3x-2vr-6

Both expressiens = =x{x+3)-2(x+3)
in the brackefs =(x+3){x-2)
must be the same.

Notice the sign Note

c:.hﬂngf.' dve teo the You would gel the same resull if you used 3x and —2x in the opposile order:

negaﬁve s1gn 1n - SR . 3x -
front of the 1. o =i{_\: E:[1;+_"’n{..'v..‘fl— 2)

={x—2)}x+3)

The graph of y =x? + x — 6 crosses Lthe x-axi when (x + 3)(x — 2) =0, i.e. when
x=—3and whenx=2.

The x—coordinale of the lurning point is hallway belween Lhese lwo values, so:

=3+ 2
2

=05

X=

Substituting this value into the equation of the curve gives:

y=(-05F +(-0.5) -6
=—6.25

The equation of Lhe curve has a posilive 22 lerm so ils graph is w-shaped.
Therefore the minimum value is al (—0.5. —6.25).

The method shown above can be adapled for curves with an equation in
which the coellicient of 22 15 nol +1, for example, y=f® — 13x+ 6 or
y=6—x— 2% as shown in the next example.
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=» Worked example

For the curve with equation y =6 —x — 2%

a Will the turning point of the curve be a maximum or a minimum? Give a
reason [or your answer.
Centinve fo use

any alternative b Wrile down the coordinates of the turning poinL

methods of ¢ Stale the equation of the line of symmetry.
factorising Solution
that you are 3 The coellicient of 22 s negalive so the curve will be n-shaped. This means

centident Wwith. ~—a thal the lurning point will be a maximum.

b First multuply the constant lerm and the coellicient of 22, Le. 6x -2 =-12.

Iden‘!‘ifz any of the Then find two whole numbers that multiply together Lo give this producl.
' b
E:": e j;s P Rollepizare:  Gand-2. Gl Sandd, - Sandd,
@b can be adae 1and—12. -1 and 12
'h:-geﬂ-rer te give
the coefficient of ﬁ_—ﬂ and 4 are Lhe only pair with a sum of —1. so use Lhis pair Lo splil up the
X lerm.
x(-1).
6-x-2=6+3x—4x -2
Beoth expressions =32+x)-2x(2+x)
in the brackets =(2+x)(3-Zx)
must be the same. The graph of y = f — x — 242 crosses Lhe x-axis when (2 +x)(3 - ) =1,
Netice the siqn iLe. when x = -2 and when x=1.5.
change 15 due fo 2415
the signn front of =73
the 2. =-025

Substiluting this value inlo the equation of the curve gives:

The x-coerdinate y=6-(-025) - 2(-025)

of the i"urning 6125

peint s hamﬂm}r _ o

betiveen these twe So the turning point is (—0.25, 6.125)

valves. € The equation of the line of symmetry is x =—025.

Completing the square

The methods shown in the previous examples will always work [or
curves Lhal cross Lhe x-axis. For quadralic curves thal do nol cross Lhe
x-axis, you will need Lo use the method of completing the square. shown
in Lhe next example.

Another way of writing the quadratic expression x* +6x+111is
(x+3)" + 2 and this is called completed square form. Written like this
the expression consists of a squared term. (x + 3)°. that includes the
vanable. x, and a constant term +2.

In the next example you see how Lo converl an ordinary guadraltic
cxpression inlo compleled square [orm.




Maximum and minimum values
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=» Worked example

a Write x° — 8x+ 18 in completed square form.
B State whether 1t 15 3 maximum Or minimum.
¢ Sketch the curve y = [(x).

Solution
a Start by halving the coefficient of x and squaring the result.

8+2=—4
(—4)2=16

Now use this result to break up the constant term, +18, into two parts:
13=16-+2
You will always and use this to rewrite the original expression as:
have a perfect \\ﬂ£=ﬂ—&+lﬁ+z
square in this =(r—4p+2
expression. (x —4)F = 0 (always)
= fi(x) = 2 for all values of x
In completed square form, x> —8x+18=(x—4)° +2
B f(x) = 2 for all values of x so the turning point is a minimum.

¢ The function is a w-shaped curve because the coefficient of 7 is posilive.
From the above, the minimum turning point is ai (4, 2) so the curve does
not cross the x-axis To sketch the graph, vou will also need to know where it
crosses the y-axis

f(x)=x* - 8x + 18 crosses the y-axis when x =0, Le. at (0, 18).

¥
30

=» Worked example

Use the method of completing the square to work out the coordinates of the
turning point of the quadratic function f{x) =2x" — 8x = 9.

Solution

fix)=2¢-8x+9
=2t -4x)+9
=Hix-2¥-4)+9
=2x-2F+1




2 QUADRATIC FUNCTIONS

The fnrger of these
giwri the maximum
valuve.

(x — 2 = 0 (alwavs). so the minimum value of [{x)is L
When lix)=1,x=2.

Therelore the coordinales of Lhe turning pomntl (mimmum value) of the unction
f(x)=2x2— 8&x +9are (2, 1).

Somelimes you will be asked Lo skelch the graph of a [unction [{x) lor
cerlain values ol x. This sel of values ol x is called the domain of the
function. The corresponding sct of y-values is called Lhe range.

=» Worked example

The domain of the function y =6 +x -2is-3=x=3.
Sketch the graph and find the range of the funetion.

Solution
The coefficient of 17 15 positive, so the curve 15 w~shaped and the turming point s
a MinimEm.

The curve crosses the r-axis when 6 + 5 = 2 =(L

G+ x—2=(3x+2)(2x-1)
=(3x+2)(2x - 1)=0
=3 (3x+2)=00r(2x-1)=0

S0 the graph crosses the x-axis at { % () and t.._!-l‘ 0).
The curve crosses the y-axis when x = 0. i.e. at (0, -2).

VA

The curve has a vertical ling of symmetry passing halfway beiween the itwo
points where the curve intersects the x-axis. Therefore the equation of this line

2 1
—its 1

of symmetry is x = orx=-—4.

2
When x = _ll_z" V= Gl—é} + [—ﬁ} -2= —Ezl_‘. the minimum value of the function.

To find the range. work out the values of y forx = -3 and x =+3.

Whenx=-3,y=6(-3F+(-3)-2=49.
Whenx=3,y=6(3F+3-2=355
The range of the function corresponding to the domain -3 = x = 3 is therefore

2y =y =5S,
R R —



Maximum and minimum values

e

Exercise 2.1 1 Solve cach cquation by faclorising:

AR R R R R R R R R R R R a IE+I_H]=I:} h IJ_SI+ﬁ=U
€ ¥-3x-28=0 d x¥2+13x+42=0
2 Solve cach eguation by faclorising:
a Xx*-3x+1=0 b 9 +3x-2=0
C Ix*-5x-7=0 d 3x*+17x+10=0
3 Solve cach cqualion by [aclorising:
a x*-169=0 b 4x¥*-121=0
c 100-64x*=0 d 12¢*-27=0

& For cach of the lollowing curves:
i Faclonsc the lunclion.
ii Work oul the coordinales of the lurning point.
iii 5lalc whether the lurning poinl is a Maximum O MinimWm.
iv Skcich the graph. labelling the coordinales of the turning point and
any poinls of inlerscclion wilh the axes

a y=x1+7x+10 b f(x)=16—-fx — x?
C y=5-9x-2¢" d l{x)=2x+11x+12

5 Wrilc cach quadralic cxpressions in Lhe lorm (x +a)f + b
a ¥+4x+9 b - 1lx-4
€ ¥+5x-7 d -9 -2

& Wrile cach quadralic cxpression in the form ofx +a)*+ b
a - 12x+5 b 3+ 12x+20
C 4 —8x+5 d 2x*+9%+6

T Solve the [ollowing quadralic cqualions. Leave your answers in Lthe form
J:=p:t‘\.ﬁ.
a @¥+4x-9=0 b x2-Tx-2=0
C 2x*+6x—-9=0 d 3x+9%-15=0

8 For cach of the [ollowing funclions:
i Usc the method of compleling the square 1o find the coordinales of
the turning point of the graph.
ii Slalc whether the turning poinl is a maximum OF a Minimwm.
iii Skcich the graph.

a f(x)=x2+6x+15 b y=8+2x—x*
C y=2*+2x-9 d lx—xX—8r+20

9 Skcich the graph and find the corresponding range [or cach [unction and
domain.

a y=x'-Tx+10forthedomainl =x=6
b f(x)=2¢-x-b6forthe domain-2=x=2

Real-world activity

1 Draw a sketch of a bnidge modelled on the equation 25y = 100 - x*
for —10 = x = 10. Label the origin O, point A(-10,0),
point B{10.0) and point C({0, 4).

2 1 unil on your graph represents 1 metre. Stale the maximum
height of the bridee, OC, and the span, AB.

3 Work oul the equation of a similar bridec wilh a maximum height

ol 5m and a span of 40 m. /




2 QUADRATIC FUNCTIONS

The quadratic formula

The roots of a quadralic equation [{x) are Lhose values of x [or which
v =0 [or the curve y = [(x). In olther words, they are the x-coordinales
ol the points where Lhe curve cither crosses or louches Lhe x-axis.
There are Lhree possible oulcomes.

1 The curve crosses Lhe x-axis al iwo distincl points. In this case, Lhe
corresponding equation is said o have two real distinct rooits.

2 The curve louches the x-axis, in which casc the equation has two
equal (repeating) rooix

3 The curve liecs completely above or complelely below the r-axis so il

ncither crosses nor louches the axis. In this case, Lhe equation has no
reaf roois

The method of compleling Lhe square can be generalised Lo give a
formula [or solving quadratic equations. The nexl example uses this
melhod in a particular case on Lhe lefi-hand side and shows Lthe same
sleps [or Lhe general case on Lhe righl-hand side, using algebra Lo derive
the formula [or solving quadralic cqualions.

=) Worked example

Solve 2x2 4+ x—4=0.

Solution Generalisation
2ef+x—4=0 art+ bx+c=0
b
= f+%1—2=l} = ;:+EI+£=[I
1 '
= H+=-x=2 = R mp=——
2 a da a
2o 1 1) . .01 . L bV __c (b
=:+x'+§_r+[i}r —2+[4J| ==-I+[ﬂ +[E_] _-E+[ﬂ)
LIV 3 bY _ b
= (1+1) =% = [I+E} =13 ;
_ b —dac
Ag?
1y _ V33 b _ . [P —3ac
- [ve5)=23 - A T
— s b? —dar
- 2a
-_1 J3_3 _ b :_4
—¥ r= EiT = I——Ei 3a

15
&t
A

A

1]

[

|
ey




The quadratic formula

e Y

In an equation
of the ?nrm

(px +q) =0,
where |2 and ¢
can represent
either positive or
neqative numbers,
px + q = 0 gives
the only selution.

The result x = ﬂ!— iaij_'m" is known as the guadratic formula. You can
use it to solve any quadratic equation. One root 1s found by taking the

+ sign, and the other by taking the - sign. When the value of b* — dac

1s negative. the square root cannot be found and so there 1s no real
solution to that quadratic equation. This occurs when the curve does not
cross the y-axis.

The part b — dac is called the discriminant because it discriminates between
gquadratic equations with no roots. quadratic equations with one repeated
root and quadratic equations with two real roots.

= If b* = 4ac > 0 there are 2 real roots
« If b*— dac =0 there is 1 repeated rool.

« If b* = 4ac <0 there are no real roots,

=» Worked example

2 Show that the equation 4x* — 12x + 9 =10 has a repeated rool by:
I factorising il using the discriminant.

b Siate with reasons how many real roots the following equations have:

i 4x1-12x+8=0 i 4x2-12x+10=0
Solution
a i 4 = 12x=9=0
= (2x-3)(2r-3)=0
2r=-3=0
= x=15

il The equation has a repeated root because the discriminant
¥ —4&:':{—[2}1— A{4)9) =1L
y=dy?_-12v+10 b i Thecurve y=4x>—12x+8is 1 unit
' below v =41 —12x + 9 and crosses

TYEW T V=T = 12x 49 . ; .
. [ 5 the x-axis in 2 points. So the equation
& - _'I*EH‘ = 12X +8B has two real roots.

5 | ii Thecurve y=4x*-12x+10is

1 unit above ¥ =4x* = 12x +9 and
does not cross the x-axis. So the
equation 4x° — 12x + 10 = 0 has no
real roots.
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Subﬁi‘l‘u‘i’ing these
valves info the
discriminant

The general
Equaﬁnn of a
straight line 15
V=mx + . This has
alternate for ms,
eqg.ax+by+c=0.

The }'—\mlueg of
beth equations
are the same at
the pain'.l'lfj'] of

infersection.

In some cases, such as in the previous example, Lthe [aclorisalion is nol
straightforward. In such cases, evalualing Lhe discriminant is a reliable
melhod Lo oblain an accurale resull.

=» Worked example

Show thal the equation 3x? — 2x + 4 =0 has no real solution.

Solution
The most straightforward method & o look at the disciminant. If the
disciminant = negalive, Lhere 5 no real solution.

Forix®*—-2x+4=0a=3,b=-2and c=4.
b — dac = (~2F - 4(3(4)
= 44

Since Lhe discriminanl is negalive, Lhere i1s no real solution.

The intersection of a line and a curve

The examples so [ar have considered whether or nol a curve inlersecls,
touches, or lics complclely above or below the x-axis (y =0). The next
example considers Lhe more general case of whelher or nol a curve
inlersects, louches or lies complelely above or below a particular
straight linc.

=) Worked example

a Find the coordinates of the points of intersection of the line y =4 — 2x and
Lthe curve y=x2+x.

b Skeuwch the line and the curve on Lhe same axes.

Solution

a8 To hind where Lhe curve and Lhe lines inlersecl. solve y=x"+x
simultaneously with y =4 — 2x.

rerx=4-2x
= r+3x-4=0
= [(r+4)xr-1)=0
= x==d4dorx=1

It is mere ———= To find the y-coordinale, subslilule inlo one of Lthe equalions.

s'l'raigh‘l“farha rd to
substitute inte the

linear eq vatien.

Whenx=—-4 y=4-2(4)=12%.
Whenx=1y=4-2(1)=2.
The hine y =4 — 2x inlersects Lhe curve y =x + x al (—4, 12) and (1, 2).



The intersection of a line and a curve

Y

b The curve has a positive coellicient of x7 so s w-shaped.
Il crosses Lhe x-axis when x2 +x =1L
= xix+1)=0
= x=0orx=-1
50 Lhe curve crosses Lthe r-axis al x =0 and x =-1.
Il crosses the y-axis when x = (.
Substiluting x =0 mlo y =3+ x gives y =1L
So Lhe curve passes Lthrough the origin.
The line 2x + y = 4 crosses Lhe x-axis when y=0. When y=0,.x=2.
The line 2x + y = 4 crosses Lhe y-axis whenx=0. Whenx =0,y =4.

VA
12 4
11

v=xl4+k
| T LW . -
i 1 1] -1‘_ i L] 3
L1 N el FAlAVsd-O)
f T v L L Ll L Bl
654320 | 1 N3 a*

Jut

It 1s possible [or a quadralic curve Lo louch a general line, either sloping
or parallel to the x-axis. You can see this when you solve Lhe equations
ol the line and the curve simullaneously. Il you gel a repeated rool, it
means Lhal Lhey louch al only one poinl. The line is a langenl Lo Lthe
curve. This is shown in Lhe next example.

=» Worked example

a Use algebra lo show Lhal the line y = fix — 19 touches the curve y=x-2r -3
and find the coordinates of the poinl of conlacl.

b Sketch the line and curve on Lhe same axes.
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It 15 more
s‘l‘raighﬁnrhard te
substitute inte the

Solution
a Solving Lhe equations simullaneously

2-2x-3=6x-19
= xM-HRr+16=0
= (x—-4y¥=0
= x=4

The repeated rool x =4 shows Lhal the line and the curve Louch.
Subslitule x =4 inlo either equation Lo find the value of the y-coordinate.

line Equaﬁan.

You need twe
peints fo draw a
line. It is best to
choose points with
whole numbers
that are not oo
Iarge, such as

{5, —1) and f'i, 11).

y="6(4) - 19
—= =3

Therefore the poinl of conlact is (4, 5).
b The cocllicient of 22 1s posilive so Lhe curve 1s w~shaped.

Substituling x =0 inlo y = x2 — 2x — 3 shows Lhal Lhe curve inlersects Lhe
y-axis al (0, —3).

Substituling y=0inlo y=x-2r — 3 gives ¥* — 2r — 3 =1L
= (x-3)x+1)=0

= x=-lorx=3

So the curve inlersects Lhe x-axis al (-1, 0) and (3, 0).

Va
251

201

_}':IE -2 =3

154

Discussion point
Why is il nol possible for a guadralic curve Lo louch a line parallel 1o the
y-axis?

There are many situations when a line and a curve do nol intersecl or
touch each other. A straighlforward example of this occurs when Lhe
graph of a quadratic function is a wshaped curve complelely above Lhe
X-axis, ¢.g. y =22+ 3, and the line is the x-axis



The intersection of a line and a curve

Y

You have seen how solving Lhe equalions ol a curve and a line
simullancously gives a quadralic equalion wilh two rools when Lhe line
crosses Lhe curve. and a quadralic equation with a repeated rool when il
louches the curve. If solving Lthe two ecqguations simullancously resulls in

no real rools, Le. Lhe discriminant is negalive, Lhen they do nol cross or
Llouch.

=» Worked example

a Skelch the graphs of the line y =x — 3 and the curve y =3 — 2x on Lhe same
axes

b Use algebra tlo prove Lhal Lhe line and Lhe curve don’t meel.
Solution

You do not actually
need fe wnite

down the selution.
Once you see that =2 -3r+3=0
the value of the This does not factorise, so solve using the quadratic formula x = ;MH
discriminant s b
negative, as in this a=1.b=-3andc=3

b 2—2x=x-3 <= §o|u'rng the fwe equations
ﬁmu]‘l’aneauﬂy

case Where it 15 57— x= "“hiw
you know that the 23S
Equafmn hat ne =TT
peal roots, s the Since Lhere 1s a negalive value under Lhe square rool, there is no real
line and the curve solution. This implies that the line and the curve do nol meel.
den't meet.

Note

It would have been sufficient Lo consider only Lhe discriminant B2 — 4ac.
Solving a guadralic equalion is equivalenl Lo linding Lthe pomnl{s) where Lhe
curve crosses Lhe honizontal axis (Lthe roots).
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Using quadratic equations to solve
problems

=» Worked example

A tnangle has a base of (2x + 1) cm. a heighl of x cm and an area of 68 cm®.

2x +1
a Show Lhal x salishies the equation 2¢2 + x — 136 =0.
b Solve the equation and work oul the base length of the tnangle.

Solution :
a Using the formula for the area of a triangle, area = Ehmﬂ: * height:

Area:%::{lri-l]x:

=%[1ﬁ+:}
The area is 68 cm?, so:
larsx)=68
= T 2P+ x=136
A'ferna'l'iuuel}r, = 23+x-136=0

yeu can use a b It i1s nol easy Lo [aclorse Lhis egquation — il s nol even obvious Lhal there are
calevlater te selve factors — so use the quadratic formula.

the equaﬁan. o "E‘_iEIE
a=2.b=1and c=-136
1+ iT—a02)-136)

2(2)
- —u:'lmg
_-1£33
=x=—7

=x=Borx=-85
Since x 1= a length, reject the negative solulion.
Substilule x = 8 inlo Lhe expression [or the base of the inangle. 2x + 1, and
waork oul the length ol the base ol the tnangle, 17 cm.
Check that this works with the information given in the original question.

;:x 17cm = 8cm = 68 cm?




Solving guadratic inegualities

Y

Solving quadratic inequalities

The quadralic inequalities in Lhis section all involve quadralic
expressions Lhal faclorise. This means thal you can lind a solution either
by skelching the appropriale graph or by using linc segments Lo reduce
Lhe quadralic inegualily Lo lwo simullancous linear inegualilics.

The example below shows two valid methods for solving quadraltic
incgualities. You should use whichever method vou preler. Your choice
may depend on how easily you skelch graphs or if vou have a graphic
calculator thal you can use Lo plol these graphs.

=» Worked example

Solve Lhese guadratic inegualities.
a ¥y—Wxr-3<0
b ¥-2x-3=0

Solution
Method 1

2-2x-3=(x+1)}x-3)
So the graph of ¥ = x* - 2x - 3 crosses the y-axis whenx=-land x =3.
Look at the two graphs below.

Here the end points are net  Here the end points are

included in the selution, se included in the selutiens, se
you draw open circles: o yeu draw solid circles: o
Va Fa

y=x+1)x-3

_& 3 X ® 1] X
-3 -3 Notice how the
selutien 15 in
The solution is -1 < x < 3. The solutionisx  Twe parfs When
=-lorx=3 there are twe

line segments.

a The answer is the values of x for which vy < 0, i.c. where the curve is below the
X-axis,

b The answer is the values of x for which y = 0. i.e. where the curve crosses or

is above the y-axis.
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Methed 2

This method identifies the values of x lor which each of the [actors is 0 and
considers Lhe sign of each [actor in the inlervals between these cntical values.

x<-1  x=-1  -l<x<3 x=3  x>3

55‘!"“‘—31 .

Snof DG 207 0xO=0 BxO)=- @xO0=0 @x=r
From the table, the solution to:
a8 (x+1Mx-3)<lis-l<x<3
b (x+1x-3)=0isr=-lorx=3
L

If the inequality to be solved contains > or <, then the solution is
described using > and <. If the onginal inequality contains = or =, then
the solution 1s described using = and =.

If the gquadratic inequalily has the vanable on bolh sides. collect the
lerms involving Lhe vanable on one side [irst in the same way as you
would belore solving a quadralic equalion.

=» Worked example

Solve v +x7 =3,

Solution
L+ =3=2+2x-3=0
=(x=1x+3)>0

¥a

¥=lr=1}x+ 3)

-
. ﬂ/ X
=3

From ihe graph, the solution isxr<-3orx = L

Exercise 7.7 1 For cach of the lollowing cquations, decide if there are two real and
Trsmsmesmmasssssmesssnees dilfcrent rools, lwo cqual rools or no rcal rools. Solve the equalions with

rcal rools
a ¥+3x+2=0 b £-9=0 c X+16=0
d Zr*-5x=0 e pPP+3p-18=0 f Z2+1lx+25=0

g 15 +2a-1=0 h 37 +8=3




Solving guadratic inegualities

R

2 Solve the [ollowing cquations by:
i complcling the square  §i  wsing the quadratic lormula.

Give your answers correct 1o two decaimal places
a ¥-2x—10=0 b x*+x=0
€ P+ 2x-9=0 d 2x@+x-8=0

3 Try o solve cach of the lollowing equations. Where there is a solution,
give your answers correel Lo lwo decimal places.
a dx+6x—-9=0 b 9x+6x+4=0
€ (Zx+3pP=7 d x(2x-1)=9

& Usc the discmminant Lo decide whether cach of the [ollowing cqualions
has two equal rools, lwo distinel rools or no real rools:
a W -12x+4=0 b 6 —13x+6=0 ¢ 22+7x+9=0
d 2x*+9%x +10=0 e Ix¥¥-4x+5=0 f o4+ 28y +49=0

5 For cach pair of cqualions determing if the linc inlersects the curve, is a
langenl o the curve or does nol mecl Lhe curve. Give Lhe coordinales of
any poinls where the line and curve Llouch or inlersecl.

a y=x'+12x;y=9+6x b y=2+3xr—4y=2r—6
€ y=6r—1Zr+6y=x d y=x2-8r+18 y=2x+3
e y=xl+x2r+y=4 f y=42+%y=1X

g y=3-2x—xLy=9+2x h y=3-2x)y=2-3x

& Solve the [ollowing incgualitics and illusirale cach solulion on a number

linc:
a ¥-fx+5>0 b &#+3a-420 C 4-y=0
d 2—4x+4=0 e 8—-Zazxa f 3+2y—-1=0

Real-world activity

Anna would like Lo design a pendant for her mother and decides
that il should resemble an cye. She slarls by making the scale
drawing, shown below.

Vi
5 '




2 QUADRATIC FUNCTIONS

The pendant is made up ol the shaded area.

The equations of Lthe two circles are ¥ + =4 and ¥ + y* =4,

The rest of the pendant is formed by gquadralic curves.
The scale 1s 2 unils represents 1 cm.

1 Find the equations of the four quadralic curves.

2 Anna decides 1o make some carrings using a smaller version ol
Lhe pendant design. She reduces Lthe size by a [actor of 2. Find the
cquations of the four quadratic curves [or the carrings. /

Past-paper questions
1 (il  Express 2x* — x + 6 in the form p(x — g)* + r.where p,q and r

are constants to be found. [3]
liil] Hence state the least value of 2¢* — x 4+ 6 and the value of x
at which this occurs. [2]

Cambridge O Level Additional Mathematics 4037
Paper 21 Q5 June 2014

Cambridge 1GCSE Additional Mathematics 0606
Paper 21 Q5 June 2014

2 Find the set of values of k for which the curve v=2v"+kx +2k - 6

lies above the x-axis for all values of x. [4]
Cambridge O Level Additional Mathematics 4037
Paper 12 (4 June 2013
Cambnridge 1GCSE Addinonal Mathemarics 0606
FPaper 12 Q4 June 2013

3 The line ¥ = mx + 2 is a tangent to the curve ¥ = x> + 12x + 18. Find
the possible values of m. [4]

Cambridge O Level Additional Mathemarics 4037
Paper 13 Q3 November 2010

Cambridge 1GCSE Additional Mathematics 0606
Paper 13 Q3 November 2010




Quadratic functions

R

Learning outcomes i g

Now you should be able Lo:

* find the maximum or mimimum value of the quadratic function
f: x =2 ax® + bx + ¢ by any method

* usc Lhe maximum or minimum values of [{x) to skelch the graph
or delermine the range for a given domain

* know Lhe conditions [or [{x) =0 Lo have Iwo real rools, lwo equal
rools or no real rools and know Lhe relaled conditions [or a given
linc Lo inlersecl a given curve. be a langent Lo a given curve or nol
inlersecl a given curve

* solve quadratic equations [or real rools and lind the solution sel
for quadralic incqualilics. /

Key points

v A quadratic function has the form [{x) = ax® + bx + ¢, where
a, b and ¢ can be any number (positive. negative or zero) provided
that @ = (0. The set of possible values of x i1s called the domain of
the function and the set of ¥ values is called the range.

v To plot the graph of a quadratic function, first calculate the value
of v for each value of x in the given range.

v The graph of a quadratic function is symmetrical about a vertical
hine. It 15 w-shaped if the coefhaient of x7 1s positive and M-shaped
if the coefficient of x* is negative.

v To sketch the graph of a quadratic function:

* look at the coefficient of x* to determine the shape

« substitute x = () to determine where the curve crosses the
vertical axis

» solve f(x) = 0 to determine any values of x where the curve
touches or crosses the honzontal axis

v If there are no real values for x for which f(x) =0, then the curve
will be either completely above or completely below the x-axis.

v A guadratic equation is of the form ax’ + bx + c with a = (.

v To factorise a quadratic equation of the form x* + bx + ¢ =0, look
for two numbers, p and g, with the sum b and the product c. The
factonised form is then (x — p)(x — g) = 0. To factorise an equation
of the form ax? + bx + ¢ =0, look for two numbers with the sum
b and the product ac.
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+ ‘The discriminant of a quadratic equation (ax’* + bx + c =0} 1s
b* — dac. If b — dac > 0, a quadratic equation will have two distinct
solutions (or roots). If b* - 4ac = (), the two roots are equal so
there 1s one repeating rool. If 5 — dac < 0, the roots have no real
values.

+ An expression of the form (px + g)* is called a perfect square.

v 1+ bx + ¢ can be wrillen as |:,r+ ;]_ - ({:} + ¢ using the method of
completing the square. For ex presz-;iﬂn.r._ﬁf the form ax® + bx + ¢,
first take a out as a [aclor.

+ The quadratic formula for solving an equation of the form
a_t3+b_x+c=[]isx=_'ﬁif ‘1_"“

+ To find the point(s) where a line and a curve touch or intersect,
substitute the expression for y from one equation into the other
to give a quadratic equation in x.

+ When solving a quadratic inequality. it is advisable to start by

sketching the associated guadratic graph. J/

@



Equations, inequalities
and graphs

It is India that gave us the ingenious method of expressing all numbers by
means of ten symbols, each symbol receiving a value of position as well
as an absolute value; a profound and important idea which appears so
simple to us now that that we ignore its true meril.

Pierre-Simon, Marquis de Laplace (1749 — 1827)

The piclure shows a quadral. This is a lool used by biologisis Lo selecl
a random sample of ground: once il is in place they will make a record
ol all the plants and creatures living there. Then they will throw Lhe
guadral so Lhal il lands somewhere else.

¥ This diagram illustrates a 1 melre square
L guadral. The centre point is laken Lo be the
ongin and Lhe sides Lo be parallel Lo the x- and
! - y-axcs.
-1 1 ¥
.

Whal is Lthe casicsl way Lo describe the region il covers?




3 EQUATIONS, IHEDUALITIESAHI] GRAPHS

Many practical siluations involve Lhe use ol inequalities.

How economical is a Formula 1 car?

The Monaco Grand Prix, consisting of 78 laps and a total distance
ol approximalely 260 km, is a well-known Formula 1 race. In 2017 1t
was won by Schastian Vellel in 1 hour 44 minules. Restriclions on

the amount and use of [ucl mean thal drivers need Lo manage Lhe
performance of their car very carclully throughoul the race.

A restriction in 2017 was Lhat Lhe total amount of [ucl used during the
racc was limiled o 105kg which s approximatcely 140 litres.

Using: f Lo denole Lhe lotal amount of [uel used in litres
d Lo represent the distance travelled in kilomelres
E 1o represent the fuel economy in litres per kilometre {E = ﬂ

140
the restriction can be represented as £ = 5

= FE = 0538
This shows that, at worsL, the fucl economy of Veliel's Ferran Formula 1
car is (L.538 hitres per kilometre.

Discussion point

How docs this comparc wilh an average road car?

Modulus functions and graphs

For any rcal number. the absolute value, or modulus, is ils posilive size
whelher thal number is posilive or negative. 1L is denoled by a verlical

fer any real ————= line on each side of the quantity. For example. |5|=5 and |-5| =5 also.

number X, the The absolule value of a number will always be positive or zero. It can
modulus ﬂf Xis be thought of as the distance belween Lhal point on the x-axis and
denoted by lxl and the onigin.

is defined as: You have already mel graphs of the [ormy=3x+4andy=x—-3r—4.
Ixl=xifx=0 However you might not be as familiar with graphs of the form

Ixl=—xifx<0. y=[3r+4 and y=[2—3x 4.
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=» Worked example

Set up a table Tor the graphs y =x + 2 and y =[x + 2| for =6 = x = 2. Draw both
graphs on the same axes

Solution

7 S S A3 2:4°0 1 2
M 4 i 3 -2i-1i 01 1 3
fr+2] - 4 3 2: 1. 0 1 3

The equaﬁan of
this part of the F=jr+

graph is ~__ 7

y=—(x+12).

27655432 | 12347
o,
#~ -2 -
ra
. -3
y=x+27
o+ -

Nolice thal effect of taking the modulus is a translormation in which
the positive part of the original graph (above Lthe x-axis) remains Lhe
same and Lhe negative parl ol the onginal graph (below the x-axis) 1s
rellected in the x-axis.

Solving modulus equations

=» Worked example

Solve the equation 2x + 3] =5
a graphically
b algebraically.
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x=—4 here

Solution
a Farst draw the graph of y=2x + 3.

Start by choosing three values of x and calculating the corresponding values
of y, for example, (—2. 1), (0, 3) and (2, 7).

Then reflect in the x-axis any part of the graph thal is below Lhe x-axis 1o give
the graph ol y = |2x + 3.

Next draw Lhe line y =5. Thisisa

Va continuvatien

of the line

//‘—\ }"=2.I+.'5.
. x=1 here

\ y=l2x+3

Wwo B oy an sl
i |

The solution 1s given by Lhe values of x where Lhe V-shaped graph mecls the
liney=>5

=y=loryx=-4
b |2x+3|=5=22x+3=50r2r+3=-5
= 2y=2or2x==§

=yr=lorx=-4
. ___________________________________________________________]

Discussion point
Nolice thal in the solution three points arc used Lo draw the straight linc

when only two arc necessary. Why is this good practice?

Either of these methods can be extended Lo lind the points where lwo
V-shaped graphs intersecl. However, the graphical method will not
always give an accurale solution.

=» Worked example

Solve the equalion [2x + 5] =[x — 4|

Solution
Start by drawing the graphs of y = [2x + 5| and y = [x — 4] on Lhe same axes.
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o 1':? This is part
This is part of the ———=Y - of the line
line y= —(.1‘ — 4). 1_? 1 y=Ix+5.
This is part
of the line
y=—(2x+5).

‘e Thisis part
of the line
y=x-4.

0 ® 5 %rs | 1.4 & 3wk
r #
& _2. -

The graph shows that the point A 1s (-9, 13). but the coordinates of B are not
This showsa = clear.

'Fm?mg of the The graph shows that both poinis of intersection occur where the reflected pari
9raphicnl methed.  gfthe line ¥=x =4, i.e the line y = ~(x - 4) intersects the graph of

Hewever, the y=[2x+35.

graph is useful
in de‘i‘erminr'ng
the equation of
the line required =2 -xr=-5-4
for an algeiraic =0
solution.

AtA y=4-xmeetsy=-2x-5
=4 —-x=-2x-3

Whenx=-9,y= 4 - {-9) = 13.i.e. A is the point {-9, 13].
AtBy=4-xmeetsy=2x+5
=lr+5=4-x
=3r=-1

===

Cad| =

1 _ 1y _ 41 . ; 1,1
When x=—3. y=4- [—_—:} =43.ie. Bis the point [—3_43}

Exercise 3.1 For questions 1-3, sketch each pair of graphs on the same axes.

BRI RS R R SRR SRS

1 a y=xandy=|x| b v=x—landy=|x-1|
¢ y=x—2and y=|x-2|
2 a y=2rand y=|2x] b y=2x-1andy=|2x-1|

¢ y=2x-2and y=|2x-2|
Jay=2-xandy=|2-1x b y=3-xand v=|3-x]
¢ y=4-xandy=H4-x|
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Exercise 3.1 [cont] %@ Draw the graph of y =[x +1].
SR S 5 S S B W b Usc the graph Lo solve the cquation [x + 1| =5.
€ Usc algcbhra lo verily your answer Lo parl b.

5 a Draw the graph of y=|x - 1|.
b Usc the graph to solve the equation [x — 1| =5.
¢ Usc algcbra Lo verily your answer Lo parl b.

& a Draw the graph of y=|2x + 3|.
b Usc the graph to solve the equation [2x + 3| =17
¢ Usc algcbra Lo verily your answer Lo parl b.

7 a Draw the graph of y=|2x — 3|
b Usc the graph Lo solve the cquation [2x - 3| =1
€ Usc algcbra Lo venily your answer Lo parl b.

8 Solve the equation [x + 1| =[x — 1| both graphically and algebraically.
9 Solve the equation [x + 5| = |x — 5| both graphically and algcbraically.
10 Solve the equation [2x + 4] = [2x — 4] both graphically and alscbraically.

Solving modulus inequalities
When illustrating an inegualily in one vanable:

» An open circle al the end of a line shows Lhal the end poinl is
excluded.

» A solid circle al the end of a line shows thal the end point is included.

» The line is drawn cither in colour or as a solid linc.

For example. the inequality -2 < x = 3 15 shown as:

r G T T T .‘ L L]
-3 -2 -1 0 1 2 3 4 5

=» Worked example

a Solve algcbraically the inequality [x - 3| = 2.

An epen circle is

b Ilustrate the solution on a number line. used to show that
The blue lines Solution the value there is not
show the a8 k-3|=2=x-3>2orx-3<-1 part of the solution.
required Far‘!‘r of \:&I =5%orx=<1
the number line.
b - : v - - 3 - S
-1 0 ¥ 2 3 2 5 6 7




Solving modulus inegualities

O ey

Draw the line
y=3%x+2as

a straight line
through (0, 2)
with a gradient of
+3. Reflectin the
X-axis the part
of the line thatis
below this axis.

Draw the line

yv= 2x—3%as

a straight line
through (0, -3)
with a gradient of
+1. Retlectin the
X-axis The part
of the line thatis
below this axis.

=» Worked example

Write the inequality -3 = x = 9in the form |x — a| = b and show a and bon a
number line.

Solution
r-al=h = -hsx-a=bh

You are ‘.ﬁn:[ing the

= ag-bh=r=g+h=—--w e
valuves of x withina + b.

Solve a + bh=9and a - b = -3 simultaneously.

Adding: 2a=6, soa=3
Subtracting: 2h=12, sob=6
o< i >0
-3 3 9
.‘--------_-b----------.- ----------h---------’.-

a

Substitutingina-b=x=a+bgives -3 =x =09,
Substituting in [x — a| = b gives [r - 3| = 6.

=» Worked example

Solve the inequality |3 + 2| = [2v - 3|

Solution
Draw the graphs of y = 3x + 2 and y = [2x - 3|. The inequality is true for values
of x where the unbroken blue line is below or crosses the unbroken red line, 1.e.
between (and including) the points A and B.

Y
14 =
13 4
17 -
11+
ERER
g
H 4
7
! E._.
g |

P'L' =. |.lt_— 3'

r T T T T T T L

¥ 1 ¥ 1
- 7654324 1"?34
=1

l.ﬂ-
m.-
-
00 -
|

]
.t._z #—1
¥

i
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The sketch graph
shows that the
peints where

the twe graphs
infersect de net
have infeger
ceerdinates. This
means that a
graphif,a! methed
15 unTjke]'y te

give an accurate
selution.

The graph shows thal x =—5 al A. bul Lhe exacl value for x al B s nol clear.
The algebraic solulion gives a more precise value.

ATA {(3x+2)=—(x-3)=3x+2=x-3
= xr=-=5

Subslituting in eilther of the equations gives ¥ =13, so A is Lhe pomnl (-5, 13).
AlBlx+2=={2x-3) = 3x+2=-2x+3

= =1

= x=02
Subsliluling in either equation gives ¥y = 2.6_s0 B is Lhe point (0.2, 2.6).
The ineguality s satsficd for values of x between A and B, 1e for <5 = x = (L2,

=» Worked example

Solve the inequality [x + 7] < 4x].
Solution

The question does nol stipulale a particular method, so starl with a skelch graph.

L

12—

13-

i o
[
o
-

-13-12-11-109 87 6 5 4 3 2 1.1 1
.~ !

Use algebra Lo [ind the points when [x + 7] = 4x], Le. when x + 7 =4x and when

x+7=-4x

~ Discussion point

Why is il sufficicnl Lo consider only Lthese two cascs? Why do you notl
nced o consider when {x +7) = 4x7
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fad ==h

r+T=drwhenx=

-

7
r+7=-4xwhenx=—.
This tells you that 3 5

- Think about a poant to the left of x =—<.such asx =-2,
parf of the solution . 5

is to the left of —=When x =-2,|x + 7| < [4x] gives 5 < 8. This is true so the inequality is satisfied.

xr= —g , 18 X< —% . MNext think about a value of x in the interval {_%-_; ). for example. x=10.

/wmpu.Lu? < Hx] gives 7 <0, which is false.
. 7
Anv other value Finally consider a value greater than 3 for example. x = 3.
in this interval will ~ When x =3, |x + 7] < 4x] gives 10 < 12. This is true so the inequality is satisfied.

alse give a false Therefore. the solution is x < —; orx>l

resulf 3

Inequalities in two dimensions are illustrated by regions. For example.
x > 2 1s shown by the part of the x—y plane to the nght of the line x=2
and x < -1 by the part to the left of the line x =-1.

If you are asked to illustrate the region x = 2, then the line x = 2 must
be included as well as the region x > 2.

@ Note

= When the boundary line is included. it is drawn as a solid line; when it is
excluded. it is drawn as a dotted line.

= The answer Lo an ineguality of this Lype is a region of the x—y plane. not
simply a sel of pomnis. IL s common praclice Lo specifly Lhe region Lhal you
wanl {called the feasible region ) by shading out the onwanted region. This
keeps Lthe [easible region clear so thal you can see clearly whal you are
working wilh.

=» Worked example

Hlustrate the inequality 3y — 2x = O on a graph.

Solution
Draw the line 3y — 2x = 0 as a solid line through (0, 0). (3. 2) and (6. 4).

~ Discussion point

Why are these points more suitable than. for example, (1. :

I
o

Choose a poinl which is nol on Lhe line as a lesl poinl, for example, (1. 0).

Using these values, 3y — 2x = —2. This & clearly nol true, so this point is nol in the
[easible region. Therefore shade oul the region containing the point (1. 0).
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-5 B B 7

o

L - -3 =2 2 3 4 5 6 T E

3y-2x=0 "1 0010

L

1 Wrile each of the following inequalities in the form |x —a| = b:

a 3=x=15 b d4=x=16 ¢ S=x=17
2 Wrile each of the following expressions in the forma = x = b:
Exercise 3.2  a k-1I=2 b r-2|=3 c r-3=4
3 Solve the following inequalities and illustrate each solution on a number
line:
a x-1<4 b xr-1|>4 € [2x+3/<5
d 2x+3/>5

& TMustrate each of the following inequalities graphically by shading the
unwanted region:

a y—2x=0 b y—2x=0 € 2y—3x=0
d 2Zy—-3x=0
5 Solve the following inequalities:
i graphically ii algebraically.
a b-li<lx+1] b lx—1/>lx+1|
€ [2x-1]=2c+1 d 2x-1|=[2c+1|
6 Each of the following graphs represents an inequality. Name the inequality.
_}'“ _'Fu _].-'n
a 4 7 b 5 c 6 -
3 = 44 | - Do :
- - L . P=x|
r ] T 3' b
o 2 2
y=x+ 1(:"‘ ) -
L] # | L} T - L) [
_'3_..;;" _l'i LT . r - L oe 1
"'J — 4 £ _"-'u 1 4 = —TTT T T T
=2-x
3 _ _2__1’_ . 4 3 -2 -1, 1 2 3 4%
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Using substitution to solve quadratic
equations

Sometlimes you will meel an equation which includes a square rool.
Although this is nol initially a quadralic equalion, you can usc a
subslilution Lo solve il in Lhis way, as shown in Lhe [ollowing example.

=» Worked example

Use the substitution x = & 10 solve the equation x — =2

Solution
Substituting x = ¥ in the equation x - 3x =2 gives uf = 3y ==2
= -3u+2=0
Facfarising————}:«[u ~1Nu-2)=0
=n=loru=2
Checking these Sincex=w.x=1orx=4
valuves = When x = 1.1 - 341 = -2, s0 x= 1 is a valid solution.
When x =4,4 - 3v4 = -2, s0 x = 4 is also a valid solution.

It is always advisable Lo check possible solulions, since in some cases nol
all values of & will give a valid solution Lo the eguatlion, as shown in Lhe
[ollowing example.

=» Worked example

Solve the equation x — Vr=6.

Solution
Substituting x = &° in the equation x — V¥ =6 gives #* —u =06

=2w-u-6=0

Factorising ———— = (u-3){u+2)=0
=u=3oru=-2

Checking these Since x=wF.x=%0rx=4,

values — = When x=9.9 — /9 = 6,50 x = 9 is a possible solution.
When x =4,4 - ¥4 = 2, s0 reject x = 4 as a possible solution.

The only solution to this equation is x=19.
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Using graphs to solve cubic inequalities
Cubic graphs have distinctive shapes delermined by Lthe coellicient of x%.

Positive x* term Negative x* term

'Y A
Y /

A

The centre part of each of these curves may nol have (wo dislincl
turning points like those shown above, bul may insiead “flatien out’

Lo give a point of inflection. When the modulus of a cubic [unction 1s
required, any parl of Lthe curve below Lthe x-axas is reflecled in that axis.

=» Worked example

You are asked for a Skelch the graph of y =3(x + 2){x — 1}i{x — 7). Identily the points where Lhe

a sketeh gmth‘ curve culs Lhe axes.

o a]ﬂ-mugh it b Skeich the graph ol y = B{x + 2}{x — 1)ix - 7).

musT shew the Solution

main 'Ff-'ﬂhﬂ'EF. a The curve crosses Lthe x-axis al —2_ 1 and 7 Notice that the distance between
it dees not need conseculive points is 3 and 6 unils respectively, so the y-axis is belween Lhe
to be ﬂ-l}salu‘h:_ll}; points -2 and 1 on the x-axis, bul closer Lo the L

accurate. You may  The curve crosses Lhe y-axis when x =0, Le. when y =3(2){-1)}{-T) =42
find it easier to

.‘-.J
draw the curve

first, with the /0
positive X* term :
de‘h&*rmining the L

shape of the curve, y=3x+2Qu-Ntx-7

and then pesitien
the X-axis so
that the distance
between the
first and second
infersechions 1s
about half that
between the
secend and third,
since these are

% and G units
respec‘l‘ivel}r. =2 1 7 X

b To oblain a skelch of the modulus curve, reflect any parl of the curve which
s below Lhe x-axis in the x-axs

Ya

v=|3+2) -1 -7)
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=» Worked example

Solve the inequality 3(x + 2){x = 1){x = 7) = -100 graphically.

Solution
Because you are solving Lthe inequality graphically, you will need 1o draw Lhe
curve as accuralely as possible on graph paper, so start by drawing up a lable
of values.

¥F=3x+2)x—-1)}x-7)

x EEET 4 ENED
@+2) : -1: 0 : 1 : 2: 3 i 4 : 5;: 6: 7: 9 10
{r‘_n ..... - u] ....... _g .......... _3 ....... _',|' ...... _ﬁ ...... _5 ....... _4 ....... _3 ...... _1 ..... _] ......... o
s T 048 4 0 0 o120 -1 -6 120 0 ;20
The solution 1s given by the values of x thal correspond o the parts of the curve
on or below Lhe ine y =-100.
Ya

-7 & -5 4 ., |
=20
=100 '
L
y=3x+2)x=1{x<+7)
o I ) ! _1.5.0_
200

From the graph, the solutionisxy = -290r 26 = x = 6.2.

Exercise 3.3 1 Where possible, usc the substitution x = & Lo solve Lhe following

FEIAESI RS EE RIS AR SRR

cgualions:
a x-4Jx =4 b x+2Jx =8
€ 1-2Jx =15 d x+6x =5
2 Skcich the [ollowing graphs, indicaling the points where they cross the
X-AXIS
a y=x(x-2)(x+2) b y=|x{x-2)(x+2)|
€ y=32Zx-1){x+1)}{x+3) d y=3{2r—1){x+1){x+3)|
3 Solve the lollowing cqualions graphically. You will nced o usc graph
papcr.
a xx+2)(x-3)=1 b x(x+2}x-3)=-1
€ (x+2}x-1)(x-3)>2 d (x+2)(x-1)x-3)<-2
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Exercise 3.3 [cont]

& ldentily the lollowing cubic graphs:

a Vi b C
44
-3
| —_— L L
—1
-2 ] *
L3
T T L] T :
-3 2 3 A X
5 ldentily these graphs (They are the moduli of cubic graphs)
da Va b ¥a C
] 12 3 1 2 l
i H
1 104
5 =
84 B+
-
24
14
12 34% 543211123 4% 32.11234*7
e e
3 - -3 -
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& Why isil nol possible Lo identily the following graph withoul furither
information?

Va

¥

2 =1 v 3 4
Past-paper questions
1 [il  Sketch the graph of y = |(2x + 3)}(2x - 7). (4]
liil  How many values of x satisfy the equation
(2x+3)(2x-T)|=2x? 12]

Cambridge O Level Additional Mathematics 4037
Paper 23 (06 November 2011
Cambridge IGCSE Additional Mathemarics 0606
Paper 23 06 November 2011

2 [i}  On a grid like the one below, sketch the graph of
vy =|(x—=2) (x +3)| for -5 = x = 4, and state the coordinates of

the points where the curve meets the coordinate axes. 4]
Vi
T T Li L T T T L Li h'
5 4 3 2 a ¢ 1 2 3 4 X
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(i) Find the coordinates of the stationary point on the curve

=|(x-2) (x+3)|. 2]
[iiil} Given thal k 1s a posilive conslanl, slale the sel ol values of k
for which |(x -2) (x m)] = k has 2 solutions only. [1]
e O Level Additional Mathematics 4037
Paper 12 08 November 2013
Cambridge IGCSE Additional Mathematics 0606
Paper 12 08 November 2013
3 Solve the inequality 9 + 2x — 1 < (x + 1)~ 13]
Cambridge O Level Additional Mathematics 4037
Paper 22 02 November 2014
Cambridge 1GCSE Additional Mathematics 0606
Paper 22 02 November 2014
Learning outcomes i\z
Now vou shc-uld hc ahlc Lo:

# solve graphically or algebraically equations of the lype
lax + Bl =c (c = 0) and |ax + b| = |cx + d|

# solve graphically or algebraically inequalities of the Lype
lax + bl >c(c =0).|lax + b| = c (c > 0)and lax + b| = (cx + d)

# usc subslitution Lo form and solve a quadralic equation in order Lo
solve a relaled equalion

# skcich the graphs ol cubic polynomials and their moduli, when
given in [aclonsed form y=k(x —a)(x — b)(x — )

# solve cubic inequalities in the form k(x -a)x - b)(x-c) = d
graphically. V4

Key points

-----------------

v For any rcal number x, the modulus of x is denoled by [x] and 1s
delined as:
xl=xifx=0
xl=—xifx<0.

v A modulus equation of the [orm Jax + b| = b can be solved cither
graphically or algcbraically.

v A modulus equation of the [orm ax + b| = |cx + d| can be solved
graphically by [irst drawing bolh graphs on Lthe same axes and
then, il necessary, identifying Lhe solution algebraically.
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v A modulus incquality of the form [v — a| < b is equivalent to the
inequality @ - b < x < a + b and can be illustrated on a number line
with an open circle marking the ends of the interval to show that
these points are not included. For [x —a| = b. the interval is the
same but the end poinis are marked with solid circles

v A modulus inequality of the form [y —al =hor x—-al = bis
represenled by Lhe parls of the line oulside the inlervals above.

v A modulus inequalily in two dimensions is idenlified as a region
on a graph, called the feasible region. It is common praclice Lo
shade oul the region nol required Lo keep Lhe [easible region
clear.

v Il is somelimes possible Lo solve an equation involving both x and
Jx by making a substilution of the [orm x = #%. You musl check all
answers in Lhe original equalion.

+ The graph of a cubic [unction has a distinctive shape delermined

by Lhe cocllicient of x3.

Positive x? term Megatwe x”* term

™ Py
\_ /

St




Indices and surds

An estate had seven houses;

Fach house had seven cais;

FEach cat ate seven mice;

Fach mouse ate seven grains of wheal.
Wheat grains, mice, cats and houses,
How many were there on the estate?

Ancicnl Egyplian problem

discussion poin
How can you wrile down Lhe answer Lo Lhis problem withoul doing any
calculations?

Indices

The word “index” (plural indices) has many meanings m real lile
including a hist ol names, the index [or a book and a price index., bul the
[ocus in this chapler is, of course, relaled Lo numbers. 7 ¢ Hhe base

Rule: To "‘”-"jﬁPr}' Index nolation is a shorthand way of wriling numbers. number.
numbers in index K te. 252 %% %2 %2 be wi . 5 15 the index
form where the or cxample, 2x2x2x2 x2can be wrillen as 2°. <— power.
base number is Operations using indices
the same, add the
-ndices Ihere are a number of rules thal you need Lo learn when you are

o ot n working wilh indices.
a xa — a

Multiplying
Rule: Te divide

o M= (5x5x5x5)x(5x53x5
ﬂUmbE’f’f n rndex " i = } ( * = ]

form where the = 57
base number is the A
Dividin
same, subtract the 9
second index from 31, 30 _ 333X A RX WX Y

the first: XXX Y

a™ + g"= g™ —>_ 33




Operations using indices

R Ty

A power raised to a power

Rule: To raise a (23) =(2x2x2)x(2x2x 2)x (2 x2x2)x (2% 2% 2)
pewer To a power, / _ o
multiply the indices.
()" = am*= Index zero
Using the rule for division, 6° = 6* = 6+

Rele: Any number = 6"
with an index Zero —>However. dividing a number by itself always gives the result 1,s06" = L.

ls one. a” = 1 .
equals one. a Negative indices

L L 4x4
4 +4 T Ixdxdxdxd

1
_"1.
Using the rule for division, 42 + 4% = 42-%
— — 43

=» Worked example

Write I.%]‘ as a fraction.

Rule: im =a™
=

Solution

B =1+(3)
=1 x {%]’
]
-

Fractional indices
What number multiplied by itself equals 57

The answer to this is usually written as /5, but it can also be written in
index form.

Let 57 x5 =5
Using the rule for multiplication, 5 F=5's0 p=
This gives /5 = 52

Rule: 3o = aff ——= Similarly. ¥/3 = 53

B ==

These rules can be combined further to give other rules.

Replacing 1 by :; in the rule (a™)" = a™ gives the result

1 L]
{ﬂ"";ln =gan

1 ™
This can also be written as las) or (%a)
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=» Worked example

Calculate 25% Ifs usua”}v more
Solution straightferward teo use
: 113 the fractienal index
251 = (as?) first since you are then
= (Jﬁf using smaller numbers
-5 and are more likely to

=175 recognise the values.

=» Worked example

Simplify the [ollowing, leaving your answers in slandard form:

a (5x10%)x(4x107) b (8x10%)+(4x107%)

Solution

a (5x10%)x(4x10%) = (5x4)=(10° x10°)
= 20x10°
=2x10*

b (8x10%)+(4x10%)=(8+4)x(10° =107)
=2x 1P

Exercise £.1 Use a calculator to check vour resilis only.

FEEESSEEREEEEEEERERER RSB

1 Simplily the following. giving your answers in the form x*:

a 2x2 b 5%x5 c 3¥:3
d 6°+67 e (4) i (s
2 Simplify the following. leaving vour answers in standard form:
a (3x10°)x(2x10°) b (2% 10°%) x (3 x 10°%)
c (Bx10F) =107 d (9x10°) +(3x107)
3 Rewrite each of the following as a number raised to a positive integer
power: - -
-2 —4
o3 b3 < ) a y
4 Simplify the following, leaving vour answers in standard form:
a (5x107)x(3x107) b (4x107) x (6 x 10°)
c (4x107)=(8x107) d (3x10F)=(6x10%

2 Find the value of each of the following. giving your answer as a whole
number or fraction:

a (3#*x379) b 6%x6" c ¥+5 d (2%
7 - iy 5

e (¥ i 7° 9 (1) h 2
-2 1 3

i (3) i 92 k 814 L 167

z 1 5
m 273 n 256 + o 128 7




Operations using surds
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6 Rank each set of numbers in order of increasing size:

a 349 b 27.3.4 e 293149
7 Find the value of x in each of the following:
P _ o (22 x2Y)" _
A Faws3 T e
54 o 8% o 52 {?' HT-:']: _
¢ 5-‘7;-'5“ T+ =l
1y P
¢ [3) =® M
g 2=0125 4 = 0.0625
8 Simplify the following:
a 3a’x2a’ 6y’ x 20yt
c 106° + 21 12p~q~ + 3p'g*
e (dm) (2570)°

Writing

9 Find integers x and v such that 2x x 3y = 6%

Surds

Surds are irrational numbers that cannot be expressed exactly. +/2,
V3.2+ 3 and V5 - V3 are all examples of surds.

~ Discussion point
Why is ¥4 not a surd?

Although your calculalor will simplify expressions conlaining square
rools of numbers, it is oflen casier Lo work wilh surds in their exacl
form. You need o know Lhe rules [or manipulaling surds so you can
work with Lthem in an algebraic sciling such as (Va + JB)(3va - 4vb).

Operations using surds

Simplifying surds
To simplily a surd, starl by wriling the number under the square rool

sign as a producl of two [aclors, one of which is the largesl possible
perfecl square.

-» Worked example

Simplify v18.
Solution

V18 = Ve x T —> fi5 = o2

does net help since
neitherbnerisa
perfect square.

=9 x 2
=32
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=» Worked example

Simplify ‘l%_
Solution

2 _J2
TR
2
3

Adding and subtracting surds

You can add and sublracl surds using the same methods as lor other
algebraic expressions, keeping the rational numbers and the square
rools scparalc.

For example:
V3+43=243
35+245=545
Va8 - V12 =443-243
=23

Expanding brackets containing surds

To expand brackels conlaining surds, use Lhe same methods thal you use
for other algebraic operations.

=) Worked example
Simplify +/3(~/3 + 2).

Solution
V3(¥3+2)= [-ﬁ}’ +243
=3+243

=» Worked example
Simplify v2(+6 + +2).

Solution

J2(V6 + V2) =12+ (JE]:
=(Va xJ3)+2
=2J3+2
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=» Worked example

ST
Simplify WJ5-1)

Solution

Using the technigue for the difference of two squares. multiply the top and

bottom of the fraction by (+/5 < 1).

1 __ 1 LS+
(VS=1) (¥5-=1)  (¥5+1)
_\‘?4‘]

T 5-=1
_-u‘?-bl
!
_1+45

=) Worked example

A right-angled triangle has shorter sides of lengths (+/5 + +3)em and
(/5 = J3)em. Work out the length of the hvpotenuse.

{VS+¥3jom '||L

{(5-3Fem
Solution
Lel the length of the hypole be A
Using P)."i'hagnras" ¢ leng u‘ ¢ hypo n1us£:
theorem —= i = (5+3) +(¥5-43)

=(5+2V15+3)+(5-2V15+3)

=8+2J/15+8-2J15
=16

The length of the hypolenuse s 4 cm.




Operations using surds
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=» Worked example

A ladder of length 6 m i1s placed 2 m from a verlical wall al the side of a house.
How [ar up the wall does the ladder reach? Give your answer as a surd in ils
simplesl [orm.

. A
Using Py‘l‘hagaras‘ Solution
H'TE"DJ"E"T'I _— f}: 22: + ’Il
= 36=4+5k° &m i
= 3R2=F
3 sifive.
must be pesifive. ——— ;. v
The ladder reaches 442 metres up the wall. ; 2m !
Exercise 4.2 1 Write each of the following in its simplesi form:
L a Jﬁ b Jﬁ c J’ﬁ
d 35+645 e A8+ V27 f 3J45-2420
2 Express each of the following as the square root of a single number:
a 3J6 b 55 c 1243 d 10417
3 Simplify the following:
= 24 12 6
3B b T € Vi d Jrr
& Simplify the following by collecting like terms:
a (3+42)+(5+442) b 4(v3-1)+4(V3+1)
5 Expand and simplify:
a (V3+2)(¥3-2) b J3(5-3)
¢ (4+42) d (Y6~ 3)(¥G-3)
& Rationalise the denominators, giving each answer in its simplest form:
1 p 12 J6
* % ;i €2
d 1 e 3""4-5 f 3_“@
(V5 - +2) 4-2 5+45

7 Write the following in the form a + bv/c where ¢ is an integer and a and b
are rational numbers:
1++2 b 35 c 26
- 3405 Je-2
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Exercise 4.2 [cont]
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8 Work oul the length of AC.
A

{3++2)cm

o\

B C
{3=%2)cm

? A squarc has sides of length x cm and diagonals of length 12 em. Usc
Pythagoras’ theorem Lo find the exacl valuc of x and work oul the arca ol
Llhe square.

10 An eguilateral tnangle has sides of length V3em.
Work oul:
a the height of the triangle
b thec arca of the tniangle in its simplest surd [orm.

Past-paper questions
1 Without using a calculator. find the positive root of the equation

(5-2vT)? —(442¥T)x—-2=0

giving your answer in the form a + b</2Z, where a and b are integers. [6]
Cambridge O Level Additional Mathematics 4037

Paper 23 ()4 November 2011

Cambridge 1GCSE Additional Mathematics 0606

Paper 23 Q4 November 2011

2 [a)l Solve the equation 16™~ = 8%, [3]

[b] Given that —'m_lb_z = ab9 . find the value of p and of 4. 12]
ﬂ'_.?f:r:i

Cambridge O Level Additional Mathematics 4037

Paper Il Q4 June 2011

Cambridge 1GCSE Additional Mathematics 0606

Paper 11 O4 June 2011

3 (i)  Given that 25+ x 4> = % show that 5x + 2y = 3. 3]

lii] Solve the simultancous equations 27 x 4 = % and 7° x 49" = 1.|4]

Cambridge O Level Additional Mathematics 4037
Paper 12 5 June 2014
Cambridge 1GCSE Additional Mathematics 0606
Paper 12 5 June 2014
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Learning outcomes
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Now you should be able lo:

+ perform simple operations with indices and with surds. including
ralionalising the denominalor.

Key points M

v Use Lhese rules for manipulating indices (powers).

] Mulllphcatmn a™ x g® = ghen
& DDivision: am +ag® = g™n
e Powerof apower: (a™)" = a™

o Power zero: a’ =

e Negative indices: a™= iﬂ

# Fractional indices: ﬂ'i =%a

v Use Lhese rules for simplifving surds (square rools).
e Leave the smallest number possible under the square rool sign,
e V32 =16x2=42
e Expand a surd expression in brackels in Lthe same way any
olher algebraic expression.
e To rationalise the denominator of a surd:
(i) 1 the denominalor conlains a single lerm. multiply

numeralor and denominator by thal lerm.,
e.g. 3 _Txd5 15
5 J5xd5 3
(il 1I the denominalor conlains lwo lerms, mulliply numeralor
and denominator by a similar expression with the opposile
sign. .. 7 (6+V2)_ 7(6+3) _ 7(6++/2)
\."i (6- ~.-'2] :ﬁ».u"_] 67 - (¥2) 12

/

@




Factors of polynomials

There are things of an unknown number which when divided by 3 leave 2,

A qundmﬁﬂ by 5 leave 3, and by 7 leave 2. What is the smallest number?

Sun-Tz (544 BC - 496 BC)

expression is any
expression ©

the form -
axc+ bx +c, - i
wWwhere X 15 a

variable and a, b
and C are constants
with a#0.

An expression of
the form

act+ bt +ex+d
that includes a
term in X7 is called
a cubic expression.
A quartic has a
term in .l’a as its
highest power, a
quintic one with X
and so on.

Al of these are (@)

Pa]}mnmia]s and — : : . .
. Sun Tz poscd his problem in the Chincse Han dynasty and il is scen as
the h-ghesfpow\e-r ) . P - .
£+, ble: the forcrunncr of the Remainder Theorem, which you will mect in this
2 e vanable 5 chapicr. Whal is the answer? Whal is the next possible answer o Sun-
called the order of Ta's problem? How do you find further answers?
the p::-]}rnam:'a?_

I is believed thal the way Lthal numbers were wrillen during Lthe Han
dynasly laid the foundaltion [or the abacus. an carly [orm of hand
calculalor.

In Chapler 2 you mel quadratic expressions like ¥ — 4x— 12 and solved
guadralic equalions such as ¥ —4x—- 12 =1




Multiplication and division of polynomials

L e

Multiplication and division of polynomials

There are a number of methods for multiplying and dividing
polvnomials. One melhod is shown in the worked example, bul if vou
alrcady know and preler an allernative method., conlinue Lo use il

Multiplication

=» Worked example

Th-r:'; 5 an Ex'ft'njfan 3 - . -
Multiply (x- =53r+2)by (2x- —x+1).
of the methed you =

used to mul‘l’ip'y HEnlutlnn

twe brackets that = (a7 - 5x+2)x(2x2 —x+1)=x2 (22’ —x+1)- 5x(2x? —x+1)+2(2x2 -x + 1)
each centfain twe =2x* —x¥+x? = 10x% +5x7 - Sx+4x7 - 2x+2
terms. If you are
familiar with a
different methed, =2x* = 1123 + 1022 = Tx+2
then use that:

=20 + (-1 -1+ x* (1 +5+4)+ x(-5-2)+2

Division

=» Worked example

Divide (x* —x? —2x+8) by (x+ 2).
Mu'ﬁpl}ring each Solution

term in the second Letix® —x? -2x+8)=({x+2){ax” + bx +c) This bracket
bracl‘!c:‘.l'lb}r.l' and = =xfaxl +bx+c)+ 2{ax? + bx +¢) =——mustbea
th .

-y =ax®+bx® +cx+2ax? +2bx+ 2¢ quadratic

. expression.

Ca"ecﬁng like —= —ax’ +(b+2a)x? +{c+2b)x+ 2
terms Comparing coefficients:
Sincea=1 —_— a=1

b+2a=-1=b=-3
Sinceb=-—3 ————> csb=2=¢=4

Checking the constant term, 2¢ = B which is correct.

This gives (x¥ =22 =2x+8) + (x+2)=x - 3x+4
L

&9




5 FACTORS OF POLYNOMIALS

Exercise 5.1 1 Multiply (x* 4+ 2x* = 3x —4) by (x + 1).
S oyttt 2 Mukipty (- 252+ 35+2) by (e—1).
3 Multiply (2x* - 327 + 5) by (2x - 1).
& Multiply (x> + 2x — 3) by (x* - 2x + 3).
5 Multiply (2x° — 3x + 4) by (2+" - 3x — 4),
6 Simplify (x’ — 3x +2)%
7 Divide (x* -3 +x + 1) by (x - 1).
8 Divide (x* - 3x" +x+2) by (x - 2).
9 Divide (x* = 1) by (x + 1).
10 Divide (x* — 16) by (x +2).

Solving cubic equations

When a polvnomial can be [aclorised, vou can find the points where
Lhe corresponding curve crosses Lhe x-axis either as whole numbers or
simple [ractions.

For example, y = x* —3x —4 factorises to give v =(x+1)(x—4).

The graph of this equation is a curve that crosses the x-axis at the poinis
where v = (. These values x = -1 and x = 4, are called the roots of the
equation x* -3x—-4=10.

_!." &
e

&

L5
-
For a polynomial of the form y = f(x). the roots are the solutions of f(x) =0.




Solving cubic equations
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=» Worked example

a Drawthe graphof y=x' - 57 + 2r + 8.
b Hence solve the equation x° — 5x° + 2r+ 8=0.

Solution
a Siarl by selting up a table of values.

x 21 1 i 2§ 3 5
y -4 0 6 0 -4 18

o o
i )l (5,18)
~ (1,6} /

[2,0) U4 a)

T
N RREE

The selution is
t,'I.'=—] erX=12or
¥ =% but the roots

are I_I ﬂﬂd 1

and 4!

b The graph shows thal the curve crosses Lhe x-axis al Lhe values —1, 2 and 4,
giving Lhe solulion asx=—1, x=2orx=4.

In some cascs. a graph will not lind all the roots bul will allow you Lo
[ind one or possibly lwo rools, or show you thal Lthere is only one rool.
The rools may nol be whole numbers and may nol ¢ven be rational as

shown in Lhe [ollowing cxamples.

=» Worked example

Draw the graph of y = 2x* — 7" + 2x + 3 and hence solve the equation
20 -Td +2x+3=0.

Solution
As before, slarl by selling up a lable of values and Lhen draw Lhe curve.

Ty P45 8 3 0 s 0w
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The graph shows Lhal Lhe curve crosses Lhe x-axis al 1, al 3 and again belween

—0.5is chesenasX  _j 1040, You can find this root using (rial and improvemenL.

f"ﬁf s ITH: l';?’ _>let x=-0.5 In this case, you Were
erween =L and B H0.5)= 2(-05) - T(-05)° +2(-0.5)+3 |uc$?r and found the
=) = final reet, —0.5, with

S0 Lhe roots of the equation are 035, 1 and 3. n“r}' one iferafion.

Finding factors and the factor theorem

The equation in the example above has rools thal are whole numbers or
exacl [ractions. This implies thal it could have been [aclorised. Rools al
- _!J . | and 3 suggest the factorised form:

Sty )
[.r+2J{: 1){x-3)
However multiplying the x terms [rom all the brackets should give 203
s0 one of the brackels must be multiplied by 2.
2 = Tx? 4+ 2x+3=(2x+ ){x-1)(x-3)

It is nol possible Lo [aclorise all polynomials. However. when a
polvnomial can be [aclorised, Lthe solution Lo Lthe corresponding
cqualion [ollows immediately.

(2x+1){x=1){x=3)=0 = (2x+1)=0o0r(x=1)=00r(x-3)=0
= r=-dlSorx=lorx=3




Finding factors and the factor theorem

R R

Hlfernaﬁvef}r’ you
could facterise I:v}-'
]nng divisien.

This leads to an important result known as the factor theorem.

If (x — a) is a factor of f(x). then fla) =0 and x = a is a root of the
equalion [{x)=10.

Conversely, il [{a) = 0. then {x - a} is a laclor ol [(x).

It 15 not necessary to try all integer values when you are looking for

possible factors. For example, with x* —3x? — 2x+ 6 = 00 you need only
try the factors of 6 as possible roots, .e. 1, £2, +3 and #6.

=» Worked example

a Show that x = 2 is a root of the equation x* = 3x? —4x + 12 =0 and hence
solve the equation.

b Sketch the graphof y = x¥ =327 -4y +12.

Solution
a F(2)=2%-3(21)-4(2)+12=0

This implies that x =2 is a root of the equation and hence (x - 2) is a factor
of filx).
Taking (x — 2)as a faclor gives

-3t —dx+12=(x-2)(x* —x—6)
={x-2)x-3{x+2)

The solution o the equation is therefore r =2,y =3, orx=-2.

b The graph crosses the x-axisat x =2, x=2 and x =3 and the y-axis at

¥y=12
Y
‘2\‘
l""'--_.-':'" -
2 23 x

You will not be able to factorise the expression completely in all cases,
but yvou may be able o lind one lactor by inspection as in the [ollowing
example.
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=» Worked example

Giventhat fjixj=x-x? —4x+12
a Show that {x - 3) 5 a factor of fix).

To show that b Solve the equation f{x)=0.

(x —3) is a facter, Solution o
o need To cholv a_f(3)=3-3-9(3)+9
that £(3)=0. =27-9-2749=0

This shows Lhal (X —3) is a [aclor of [(X).

Check b}r b Once you have found one linear (aclor of a cubic expression, Lhe remaining
mulﬁplying sut [zclor is guadralic. With practice you will be able 1o do Lhis slep by
that you agree inspeclion.

with this answer. ——= x* —x? = 10x+12=(x-3){x* +2x - 4)

Aew de YoV —— = x* +2x -4 cannot be factorised so use the quadratic formula for the next
knew it can't be skep.

facterisedr ax? + by +c =0 — x = 22V —dac "'J;’;“""
—I:I:JZ' ~4{1)i—2)
In this example, a=1.b=2, c=—4 > ¥= 3(=1)
= X= 21J20 i,‘rm
=2x=12J5

The solution to the equation is therefore r =3 or x =1 +5.

Using the factor theorem to solve a cubic egquation

This is very similar Lo carlier work cxcepl thal the first siep is Lo find a
lincar [aclor by inspeclion.

=» Worked example

a Work systematically to find a lincar factor of x* =537 = 2x+ 24,
b Solve the equation x* —5x* —2x+24 =0,

¢ Skeich the graph of y = x* = 527 = 2x+ 24,

d Skeich y=|x* - 3x% — 2x + 24| on a separate set of axes

Solution
) a Letfix)=x3=5x7=2x+24.
Start by werking —— = f(l)=1-5-2+24=18

F}fﬁemaﬁca"}r o ;
through all facters f(-1)==1=-5+2+24=20
of 24 unﬁl}.rou 'ﬁnd f(2)=8-20-4+24=8
ene giving f(x) = 0. f(-2)=-8-2044424=0

T&




Finding factors and the factor theorem

This shows that (x+ 2) is a linear factor of 7 - 527 - 2x + 24,

b Factorising by inspection:

//?:5—5,:3 ~2x+ 24 =({x+2)(x* +ax+12)
The second

bracket starts with Looking at the x? term on both sides: —5x? =2x% +ax?
X fo get the X* By

term and finishes x} =527 - 2x+24=0 > (x+2)(x? - Tx+12)=0
lwith 12 since = (x+2)j(x-3)x-4)=0
1x12=24. —sx=-2 x=3 or x=4

¢ ‘The graph is a cubic curve with a positive x* term that crosses the x-axis at
=2 3 and 4 and crosses the y-axis when v =24.

L

d To sketch the curve v =|x* — 5x* — 2x + 24| first sketch the curve as above.
then reflect in the x-axis any part of the curve which is below it.

JI

—_

Dclermine whether the lollowing lincar lunclions arc [aclors of the
given polynomials:

a ¥-8x+T. (x-1) b x*+8x+7. (x+1)

€ 2x¥+3x?-4x-1: (x-1) d 2x* -3¢ +dx+1; (x+1)

Exercise 5.2

2 Use Lhe factor theorem Lo find a lincar factor of cach of the [ollowing
funclions. Then factorisc cach lunclion as a product of three lincar
[aclors and skcich ils graph.

a x*-Tx-6 b x*-Tx+6
¢ r'+5x7-x-5 d ' -5x'-x+5
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EIE'I'E'.'SE' 5 2 IC{J'HH 3 Fm:mnsc cach of the lollowing functions complcicly:
S s a extex+l b x*-x?+x-1
¢ x'+3x7+3xr+2 d ¢'—3x7+3x-2

4 For what value of a is (x — 2) a factor of x° —2ax + 4?
5 For what value of ¢ is (2x + 3) a factor of 2x* +cx? —4x— 67

& The expression x* —6x” +ax + b is exactly divisible by (x - 1) and (x - 3).
a Find iwo simullancous cqualions lor a and b
b Hence find the valucs of @ and b

The remainder theorem

=) Worked example

Is there an integer rool to the equation x° —2x* +x+1=07

Solution
Since Lhe first lerm is x° and the lasl lerm is +1, the only possible [aclors are

T—‘”f'eag{; vs to (x+1)and (x—1).

the remainder T— [(1)=1 and [{—1)=-3 so Lhere & no inleger rool.

theorem.

Any polynomial can be divided by another polynomial of lesser order
using cither long division or inspection. However, there will somelimes
be a remainder. The steps [or algebraic long division are very similar Lo
those [or numerical long division as shown below.

Look at (x* =2x +x+1) =(x+1).

Taking the first o
term {rpm ench\$ ; x2 —w&q_ifz +—X gl'ﬂ?i —Ax.

{ﬂ-ne dividend and b I}Ij —2rf+x+1] S;mjfar]}f By +x=4

the divisor) gives - +x?
Xerx= 1‘1 the first “3xi4+x
term on the topin _ 2x2 — 3k
the qunﬁeﬁt dx+1
- —4x+4
-3

This resull can be wrillen as:
2 -2x+x+1l=(x+1)(x*-3x+4)-3

Subsliluting x =-1 inlo bolh sides gives a remainder of —3.

This means that [{—1) will always be the remainder when a [unction [(x)
is divided by (x +1).

T6




The remainder theorem
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Exercise 5.3

Generalising Lhis gives Lhe remainder theorem.
For any polynomial [(x). [{a) is the remainder when [(x) 1s divided by

(x—a).

fix)=(x—a)gix)+f(a)

=» Worked example

Find the remainder when f{x) = 2x* + 3x - 5 is divided by (x - 2).

Solution
Using the remainder Lheorem, the remainder is [{2).

f(2)1=2(2 +3(2)-5=17

=» Worked example

When 2x* - 3x? + ar — 5 is divided by x — 2. the remainder is 7 Find the value of a.

Solution
To find the remainder, substitute x = 2 into 2x¥ = 3x% +ar -5,

202 =32 +a(2)-5=17
—+16-12+2a-5=7
—-1+2a=7

a=4

[ % 1

For each function. find the remainder when it is divided by the linear
factior shown in brackets:

a x¥+2x7-3x-4: (x-2) b 2xi+x -3x-4 (x+2)

€ x¥-3xl-x-4 (x-4) d 3x7+3x7+x+4: (x+4)
When f(x) = x* +ax? + bx + 10 is divided by (x + 1), there is no remainder.
When it 1s divided by (x — 1). the remamder 1s 4. Find the values of a and b.
The equation {(x) = x* +4x? + x— 6 has three integer roots

Solve f{x)=10.

{x—2) is a factor of 1 + ax? + a’x — 14. Find all possible values of a.
When x* +ax + b is divided by (x— 1), the remainder 15 -12. When it is

divided by (x - 2), the remainder is also —12. Find the values of @ and b
and hence solve the equation x* +ax+b=0.

Sketch each curve by first finding its points of intersection with the axes:
a y=x*+2x?-x-2 b y=x*-4x*+x+6
€ yv=4xr—1° d y=2+5x+x7-2x°
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Past-paper questions

1 The polynomial f{x) = ax® - 1517 + bx - 2 has a factorof 2r— 1 and a

remainder of 5 when divided by x - L.

lil Show that b =8 and find the value of a. [4]

lii] Using the values of @ and b from part (i), express f(x) in the form

(2x - 1) g(x), where g(x) is a quadratic factor to be found. 2]

liii] Show that the equation f{x) = 0 has only one real root. 2]

Cambridge O Level Additional Mathematics 4037

Paper 11 O6 June 2015

Cambridge IGCSE Additional Mathematics 0606

Paper 11 O6 June 2015

2 A function f is such that f(x) = 4x* + 4x- + ax + b. It is given that 2x - 1
is a factor of both f(x) and {"(x).
lil Show that b =2 and find the value of a. [5)
Using the values of @ and b from part (i),
liil find the remainder when f(x) is divided by x + 3, 2]
liii) express f(x) in the form f{x) = (2x — 1)(px* + gx + r), where p,
g and r are integers to be found, 2]

livl find the values of x for which fix) =0. E!}
Cambridge O Level Additional Mathematics 400

Paper 12 Q10 November 2012

Cambridge IGCSE Additional Mathematics 0606

Paper 12 Q10 November 2012

3 Itis given that f(x) = 6x’ — 5x° + ax + b has a factor of x + 2 and leaves
a remainder of 27 when divided by x - 1.

lil Show that b = 40 and find the value of a. [4]
liil Show that f(x) = (x + 2)(px* + gx + r), where p, q and r are

integers to be found. [2]

liii] Hence solve f(x) =0. 2]

Cambridge O Level Additional Mathematics 4037

Paper 12 O7 June 2013

Cambridge IGCSE Additional Mathematics 0606

Paper 12 O7 June 2013

Learning outcomes i f

Now vou should be able Lo:

# multiply lwo polynomials when the degree (i.c. Lthe highesl
power) of al least one of them is grealer than 2

* divide one polynomial by another when the division gives no
remainder

* solve a cubic equation by lirst drawing the graph

* know and use Lhe remainder and faclor theorems

* [ind [actlors of polynomialks

* solve cubic equalions. /




Faciors of polynomials

Key points C/J

« An expression of the form ax® + bx® +cx+d wherea 20 is
called a cubic expression.

+ The graph of a cubic expression can be plotted by first calculating the
value of v for each value of x in the range.

# The solution 1o a cubic equation is the set of values for which the
corresponding graph crosses the x-axis.

# The factor theorem states: if (x — a) is a factor of fix). then fla)=10
and x = a 1s a rool of the equation fix) = 0.

# The remainder theorem states: for any polynomaal fix), fla) s the
remainder when fix) is divided by (x — a@). This can be generalised to
fix)=(x—a)gix)+f(a). V4




Simultaneous equations

There is no branch of mathematics, however abstract, which may not
someday be applied to the phenomena of the real world.

Nikolai Lobachevsky (1792 — 1856)

Somelimes, in Malhemalics, il 15 necessary 1o use lwo or more variables
Lo describe a siluation. In such cases, vou need more Lhan one equalion
Lo [ind the individual values of the variables: lwo egualions [or Iwo
variables, three for three variables and so on. Although the focus of this
chapler is on solving lwo equalions Lo find the values of two vanables,
the lechniques introduced can be exlended Lo cover silualions mvolving
more Lhan two variables

The lollowing problem can be solved using simullancous equalions.

A school has two netball lcams and there is greal rivalry belween
them. Lasl scason, cach leam played 16 games and their positions in
Lthe league were lied wilth 26 points each. A Leam is awarded points [or
a win or a draw only. Team A wins 6 games and draws 8: lcam B wins
8 games and draws 2. How many poinls arc awarded [or:
a awin b adraw?
Lel w denole the number of points [or a win and d denole the number
ol points for a draw. Each leam’s resulls can be expressed as an
equalion, bul unlike equations you have mel previously, cach one
conlains lwo variables.

ow + Bd = 26

8w +2d =26




Solving linear simultaneous eguations
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In this case, since Lhe values of w and 4 will be small integers. you could
find the answer by trial and improvement, bul in this chapler we will
look al some struclured methods [or solving simullancous equalions.

Simullancous egualions can be solved graphically or alecbraically
using climination or substilution. Graphical methods ofien give only
approximale answers and so Lhe main [ocus ol this is algebraic methods.

Solving linear simultaneous equations

You will have already used graphs Lo solve simullancous equations. The
cxample below shows Lhal this melhod does nol always give an accurale
solution. This is why il is nol Lhe [ocus of this chapler.

=» Worked example

Solve the [ollowing pairs of simullancous equalions graphically and commenl
ON YOUT answers.

a x+y=4 b x+y=4
y=2x+1 y=4r+1
Solution
d Vi
1'+'_r='\
. -4
3
A - A
T ARE
¥=2x+1

Here you can see thal the two It = not clear [rom Lhe graph exaclly

lines inlersect al Lhe point (1, 3) where Lhese two lines inlersecl
so lhe solution sx=1,y=3.
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The elimination method

=) Worked example

Solve the [ollowing simullancous egualions by elimination.

2x+v=10
x-y=2
Solution
Since one equalion conlains +y and one conlains —y adding them will eliminate y.
Zy+y=10
The rule Same =2
Signs, Subtract :;
(and opposite 5igns, v =12
add) is useful here. = x=4
Subslilule Lhis value inlo one of the equations.
You would d-y=2
genera”}c choose = y=2
the simpler one, Check Lhese values in the other equation.
in This case 2x+y=842
x—y=1L 10
The solulion Lo the simullaneous equations s x =4, y=2.
Somelimes yvou need o multiply one of the equations belore you can
climinale a variable, as in Lhe example below.
=» Worked example
Solve the [ollowing simullancous equalions by elimination.
3x+y=13
x+2y=11
Solution
Subtract to Starl by multiplying the firsl equalion by 2 so thal the coelficient of y is Lhe

o same in both equalions.
Ellmlnﬂ‘l'e _}’

bx+2y=26
x+2y=11
Sx =15

=x=3




Solving linear simultaneous eguations
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An alternative Substilule this inlo Lhe second eguation (since il is Lhe simpler one)).
starfing point s to 3+2y=11
mu|‘|‘ipl}r the second =2y=8

equaﬁon B}r Zse
that the coefficient
of X 15 the same in The solution s therelore x =3 y=4.

beth equations. Try

'I a_ﬂd 51_;_:1“ that Somelimes il is necessary Lo manipulale bolh of the original equalions
' 5':?; € Same in order Lo eliminale onc of the variables easily, as in Lhe [ollowing
anskwer.

cxample.

=» Worked example

Solve the [ollowing simullancous egualions by elimination.

Ix+2y=1
Ix+3y=4
Solution

Here you need to multiply each equation by a suilable number so Lhal either
Lhe coefficients of x or the cocllicients of y are the same.

iX the 'ﬁr;‘l‘equaﬁan 3x+2y=1 = 9x+6y=3
\21+3y=4 = dx+6v=8§
1% the second 9x+6y=3
equation > Ax+6v=8
gubﬁ-ucﬁng > = Sr=-5
= x=-1

You could choose

P I— Substitule x = -1 into the first of the lwo onginal equations.

Remember fe S+2y=1
check these values = 2y=4
in the secend == y=2
G"F the arigi"al The solution s therefore x =<1, ¥= 2,

eq vatiens.

The substitution method

=» Worked example

Solve the [ollowing simullancous egualions by substlilulion:
Ir—-wv==10

x=2-y
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Solution
Subslitule the expression [or x from Lthe second equation into the frsL

3(2-y)-y=-10

=3 ﬁ—!_}*-}-:—"]
S itis th
mmce 1l e — llfl=4_'r

5in-1p|er one \
= y=4

Itisa ﬂnod 1dea Substitule y =4 into the second equation.
te check these x=2-4

valves using the = x=-1

equatien you did The solution is therelore x =-2, y=4.

net substifute inte.
Since each of these equalions can be represcnled by a straight line. solving them

simullaneously gives the coordinates of their point of inlersection.

VA
15 -
4 -
134
42
LW

_-'[I'-_l-'r 10

-5'13-?'-!5-.517-:3-?-1;_ i 1\* s 6 %
g

Someclimes simullancous equalions may arisc in evervday problems as
in the [ollowing cxample.

-» Worked example

A 1axi firm charges a ixed amount plus so much per kilometre. A journey of
three kilometres costs $4.60 and a journey of seven kilomelres costs $9.40. How
much does a journey of six kilomelres cost?
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Solution

Let 8 be the fixed amount and $m be the cost per kilometre. Wriling this
informalion as a pair of ssmullancous equalions:
f+3m=406
f+Tm=94
Sublracling the firsl equation [rom Lhe second:
dm =48
=m=1.2

Subsliluling inlo Lthe first equation:

At this stage you f+3x12=46
must remember = f=10
te answer the

question as it is set: A journey of six kilometres will cost 1.0 + 6{1.2) = 3820,
£ __________________________________________________________________________________________________|]

Exercise 6.1 1 Solvc the [ollowing pairs of simullancous cgualions graphically:
AsrdasseRddREnEERERREREE S a }1 - I + 2 b j' +2}|. - 3
y=2x-3 Ix—y=—4

Usc the substilution mclhod Lo solve the simullancous cqualions in
Questions 2-5.

2alx+y=13 b x+2y=13
y=2x+1 x=2y+1
Jadx+dy=2 b 4x+3y=2
y=dx+10 x=4y+10
4 x=-3y==2
y=3x-2
5 x+4y=-13
x=3v+1
Usc the climination method o solve the simullancous cquations in
gueslions 69,
bax+y=4 b x+2y=4
x-y=2 x-2y=2
7adv+y=9 b 3x+2y=9
2x=-y=1 x—-y=05
B 2x+3y=—4
4x+2y=0
?5_1'—2}':—?_3
Ix+y=-5
10 3 pencils and 4 rulers cost $5.20. 5 pencils and 2 rulers cost $4. Find the
cosl of & pencils and a ruler.

11 Al the cinema, 3 packets of popcorn and 2 packets of nuls cost $16 and
2 packets of popcorn and 1 packel of nuls cosl 39. Whal is the cosl of

onc packel of cach?
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Exercise 4.1 [cont] 12 Two adulis and one child paid 3180 1o g0 (o the theatre and onc adull

CrrrTTmmmmmmmmmmmm and three children paid $19%0. What it is the cost [or two adulis and five
children?

13 A shop is trying Lo reduce their stock of books by holding a salc. $20 will
buy cither 8 paperback and 4 hardback books or 4 paperbacks and 7
hardbacks. How much change would I get from $40 il 1 bought
10 papcrbacks and 10 hardhacks?

Solving non-linear simultaneous equations

The substitution method is particularly uselul when one of the
equalions represents a curve, as in Lhe [ollowing cxample.

=) Worked example

a Skctch the graphs of y=x"+3x+2 and 2x = y—8 on the same axcs.

b Use the method of substilution Lo solve these equalions simullaneously

Solution
a
_1‘=1‘3+3].'+J.
VY¥=2x+5
e /r L
Substitutin 5

Xi+3x+2fory b v=x?+3r+2

in the second 2r=y-8

equation \2:4:: +3x+2)-8
=l0=x+x-6
={x+3)x-2)=0

Ca"ec‘l‘ing ﬂ" the —yr==30r r="2

terms on one side _ o )
Take each of these values in lurn, and substlilule into the limear cqualion Lo find

Lhe corresponding values of y.
When x=-3. 6=y-8 = v=2L

This means that one possible solution is x=-3, y=2.
When x=2, 4=yv-8 = y=12.

This gives the other solution as x =2, y=12.

The full solution is therefore r=-3, y=2 orx =2, y =12
———
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The original equalions represenl a curve and a line, so Lhe lwo solulions
oive Lhe coordinales of their points of intersection as in Lhe graph above.

1 Itis equally acceplable to stan by substiluting for x from the second eguation
into the first. This gives 2x+ 8 = x¥ + 3x+ 2 and leads to the same result.

2 Once you have [ound values of one vanable, you musl substilule inlo the
lmear equation. IT yvou substitule nlo the non-linear eguation, you could find
other ‘rogue’ values appeanng erroneously as solulions (bul not in ths case).

In the previous example, it would also have been possible Lo solve Lhe
Iwo equalions by simply drawing graph because the solution had inleger
values. However, Lhis is oflen nol Lhe case so Lhis melhod will nol always

give an accurale answer.

=» Worked example

a Use an algebraic method o find the points of intersection of the curve
¥+ v =5and the line v=x+1.

b Given that the curve s the arncle with centre the ongin and radius V5.
illustrate your answer on a graph.

Substituting frem Solution
the line equation
infe the equation
for the curve — i x4 =5
=ri+(x?+2x+1)=5
=i +2x-4=10

Dividing b)r lte ——-- =y +x-2=0

2 In this case you should use Lhe subslilution method.

s;mplify =(x+2){x-1)=0
, =-2 or x=1
Subr."i'l'uhn% each crme s
of these valves in —__-When x =-2, y==2+1l==l
turn into the line Whenx=1, y=1+1=2.
equation
The points of intersection are therefore (-2, -1) and (1, 2).
b L
a] ¥=x+

3

| /

5 4 -3
{~2,~1)
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Exercise 6.2 1 Solvc this pair of simullancous cquations alzcbraically:

4y =13
x=2

2 Solve this pair of simullancous cquations algchraically and skeich a
graph Lo illustrale your solution:

& Solve this pair of simullancous cqualions:
y=8x*-2x-10
4x+y=35

5 The diagram shows the circle x* + y? = 25and the line x- Ty +25 = 0.
Find the coordinates of A and B.

_"_‘JL
B 4

X-Ty+25=0

& The diagram shows a circular picee of card
of radius r cm, from which a smaller circle
of radius x cm has been removed. The arca
of the remaining card is 2097 cn. The
circumlcrences of the two circles add up
Lo 387. Wrilc this information as a pair of
simullancous equalions and henee find the
valucs of r and x.

7a Solve this pair of simullancous cqualions:
y=x+1
y=2x

b Why is there only one solution? Illustrale this using a skeich.
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8 a Explain whal happcns when you try Lo solve this pair of simullancous
cqualions:
y=2x"-3x+4
y=x-1

b Illustrale your cxplanation with a skelch graph.

Past-paper questions

1 The line y = 2x + 10 intersects the curve 2x* + 3xy — 5y + y* = 218 at
the points A and B.
Find the equation of the perpendicular bisector of AB. [9]
Cambridge O Level Additional Mathematics 3037
FPaper 23 Q10 November 201 1
Cambridge IGCSE Additional Mathematics 0606
Paper 23 Q10 November 2001

2 The curve ¥y =xy + x° — 4 intersects the line y = 3x — | at the points A and
B.Find the equation of the perpendicular bisector of the line AB.  [8]
Cambiridge O Level Additional Mathematics 4037

FPaper 11 Q3 June 2015

Cambridge IGCSE Additional Mathematics 0606

Faper 11 O35 June 2015

3 Find the set of values of k for which the line y = 3x — k does not meet
the curve y=kx® + 1lx — 6. [6]
Cambridge O Level Addivional Mathemarics 4037
Paper 23 03 November 2013
Cambridge IGCSE Additional Mathemaiics 0606
Paper 23 03 Novemnber 2013

Learning outcomes i.\.?

R T

Now you should be able to:

+ solve simple simullancous equations in lwo unknowns by
climination or subslilution. /

Key points M

Simullancous equations may be solved using these methods.

v Graphically: This method may be used for any iwo simullancous
equalions. The advanlage is thal il is generally casy Lo draw
eraphs. although il can be lime-consuming. The disadvanlage is
thal it may nol give an answer Lo Lhe level ol accuracy required.

v Elimination: This is the most useful method when solving lwo
lincar simullancous equalions.

v Substitution: This method is best [or one lincar and one non-
lincar equalion. You slarl by isolaling one variable in Lhe linecar
equation and then substituting il into the non-lincar equation. /




Logarithmic and
exponential functions

To forget one’s ancestors is to be a brook without a source, a tree without
a rool.

Chinese proverb

You have two parcnls and cach ol them has (or had) two parcnls so you
have [our grandparcnls. Going back you had 27 = 8 greal grandparcnls,
2* = 16 greal greal grandparcnis and so on going backwards in limc.
Assuming thal there is onc gencration cvery 30 years, and that all your
anccslors were dilferenl people, eslimale how many anceslors you had
living in the ycar 1700, Whal aboul the year 10007

The graph below shows an estimale of the world population over

the last 1004} years. Explain why your answers arc nol realistic. Whal
assumplion has caused the problem?

World Population
10.0-

8.0+
8.0+
7.0
6.0+
5.0+
4.0+
30+
210+
1.0+

::IU T L L 1 1 L
1050 1150 1250 1350 1450 1550 1650 1750 1850 1250 20

Year

Population (billions)




[ ogarithmic and exponential functions

e

Recenl DNA analysis shows Lhal almosl evervone in Europe is
descended [rom just seven women. Amiving al dilferenl times during
Lhe lasl 45 (00 years. they survived wolves, bears and ice ages Lo [orm
different clans thal evenlually became loday's population. Another 26
malernal lincages have been uncovered on olher conlinenls.

Rescarching [amily history is a popular hobby and there are many
Inlernet siles devoled Lo helping people find oul details of Ltheir
anceslry. Mosl of us only know aboul parents, grandparents, and
possibly greal-grandparents, bul il is possible Lo go back much [urther.

-» Worked example

Assuming Lhal a new generalion occurs, on average, cvery 30 vears,
how many direcl anceslors will be on your [amily tree if you go back
120 years? Whal aboul il you were able Lo go back 300 years?

Solution
30 years ago, you would have information aboul your Iwo parcnls.

Each of these would have had two parenis. so going back a [urther
30 vears Lhere are also four grandparenis, another 30 vears gives cighl
orcal-grandparents and so on.

If you tabulale these resulls, you can see a sequence slarling lo form.

30 2 sequence of numbers.
60 4=20 You will meet these
o0 g=2 sequences in Chapter 11.
120 16 =2

For each period of 30 years, the number of direcl anceslors is double Lthe
number in the previous gencration. Afler 120 years, Lhe lolal number of
ancestors 152 + 4+ 8+ 16 =30L

300 years ago is len periods of 30 years, so [ollowing Lhe patlern, Lhere
are 2'"= 1024 direct ancestors in this generation.

In practice, family trees are much more complicaled, since most [amilies
have more Lthan one child. It gels increasingly difficult the further back
in lime you rescarch.

How many ycars would you expeet 1o necd o go back Lo ind over
1 hillion direcl ancestors?

Whal dalc would that be?

Look al the graph on the previous page and say why Lthisis nol a
rcasonable answer.

Where has the argumenl gonc wrong?
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You may have answered Lhe discussion poinl by conlinuing Lhe pallern
in Lhe Lable al the lop of the page. Or you may have looked [or Lhe
smallest value of n- for which 27 is greater than 1 billion. You can [ind
Lhis by trial and error bul, as vou will sec, il is quicker Lo use logarilhms
Lo solve equalions and inequalitics like this.

Logarithms
Logarithm is another word [or index or power.
For example, il you want Lo lind the value of x such thal 2*= 8, you

can do this by checking powers of 2. However. if vou have 2*=12, or
example. il is nol as straightforward and you would probably need Lo

resort Lo trial and improvement.

The equation 27 = 8 can also be writlen as log, 8 = 3. The number 2 is

referred to as the base of the logarithm. N Read this as
Similarly, 2* = 12 can be written as log, 12=x. ‘log to base 1
o pemeral of 8 equals 3.

a*=ve x=log, v
Mosl calculators have Lhree bullons for logarithms

» log which uses 10 as the base.

» In which has as its base the number 2.718.. ., denoted by the letter e.
which vou will meet later in the chapter.

» log g~ which allows you to choose your own base.

=>» Worked example

Find the logarithm Lo base 2 of each of these numbers. Do nol use a calculalor.
a 32 B 1 c 1 d 2

i
Solution

This is equivalent Lo being asked 1o find the power when Lhe number = wrillen
as a power of 2.

a 32=2%s0 log,32=5§
1 _92 | -
b 1=2%s0log, =2
¢ 1=2s0log,1=0 €=——vnr
1
d +2=22.50 log,v2=1

log, 1=0 for all
positive valuves of n.
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Graphs of logarithms

The graph of ¥ = log, X has the same general shape for all values of the
base a where a = 1.

}’J k.

¥=loggx

The graph has the following properties:

» The curve only exists for posilive values ol x.

» The gradient ol the graph is always positive. As the value ol x
increases, the gradient of the curve decreases.

» It crosses the x-axis at (1, 0).

» The line x =0 is an asympiote, i.c. the curve approaches it ever more
closely bul never aclually louches or crosses 11

» The graph passes through the point (a2, 1).

» log_x is negative for) < x < 1.

Graphs of other logarithmic functions are obtained from this basic

araph by applying onc or more transformations - translations, stretches
or refiections — as shown in the following cxamples

o A translation moves the graph — horizontally, vertically or in both
directions — to a different position, It does not change in shape,
When a =
replacing x by (x — @) moves the graph @ units to the right (the
positive direction)
replacing x by (x + ) moves the graph a units to the lefi {the negative
direction)
replacing y by (¥ — a) moves the graph a units upwards (the positive
direction )
replacing v by (¥ + o) moves the graph o units downwards (the
negative direction),
o A rellection gives a mirror image. In this book only reflections in the
coordinate axes are considered.
Replacing x by (- x) reflects the graph in the y-axis
Replacing v by (- v) reflects the graph in the x-axis.

73
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=» Worked example

Skelch each pair of graphs and describe the translormation shown. In each pair.
join (2, log 2) and (3, log 3) 1o their images.

a2 y=logxand y=log{x-3)
b v=logxand v=log(x+2)
c y=logxand v=-logx

d yv=logrand y=log(-x)
Solution

a The graph of v = log{x - 3) is a translation of the graph of
v =log x 3 unils to the right.

4V
-

¥ = logix - 3)

b The graph of y = log{x + 2} is a translation of the graph of ¥y =log x
2 units to the lefi.

|
|
|
|
|
|
|
|
|
=21
|
|
|

¥=logix + 2
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¢ The graph of y = —=log x (which is the same as —y = log x) is a reflection of
the graph of v = logx in the x-axis.

d The graph of ¥ = log{-x) is a reflection of the graph of vy = log x m the

y-axis
vt
¥ = log(=x3} yv=logx
(-3, log 3) ~~_ f’{
-2, mz\ /’u.bgzn
-1 1 x

-=» Worked example

You are given Lhe curve of y = log x and lold thal log 3=048 (2 d p.).

a3 Skelch the graphofy=log 3 + log x.

b Whal is the relationship between Lhe graphs ol y =log x and y = log 3 + log x7
£ Skeich the graphs of ¥y = log x and y = log 3x on the same axes.

d What do you notice?
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Solution
a VA

b The graph of y=log3 = logx is a translation of the graph of ¥y =log x
¢ upwards by a distance of log 3.

Va

You can use graphing
soffware to sholw
that the grap.l'u of
y=leg3xis the same
as the graph of

y= fﬂg 7+ 'og X.

This confirms

one of the ‘laws

of logarithms’

intreduced below. \
d The graph of ¥ = log 3x looks the same as the graph ol y=log 3 + log x.

Ifa ]ﬂgarifhmic .

expression is frue for Laws of logarithms ] ) )

any base, the base is  1herc arc a number of rules for manipulating logarithms. They are

often omitted. ——= derived from the rules for manipulating indices. These laws are true for
all logarithms Lo any posilive basc.




Logarithms

‘Operation ~ Lawforindices Law for logarithms
Multiplication a= xa¥ =g™'r log xy=log, x+log, v

- Division ! g*+a’=a"" |DE.%=luga.t—lng,}'

Powers (@) =a=  log,x"=nlog,x

1 T |
(a*)" = ar ; Ing*ﬁ_nlng_*r ;

You can use Lhese laws, logether with the carlier work on translalions,
Lo help vou skelch the graphs of a range of logarilhmic expressions by
breaking them down intlo small sieps as shown below.

=) Worked example

Sketch the graph of ¥ = Slogi{x - 2).

Solution

Transforming the graph of the curve ¥y =log x inlo ¥ = 3logix = 2) involves two
stages. Translating the graph of v = log x two units to the right gives the graph of
¥ =log(x-2).

J.'

= 3 looly = 2)
Multiplying log{x - 2) by 3 Va FESSE
stretches the new graph m the v
direction by a scale factor of 2.
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Logarithms to different bases

All the graphs yvou have mel so [ar in the chapler could have been
drawn Lo any basc a grealer than 1.

» When a logarithm is to the base 10 it can be written either as log,, or
as lg. So. for example lg7 means log 7

|
» Base e is the other common base for logarithms.

Notice that The graphs of logarilhms wilh a base number Lhal is nol 10 are very
when you use a similar to the graphs of loganithms with base 10.
different base for ¥a

the logarithm, the
raph has a similar
shape and still — =
passes through the y=inx
pmnffl ﬂ}

Change of base of logarithms
It is sometimes usclul 1o change the base ol a logarithm.

=log, b a*=b Some caleuvlators
can manipu]a‘hs:
< log.&* =log. b 'ngariﬂwms to
< xlog a=log b any positive base.
log b Check whether
. .
=Toz.a yours is one of
them.
This question does Using logarithms to solve equations
not ask for any Logarithms can be used Lo solve equalions involving powers, 1o any level of
accuracy.

pnrﬁcu]ar base. In

this case base 10 is
vsed but you could =» Worked example
alternative I:" have Solve the equation 3* = 2000.

vsed base e. These

are the twe bases 50['_""0“ ) )
Taking logarithms to the base 10 of both sides:

for legarithms
on nearl_y all = 1g3* =1g2000 = xlg3=I1g2000
caleulators. 1 2000

= X=

iz3 =692 (3sf)




Logarithms

Logarithms can also be used Lo solve more complex equalions.

=) Worked example

Solve the equation 4e'* = 930).
Solution When there is o
4 =950 term of the form
Taking the =  e™=7715 e, i‘I?‘is easier fo
. e legarithms T
J'agnnfhm; to base —== dx=In 2375 *lE——-u; ?9 _” k1
e of both sides base e, i.e. the In
= =182 (3sL) caleulator.
=» Worked example
Use logarithms to solve the equation 35 = 2% Give your answer correct
to 3sf
Solution
Mo base is mentioned, so you can use logarithms to any base. Using base 10:
3‘4 = zf-hl
= lg3** =1g2%*
= (S-xjlgi={5+x)lg2
= 5lg3-—xlg3i=5lz2+xle2
= 35lg3-5lg2=xlg2+xlg3
= 3(lg3-lg2)=x(lg2+1g3)
_S5(lg3-1g2)
i " TR
= x=113
MNote thal any base will vield the same answer. Using base 2:
3?-: - 211--
= lﬂﬂ135-‘ - '3.2"'“'J
Remember, o log:

—_—3 = (5-x)log;3=(5+x)log,2
= S5log,3-xlog,3=5+x

= 5log,3-5=x+xlog,3
= S(log;3-1)=x(1+log;3)

= x=L13(3sf)
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Discussion point

Did you find one of these melhods casier than Lhe other?
If so. which one?

Using logarithms to solve inequalities

Logarithms are also uselul Lo solve inequalitics occurring. [or example.,
in problems involving inlerest or depreciation.

When an inequalily involves logs, il is oflen beller Lo solve il as an
equalion [irst and then address the imequality. If yvou choose Lo solve

il as an inequality, vou may need Lo divide by a negalive quantity and
will therelore need Lo reverse Lhe direction of Lthe inequality sign. Both
melhods are shown in the example below.

=» Worked example

A second-hand car s bought for 320 000 and 5 expecied Lo depreciale al a rale
ol 15% each year. Afler how many years will il first be worth less than $10 0007

Solution
The rale of depreciation 5 13% so afler one year the car will be worth 85% of
Lhe imilial cosL.
Al the end of the second year, 1l will be worlh 85% of 11s value al the end of
Year 1. so (0.85)2 x $20 000.
Continuing in this way, its value afier n vears will be ((LE5)® = 320 004).
Method 1: Solving as an equation
Solving the equation (0.85)" x 20000 = 5000

= (0.85)" =05

= lz0.85" =120.5

= nlglB5=I1g05

_lg0.5
TS

= n=4.265...

= n

The car will be worth $10000 after 4.265 vears, so il is 5 yvears before it is first
worth less than $10000.




Logarithms

Method 2: Solving as an inequality

Remember . . "
Hhat 15 0.85 is Solving the inequality (0.85)" x 20000 < 10000
negative and = (0.85)° <03

when you divide

. i =5 lg0585" < lgl.5
an inequality by a 8 < 1Bt
q Y

negnﬁve number, = nlg0.85 <lg05
you musT change lg0.5
the direction of > = " h0ss
the inequa"fy. o n>4265.

The car will be worth less than $10000 after 5 vears.

Exercise 7.1 Insome of the following questions you are insitructed not (o use your
sresmssssmsssssesssess==s  calculator for the working. but you may wse if to check your answers

1 By first wnting each of the following equations using powers, find the
value of ¥ without using a calculator:

a y=log,8 b y=log,l ¢ y=log,25 d *"ﬂnﬂ?i

2 3 =9 can be written using logarithms as log, 9= 2. Using your
knowledge of indices, find the value of each of the following without
using a calculator:

a log,16 b log,81 ¢ log, 125 d log,
Remember that |9 3 Find the following without using a calculator:
means log,,. a lgloo b lg(one million)

c lsﬁ d Ig(0.000001)

& Using the rules for manipulating logarithms, rewrile each of the following
as a single logarithm. For example, log 6 + log 2 = log(6 x 2) =log 12.

a log3+logs b 3logd
¢ logl2-log3 d 1log2s
e 2log3+3log2 f 4log3- 3logd

9 llogd+dlog]

5 Express each of the following in terms of log x:
a logx® —logx® b logx®+3logx ¢ Slogvx -3logdx

& This cube has a volume of 800cm®.

a Usc logarilhms Lo calculate the side lenglh correct to the nearest
millimetre.
b Whal is the surface arca of the cube?

1m
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Exercise 7.1 [cont] 7 Starting with the graph of ¥ = In x, lisl the translormations required, in
CoTTTTmmmmmmmmmmm order when more than onc is necded, Lo sketch cach of the graphs. Usc
the transformations you have listed o skeich cach graph.

a y=3lnx b v=In{x+3) € v=3In2x
d v=3lnx+2 e y==3n{x+1) f v=In(2x+4)

B8 Maich each equation from i to vi with the correct graph a to f.

i y=log(x+1) i yv=log{x-1) iii y=-~Inx
iv y=3Inx v v=log{2-x) vi v=In(x+2)
a b va
W i
2;
14
4 3 x x
-1
c Va d

3 1

1

1

i

1

!

=] :

1

]

1

1

1 |

i

1

\\ 1

1

\\ i

ER N3 i F

1

1

1

-1 4 x




Logarithms

e _I-Jl. f 11
1 31
1
1 7 4
i
1
1
1 2-_
1
1 IJ
1
i
]
1
1 1' T T
i -7 =i
]
1
]
i -1 7
-2 1 2 3 a4 X
1
1 —2 -
1
I_1_

? Solve the following equations for x, given that Ina = 3:
a ﬂlx = E."
b a* =¢’

c a*=3a"+2=0

10 Before pholocopicrs were commonplace, school cxamination papers
were duplicaled using a process where cach copy produced was only %
as clear as the previous copy. The copy was nol acceplable if the wriling
was less Lhan 50% as clear as the original. Whal is the value of ¢ if the

machine could produce only 100 acceplable copics from the original?

11 Use logarithms to solve the equation 57! = 4°*% Give the value of x
correct to 3 s

12a 320000 is invesled in an accounl thal pays inlerest al 2.4% per annum.
The intcrest is added al the cnd of cach year. Aller how many ycars
will the value of the account first be greater than $25 0007
b Whal pcreentage inlerest should be added cach month il inlerest is Lo
be accrued monthly?
£ How long would the account lake Lo reach 325 000 if the inleresl was
added:

i cvery month
ii cveryday?
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Exponential functions

The expression ¥ = log ,x can be wrillen as x = @. Therefore, the graphs
ol these Iwo expressions are idenlical.

For any poinl, interchanging Lhe x- and y-coordinales has the efllect of
reflecting the original point in the line y =x, as shown below.
Vi

V=X
(3.5,

-y

Interchanging x and y for the graph y = log_x (shown in red) gives the
curve x = log_ v (shown in blue).

When rewntien with y as the subject of the equation, x = log_ v

becomes v = a".

The [unclion v =a"is called an exponential function and is the inverse
ol the logarithm function.

The most commonly used exponential lunclion. known as the
exponential function. is ¢*, where ¢ is Lhe base ol the logarithmic
[unction In x and is approximalely equal 1o 2.718. You can manipulale
exponenlial funclions using Lhe same rules as any olher [unclions
involving powers.

e E.r-b =g ¥ En‘:
¥ e = po o ph




Exponential functions

Graphs of e* and associated exponential functions

The graph of y = ¢* has a similar shape Lo the graph of y = a [or posilive
value ol a. The difference lies in the sleepness of the curve.
Ya -I:i

="

-
L+
[
:. v

i
rd
1

-;--

X

As the base number increascs (i.c. 2, ¢ and 4 in Lhe egualions above),
lhe curve becomes steeper [or posilive values of x. All the y-values are
positive and all the curves pass Lhrough and “cross over” al the point (0, 1).

For positive mleger values of s, curves of the [orm y = ¢™ are all relatled
as shown below. Nolice again. Lhal Lhe graphs all pass Lhrough Lhe point
(0. 1) and, as the value of n increases, Lhe curves become slecper.

Vi

ﬁ:ﬁi' -

X

The graph ol y=¢ " is a reflection in the y-axis of the graph of y=¢*.
The graphs of y =¢™ and y = ¢ ™ are relaled in a similar way [or any
integer value ol a.
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The [amily of curves y = ke®, where k is a posilive inleger, is different set

ol transformaltions of the curve y = ¢*. These represent strelches of the
curve ¥ = ¢ in Lhe y-direclion.

Notice that the
curvey=ke' —=>
crosses the y-axis

at (0, k).

X

l

Similarly. [or a lixed value of i, graphs ol the [amily y = ke™ arc

represented by strelches ol Lthe graph y = ¢™ by scale [aclor k in Lhe
y-direction.

One additional transformation gives graphs of the [orm y = ke™ + a.

=» Worked example

Sketch the graph of ¥ = 3¢ = L Vi

Solution
Start with y ="

-

Transform to y =™ = (e')". ya
The v values are squared. giving
smaller values for x < 0 (where
¥ < 1) and larger values lor
x>0

V= plr

o8 )




Exponential functions

Streteh in the v-dircction with a vk

. V= 3':11.'
scale factor of 3 to give the graph :
of y= 3
3
=
x
Translate T unit upwards Lo VA y= 362% 4 1

, a
give v=3e " + 1

=» Worked example

a Solve the equation e** —5e* +6 =10

b Hence solve the equation e** —35e** +6 =0

Enlu}ion
a e*-3e*+a=0
= (e*=2)(e*=3)=0
= e'=20re’=3
=r=h2orx=In3
=x=06930r x =1.099 (3 d.p)
b e'—Sedt46= [_c:h —2}(&:2‘ —3}
S0, eitherZx=1In2 = x=0347(3dp)
or 2x=n3 =x=0593dp)




7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS

LT L R R R e L e R P R T R I LT

y= e’ is called
the exponential
function.

108

Exponential growth and decay

The word “exponential’ is oflen used Lo refer Lo things thal increasc or
decreasc al a very rapid rale.

Any [unction of the form y = a* is referred Lo as an exponential [unclion.

—= When x = 0, the funclion v = a" is referred Lo as exponential growth;

when x < 01l 15 exponential decay.

=» Worked example

During the growth of an organism, a cell divides inlo Iwo approximately every
6 hours. Assuming Lhal the process slaris with a single cell, and none of the cells
die, how many cells will there be aller 1 week?

Solution

It is possible 1o work this oul withoul any special formulae:

2 cells aller 6 hours

4 cells aller 12 hours

8 cells aller 18 hours. ..

However as the numbers gel larger, Lhe working becomes more ledious.
Notice the patlern here using 6 hours as 1 ime unil.

21 cells afler 1 time unit

22 cells aller 2 ime unils

23 eells aller 3 lime unils...

1 day of 24 hours s 4 ime units, so 1 week ol 7 days 1s 28 ime unils. So aller
1 week there will be 2 =268 435 456 cells.

-» Worked example

A brand ol ‘invisible” ink [ades rapidly once 1 1s applied Lo paper. Afler each
minule the inlensily is reduced by one quarler. [l becomes unreadable Lo Lhe
naked eye when the inlensily [alls below 3% of the oniginal value.

a8 Whal is the inlensily, as a percentage of Lhe onginal value, alter 3 minutes?

b Aller how many minules does il become unreadable 1o the naked eye? Give
your answer Lo Lhe nearesl whole number.

Solution
a After 1 minute it is % of the original value.

After 2 minutes it is 3(3] = [;] of the original value.

ns -
Afer 3 minules it is [;) = % or approximalely 42% of the original value.



Exponential functions

I+ weuld be very —=b Using the pattern developed above:

tedious to continue
the metheod in

uvied above until
the ink becemes
vnreadable.

Exercise 7.2

After r minutes it is approximately E) of the original value.
o 2 I 5
The situation 15 represented by: [4.3 <im € —95%= i
Using loganihms (o solve the imequahity as an equation:
3 . 5 3 _ 5
e(3) =teyg = “12f3) =12l

= [lg0.75=1g0.05

_lg0.05
= =075
= r=104

Since the question asks for the time as a whole number of minutes, and the time
is increasing, the answer is 11 minutes.
e —————————————

{1 is @ good idea to check the graphs vou draw in Questions [-4 using any
available graphing software.

1

For each set of graphs:

i Sketch the graphs on the same axes

ii Give the coordinates of any points of intersection with the axes
a yv=e'. y=¢"+land v=e""!
b y=e*. y=2e*and y=e”"
€ y=e. y=e'-3 and y=e*"

Sketch the graphs of y=¢** and y =™ - 2.

3 Skeitch the graphs of y = e, y=3¢* and y = 3e** - 1.

Sketch each curve and give the coordinates of any points where it cuts
the v-axis
a y=2+e* b y=2-¢ c y=2+e " d y=2-¢7*

Solve the following equations:
a 5e"¥ =65 b 13" =65 c =10 d e~ =10

The value, $V, of an investment after ¢ vears is given by the formula

V = Ae""™_ where $A is the initial investment.

a How much, to the nearest dollar, will an investment of $4000 be worth
after 3 years?

b To the nearest vear, how long will I need to keep an investment for it
to double in value?

The path of a projectile launched from an aircrafl is given by the equation
h = 5000 — ¢"*, where h is the height in metres and ¢ is the time in seconds.
a From what height was the projectile launched?

The projectile is aimed at a target at ground level.
b How long does it take to reach the target?
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Exercise 7.2 [cont]

8 Maich cach cquation [rom i Lo ¥i Lo the correct graph a Lo f.
i ve=elr i y=e"42 i y=2-¢°
iv y=2-¢* v y=3"7-5 vi y=e? -1
a Va b

Tem
P
Lo

o "
i
wun

Y

-7 - | 2 3 = 5

Fukt

bt

b
Y
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F A radioactive substance of mass 100 2 15 decaving such that after r days
the amount remaining, M, is given by the equation M = 100",
a Sketch the graph of W against &,
b What is the half-life of the substance (i.e. the time taken to decay to
half the initial mass)?

10 When Davad staried his first job, he carned 515 per hour and was
promised an annual increment (compounded) of 3.5%.
a Whal is his hourly rale be in his 5th year?
Afler 5 vears he was promoled. His hourly wage increased (o $26 per
hour, with the saume compounded annual iIncrement.
b For how many more vears will he need to work before his howrly rate
reaches 830 per hour?
1a Solve 2(37")-5(3")+2=0
b Solve e'e* =10
¢ Solve 27 -5(2° } +4=0
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Past-paper questions

1 Given that log, pg =9 and log, p°q = 15, find the value of
lil log, pandof log, q, [4]
(i) log, a+log, a. 2]
' Cambridge O Level Additional Mathematics 4037
Paper 12 Q4 November 2012
Cambridge IGCSE Addirional Marhemnatics 0606
Paper 12 Q4 November 2012

2 Solve the simultaneous equations
log, a=2log, b,
log; (2a—b)=1. [5]
Cambridge O Level Additional Mathematics 4037
Paper I3 05 November 2010
Cambridge IGCSE Additional Mathematics 0606
Paper 13 Q35 November 2010

3 The number of bacteria 8 in a culture, r days after the first
observation, is given by

B =500+ 400¢">

lil Find the initial number present. (1]
liil Find the number present after 10 days [1]
livl Find the value of t when B = 10000. [3]

Cambridge O Level Addiional Mathematics 4037
Faper 22 (05 November 2014

{ Pari question: part (i) omitied)

Cambridge 1GCSE Addiional Mathernatics (606
Faper 22 Q5 November 2014

{ Part question: part (i) omited)

Learning outcomes *
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Now vou should be able Lo:

# recognise simple properties and graphs of the logarilthmic and
exponenlial unctions including In x and ¢® and graphs of ke™ + a
and k In(ax + b) where n, k. a and b arc inlegers

+ recognise and use the laws of logarithms (including change of base
ol logarithms)

+ solve equalions of the [orm a*=h. Vs




[ ogarithmic and exponential functions

Key points C//
+ Logarithm is another word [or index or power.
v The laws [or logarithms are valid [or all bases greater than 0 and

are relaled Lo those [or indices.
%ﬁﬁéﬁ%ﬁé@iﬁﬁﬁffﬁff'"f??_'mmwm Lawforlogarithms
: log, xy=log,x+ lﬂgu

Muliiplication  © a”
- Iug __.In.g.u'r hgn.

: Division
Powers =g |'-"'.'1'_..w "= ﬂlﬂ:“!.
- Roots 5 Iugl,il"_ —h:ngﬂ

1 l]

ERmprocaIs ﬂ,-ﬂ 5 log ——lugdl Iug"x——luga.ré

;Lx}gmnt.nwnhas.e al =a Iug,a-l

+ The graph of y =log x: is only defined for x = 0
has the y-axis as an asymplole
has a posiive gradient
passes through (0, 1) for all bases.
v Notation.
The logarithm of x to the base a is written log_x.
The logarithm of x 1o the base 10 18 writien lg x or logx.
The loganthm of x to the base e 15 wrnitten In.x.
+ An exponential function is of the form v=a*
+ The exponential function is the inverse of the log function.
yv=log xea'=x

v For a > 0, the graph of y =a*: has the x-axis as an asymptote has
a positive gradient passes through
(0.1).

v For a > 0, the graph of y = a: has the x-axis as an asymptote has
a negative gradient passes through

(0.1). Vs




Straight line graphs

Every new body of discovery is mathematical in form because there is no
other guidance we can have.

Charles Darwin (1809 — 1882)

Il you do a bungee jump, you will want Lo be cerlain thal the rope won'l
strelch Loo far.

In an experimenl a rope is lested by hanging different loads on il and
measuring ils length. The measurements are plotled on this graph.

.]'I4
A0 4

30 -

20 +

Length (m)

10 20 30 40 50 60 70 80 90 100110120130 140 150 160 170 180~
Load (kg)

You will have mel straight line graphs [requently in abstract
algebraic problems. bul they can also be used Lo ind information in a
praclical siluation such as this.

Whal docs Lthe graph Lell you aboul the rope?

114




The straight line y =mx + ¢

R

When a load of 200 g is altached Lo a spring, ils strelched length is 40 cm.
Wilh a load of 300 g_ its length is 50 cm. Assuming Lhal the exlension is
proporlional lo Lhe load, draw a graph Lo show Lhe relationship belween
Lhe load and the length of the spring and use il 1o lind the natural length
ol the spring.

Since the load is the variable that can be directly controlled, it is plotied
on the horizontal axis and the length ol the spring on the vertical axis.
Plolting the points (200, 40) and (300, 50) and joining them with a
straight linc gives Lhe graph below.

Ve

The information

ol that the extension
The graph shows 50+ is proportional to
that the natural € 50+ the lead tells you
Jengﬂw of the £ 40- that the graph of
spring, i.e. the E 30 the relationship will

length when o be a ﬂ'raighﬂine.

there is no load -
a'H’ached; 1s 20 em. 1

L T T T L L T T T T
S50 100 150 200 250 300 350 400 450 S00
Load (g)

=y

The straight line y=mx + ¢

When the equation of a straight line is wrilien in the [ormy = mx + ¢, m
represents Lhe gradient of the line and the line crosses the y—axis al (0, c).

You can use Lhis Lo find Lthe equalion of a straighl line given Lhe graph.

=» Worked example

Find the cqualion of Lhis siraight line.
— e

i
|
|
|
|
|
1

| NS WS S S
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Solution
The gradiEn‘I“ of The line crosses the y-axis at (0,.—4) so ¢ = —4.

the line joining the 1 find the gradient of the line, choose two points on the line and call them
points [rp 'h]' and {x,.¥, ) and [I:IJE:]_W points of intersection with the axes (0,—4) and
fx v }:; gwe:-. b}- {2.0). are obvious choices.
Gr&du‘:‘uf— ! ;_: —= Using the gradient formula:

Gradient (m) =221 =2

50 the cquation D-f L'Ilu.r lincis y =2x-4.

=» Worked example

Find the equalion of Lhe line shown.

;I'- i

34

Solution

Substitute each pair of coordinates into the equation v = mix +¢.
Poini (-1,-2): -2=mi-1)+¢ (1)

Point (3.4): 4=m(3)+c (2)

Subtract equation (1) [rom equation (2).
4—(-2)=03m+c)-(-m+c)

= b=3m+c+m-c

= b=4m
fquaﬁbn'l = m=135
is the more Substitute m = 1.5 into equation (2)
i — - .
;‘T’rmg.l'-ui‘ﬁ:rkard 4oL SIee

equation because
it has ne negative = c=-05
signs. 50 the equation of the hne iz ¥y = 1.5x - 0.5.




The straight line y = mx + ¢

As well as v = mx =+ ¢, there are several other formulae for the equation of a straight
line. Ome that you are likely to find uselul deals with the situation where vou know
the gradient of the line. m, and the coordinates of one point onit. (x. v, ).

The equation is y — ¥, =mix—x ).

¥

Pd
~ 0

-y

Midpoint of a line

When a line has a [ixed lenglh, the midpoinl, i.e. the point hall way
between Lhe two ends of Lhe ling, has as ils coordinales the average ol
Lthe individual x- and y-coordinales.

=» Worked example
The midpoint of

the Iinejﬂin;ng > Find the midpoint of the line joiming (2, 3) and (4, 13).
the points (X, ¥,)  Solution ;

and (.1'1, ].-"1) 15 given  The coordinates of the midpoint am{%‘j ',:_1'“} =(3.9).
'br midpoint = ' _
(23 T A3 ¥ T ¥

"z ~z F Length of a line

To find the length of the line joining two poinls, use Pythagoras’ theorem.

v The length of the line
Jjeining the points

EI[J 1"'1} and I.r-‘tj: _."?g)
1§ given by |Engﬁ1 =

E_l-‘_r i \'II{(IE — X, P+ {.}l: - M )

=» Worked example

Work oul the length of the line joining Lhe points A{-2, 5) and B(2, 2).

Solution

You can either:

» skelch Lhe tnangle and then use Pylhagoras’ Ltheorem or

» use Lhe [ormula given above. 117
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Va

-2, 5)

c
(=2, 2) 2.2)

From the triangle:  AC =3 units
BC =4 units
So AB =3+ 4
- ﬁ
AB =5 units

Alternatively, substituting directly into the formula (without drawing a diagram)
gives:

length = \J{(2- (-2 +(2-5)°)

= 5 units

Parallel lines

Two lines are parallel if they have the same gradient. If yvou are given

the equations of two straight line graphs in the form y = mx + ¢. yvou can
immediately identify whether or not the lines are parallel. For example,
v=3x-7and y=3x+2 are parallel since they both have a gradient of 3.

Il one or both of the equations are given in a dilferent form, you will need
Lo rearrange Lhem in order to ind outl whether or nol they are parallel.

-» Worked example

Show that the two lines y = %; ~4 and x - 2y - 6 = 0 are parallel.

Solution
Start by rearranging the second equation into the form y=mx 4 c.

x=2y-6=0= x-6=2y
= 2y=x-06

x—3

= y=

Boll | s

Both lines have a gradient c:-[% s0 are parallel.




The straight line v =mx + ¢

R R N

Perpendicular lines
Two lines are perpendicular if they intersect at an angle of 907,

Activity

The diagram shows two congruent night-angled iriangles where
p and g can take any value.

Jt B

-
-

0

1 Copy the diagram onto squared paper.

2 Explain why ZABC = 9(F.

3 Calculate the gradient of AB (m, ) and the gradient of BC {m, ).
4 Show that mm, =-1. /

=3» Worked example

I_!.-'.l.

Bi4, &) C{3, &)

&1, 2) Di&, 2]

=Y

0
a2 Lxplain why ABCTY is a rhombus

b Show that the diagponals AC and BD are perpendicular, (This resalt is alwavs
true for a rhombus.

Solution
2 A rhombus is a parallclogram with all sides cqual in length.
AD and BC arc both parallel to the x-axis and have length 5 units.

mcreaseiny 4

gradient of AB = gradient DC=————-- =2
Inerease iy 3
AB =DC =32 + 42 =5 unils

S50 ABCIY 15 a rhombus,
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b Using the formula gradient = Ya=h

X=X
1

gradient of AC = g\%:f =3

gradient of BD = H = -2

% x (-2} = -1 s diagonals AC and BI» are perpendicular.

Exercise 8.1 1 For cach of the [ollowing pairs of poinis A and B, calculale:
ssassssassattssssssnsanss i the gradicnl of the linc AB
ii the gradicnl of the line perpendicular o AB
iii the lcngth of AB
iv Lhe coordinales of the midpoint of AB.
a A(4.3) B(&.11)
b A(53) B(10.-8)
c A(6.0) B(8.15)
d A(3.-6) B(2-7)

2 A(, 5), B(4.1) and C(2, 7) arc the verlices of a triangle. Show that the
triangle is right angled:
a by working oul the gradicnis of the sides
b by calculating the lengths of the sides.

3 A(3.5). B(3.11) and C{f, 2) arc the vertices of a triangle.
a Work oul the pcrimeler of the triangle.
b Skeich the triangle and work oul ils arca using AB as the basc.

& A gquadnlaicral PORS has verlices at P(-2, -5), O{11. - 7). R{9. 6)
and S(-4. 8).
a Work oul the lengths of the [our sides of PORS
b Find the coordinales of the midpoints of the diagonals PR and OS.
€ Withoul drawing a diagram, show thal PORS cannol be a squarc.
Whal shapc is PORS?

5 The points A, B and C have coordinales (2, 3), (6, 12) and (11, 7)

respoclively.

a Draw Lhe triangle ABC.

b Show by calculation thal the inangle is isosccles and wrile down Lhe
lwo cqual sides

¢ Work oul the midpoint of the third side.

d By lirsl calculaling appropriale lenglhs caleulale the arca of
trianglc ABC.

6 A triangle ABC has vertices at A(3. 2). B(4. 0) and C(8. 2).
a 5how thal the trnangle is right angled.
b Find the coordinales of poinl D such that ABCD is a reclangle.

7 P(-2.3). O(1. g) and R(Z 0) arc collincar poinls (i.c. they lic on the same
straighl linc ).
a Find the value of Q.
b Wrilc down the ratio of the lengths PO - OR.




Relationships of the form y = ax”

B A guadrnilatcral has vertices A(-2. 8), B(-5. 5). C(5, 3) and D(3. 7).
a Draw the gquadrnlaleral.
b Show by calculation thal il is a lrapcrium.
£ ABCE is a parallclogram. Find the eoordinates of E.

? In cach parl, find the equation of the linc through the given point that is:
i parallcl and ii porpendicular Lo the given line.
a y=2x+6: (3.-3)
b x+3y+35=0 (-4.7)
€ 2x=3y+1; (-1.-6)

10 Find the cquation of the perpendicular biscclor of the line joining cach
pair of poinls.
a (2.3)and (8. -1)
b (-13)and(1.5)
€ (5.6)and(4.-3)

11 P is the point (2, —1) and O is the point (8, 2).
a Wnic the cquation of the straight linc joining P and O).
b Find the coordinates of M. the midpoint of PQ.
€ Wrile the equation of Lthe perpendicular biscetor of PO.
d Wrilc down the coordinales of the points where the perpendicular
biscclor crosscs Lhe [wo axes.

Relationships of the form y = ax”

When vou draw a graph to represent a practical situation, In many cases
yvour points will lie on a curve rather than a straight line. When the
relationships are of the form y = ax” or y = Ab*, vou can use logarithms
to convert the curved graphs into straight lines. Although you can take
the logarithms to any positive base, the forms log and In are used in
most cases.

=» Worked example

The data in the table were oblained [rom an expenmentL y represents the mass
in grams of a subslance {correct o 2 d.p.) afler a Lime § minules.

¥y 300 450 561 654 735 808
Saira wanis to find out if these values can be modelled by the function y = ar”.

a By aking logarithms to the base 10 of both sides, show that the model can be
wrillen as log v = alogr + loga.

B Explain why, if the model is vahd, plotting the graph of log v against logr will
result in a straight line.

£ Plol the graph of log v against logr and use it to estimate the values of o
and r. Hence express the relationship in the form y = ar”.

d Assuming that this relationship continues for at least the first hour, after how
long would there be 10g of the substance?

1
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Solution

a y=ai" = lgy=lga"
= lgy=lga+lgr®
= lgv=Ilga+nlgs

= lgy=mnlgr+lga

b Comparing this with the equation ¥ = mX +¢ gives ¥ =log y and X = logr.
This shows that if the model is valid. the graph of logy (on the vertical
axis) againsi logr will be a straight line with gradient n and intercept on the
vertical axis al loga.

_}-' i

1.2 -

1.0+
NOTE: You cannot 0.8 -
have a %reak in .3: -
the horizontal =
axis because this 0.4
would lead To an 032
incorrect point of -
intersection with — = —.
= , 02 0.4 06 05 10 12 14 16 18%
the y—axis. log #

Using the points (0, 0.18) and (1.5, 0.92). the gradient of the line 1s:

i e 0.92 - 018 _ )
gradient= 1131 —> === =0493 Since the valves from

.I.: l']
) the graph are onl
This is approximately equal to 0.5, so n =05 = grap Y

Using infercept on approximate, the
the v—axis = |5| a >0.18 = lga results should anl:,r

’ M a—1513215 be givento 1 or 2 d.p.
‘II?L& Mﬂ; 9° b_e}:;‘“d Therefore the relationshipis ¥y = 1.5 or y = 1547,

W
fﬂ:hau:r:;;.n.mee —=d Therc will be 10g of the substance when y = 10
question tells you = 10=15V

to. If ifdaerntyﬂu = 100 = 2.25¢
cannot be sure that

. . L]
the relationship = 1=35
you have found is P
valid outside of '
known bouwnds. So. there will be 10g after about 44 minutes.




Relationships of the form y = Ab*

R

Relationships of the form y = Ab*

These are ofilen reflerred Lo as exponential relationships since the
variable is Lhe power.

-» Worked example

The table shows the lemperature, 8. recorded in degrees Celsius Lo Lhe nearest
degree, of a cup of collee f minutes afler it s poured and milk is added.

Seb s investigating whether the relationship between temperature and time can
be modelled by an equation of the form 8 = Ab.

a By aking logarithms 1o base ¢ of both sides, show that the model can be
writlen as In@=InA+1lnb.

b Explain why. if the model 13 vahd. plotting the graph of In@ against ¢ will
result in a straight line.

¢ Plot the graph of In# against ¢ and use il to estimate the values of A and b.
Hence express the relationship in the form 8 = AR,

d Why will this relationship not continue indcfinitely?

Solution

a #=Ab = Inf=InAb

= Inf=nA+In¥

= Inf=InA+rink

b Rewritingln@=InA+1Inb as Ind = (lnh)r + In A and comparing it with the
equation ¥ = mx +¢ shows that plotting In®@ against ¢ will give a straight
line with gradient Inb and intercept on the vertical axis at In A.

‘m@:438 (414 391 (369 (347 322

II'I-I.‘I“
5
d-\
3 -
4 8 2 18 201
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Using Lhe points (0, 4.40) and (20, 3.22). the gradient of the line is:

322-438 _
0 = —0.058

0058 =Inb = b=094(2d.p.)

The intercepl on the vertical axis is al In 8= 4.40.
From the table, this corresponds @ = 8L
Therefore, the relationship is 8 = B0 x 0.94".

d The relationship will nol conlinue indefinilely since the collee will nol cool
below room lemperature.

Exercise 8.2 1 Maich the cquivalent rclationships.

sesssssssasssssssssasuees i y=pre . y=pp
il yv=px’ iv y=xp°
a logv=logp+rloox b lozv=logr+xlogp
c layv=lgp+xlar d lgy=lgx+rlgp

2 For each of the following models, k. @ and b are constants. Use
logarithms 1o base ¢ to rewnie them in the form y = mx + ¢, stating the
expressions equal to x, v, m and ¢ in each case.

a yv=ka" b v=kx"
¢ v=ak' d y=ax*

3 The table below shows the arca. A, in squarc cenlimelres of a patch of
mould ¢ days aller il firsl appcars.

It is thought that the relationship between A and ¢ is of the form
A=kb'.

a Show that the model can be written as log A = (logb)r + log k.
b Plot the graph of log A against r and explain why it supports the
assumption that A = kb,
¢ Use vour graph 1o estimate the values of b and k.
d Estimate: i the time when the area of the mould was 6cm’
i the area of the mould after 4.5 days.

4 It is thought that the relationship between two variables, a and b, is of
the form b = Pa”.
An cxperimenl is conducted Lo Lest this assumplion. The resulls arc
shown in the table.

T T T T
‘b 98 (121 137 (149 160 169

a Show that the model can be written as Inb = nlna + In P.

b Plot the graph of Inb against Ina and say why this supports the
assumpuon b = Pa",

¢ Estimate the values of n and p.

126




Straight line graphs

5 With the exception of one. all the results in table satisfy. 1o one decimal
place, the relationship v = ax”.

fx 13 iL6 i19 i22 i25 i2R ¢
7 i58 (82 1149:215:296:394
a Usc asuilable logarithmic method Lo find the values of @ and

b If the valuecs of x arc correc, idenlily the incorrect valuc of ¥ and
cslimalc the correcl value 1o 1 dp

& The population F (in thousands) of a new town is modelled by the
relationship P = ka® where 1 is the time in years [ts growth over the first
five vears is shown in the table below.

UI;

Yew 1 2 3 45

Population (P) 36 43 52 62 75 |

a Explain why you would expeet thal the graph of In P against ¢ 1o be a
straighl linc.

b Draw up a lablc of valucs, plot the graph and usc il Lo cslimale valucs
for g and k 1o 1 d.p.

€ Using Lhese values calculale an eslimale for the populalion afier
20 years. How accuralc is this likely Lo be?

Past-paper questions

1 Solutions to this gquestion by accurate drawing will not be accepted.
The points A(p, 1), B(1, 6). C(4. g) and [}{5. 4), where p and g are
conslanls. are Lhe vertices of a kile ABCD. The diagonals of the kile,
AC and BD, inlersect al the point E The line AC is Lthe perpendicular
biseclor of BD. Find

(i) the coordinales of E, 12]
lii) the equation of the diagonal AC, 13]
(i) the area of the kile ABCD. 13]

Cambridge O Level Additional Mathematics 4037
Faper 21 09 June 2014
Cambridge IGCSE Additional Mathematics 0606
Faper 21 09 June 2014
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2 Solutions to this guestion by accurate drawing will not be accepted.

L

(=5, 4} & 4l

The vertices of the trapezium A BCD are the points A(—5. 4). B(8. 4).
C(6, 8) and I). The line AB is parallel o the line DC The lines AD
and BC arc cxlended o meel al E and angle AEB =90,

(il Find the coordinales of I and of E. |6]
(ii) Find the arca of the traperium ABCD. 12]

Cambridge O Level Additional Mathematics 4037
Paper 12 07 November 2012
Cambridge IGCSE Additional Mathematics 0606
Paper 12 O7 November 2012

3 Soluations o this guestion by accuraie drawing will not be accepied.
The points A(-3. 2) and B(1. 4) are verlices of an isosceles triangle
ABC, where angle B =90,

(i) Find the length of the line AB. 1]
(il) Find the equation of the line BC. 13]
(iii) Find the coordinales of cach ol the iwo possible positions of C. |6]

Cambridge O Level Additional Mathematics 4037
Paper 12 Q10 November 2013
Cambridge IGCSE Additional Mathematics 0606
Paper 12 Q10 November 2013




Straight line graphs

Learning outcomes i E
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Now you should be able Lot

* Inlerprel the equation of a straight line graph in the lorm
Y=MI+c

* solve gquestions involving midpoint and length ol a line

* know and usc the condition [or two lines Lo be parallel or
perpendicular, including finding the equation of perpendicular
biseclors

+ transform given relationships, including y=ax” and y= Ab*. 1o
straight line [orm and hence delermine unknown conslants by
calculating Lthe gradienl or inlercepl of the transformed graph. y .

Key points

v An equation of the form y =mx + ¢ represents a straight line
thal has gradicnl m and inlersects the y-axis al (), ¢l

v The midpoint of the line joining the poinis (x,,¥, ) and (x,.¥, ) is
given by:
midpoint = 7372, 515352 |

v The length of the line joining the poinis (x,. v, ) and (x,. v, ) is given
byv:
length = \!{[-"z —-x )+ (¥2—-¥ J}

v Two lines are parallel if they have the same gradient.

v Two lines are perpendicular if they intersect at an angle of 90°.
v When the gradients of two parallel lines are given by m, and

ms, mm, =—1.

+ Loganthms can be used to describe the relationship between two
variables in the following cases:

i v=uax" Taking logs, v =ax" is equivalent to log v = loga + nlog x.
Plotting log v against logx gives a straight line of gradient n
that intersects the vertical axis at the point (0, loga).

i y= Ab* Taking logs, = Ab*1s equivalent to log vy = log A + xlogh.
Plotting log v against x gives a straight line of gradient log b that
intersects the vertical axis at the point (0. log A). /

& &
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Circular measure

A circle is the reflection of eternity. It has no beginning and no end.
Maynard James Keenan (1964 - )

This is the Singapore Flyer. It has a radius of 75 metres. 1L lakes aboul
30 minules lo complele onc rolalion. travelling al a conslanl specd.
How [asl do the capsules travel?

The tradition of measuring angles in degrees, and there being 360 degrees
in one revolution, is thought o have come aboul because much of

carly malhemalics was connecled o astronomy, and Lhe shepherd-
astronomers of Sumeria believed thal there were 360 days in a vear.

The lollowing nolation is used in this chapler:

C represents Lhe circamference of the circle — the distance round the
circle.

r represcnls Lhe radins of Lhe circle - the distance [rom Lhe centre Lo any
poinl on Lhe circumference.

8 (Lhe Greek leller thela) s used Lo represent Lhe angle Lhal an arc
sublends al the centre of Lhe circle.

A represenls area — Lhis may be Lhe area ol a whole circle or a seclor.



Arc length and area of a sector

e

Arc length and area of a sector

A sector of a circle looks similar Lo a piece ol cake — il is Lhe shape
enclosed by an arc of the circle and two radii. If the angle al the centre
is less than 1807 il is called a minor sector. and if it is between 1807 and
3607 1L s called a major sector.

-» Worked example

For each seclor. calculate:
i the arclength ii lhe area iii the perimeler.

d ﬁﬁ“ -'
[
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Solution
i w=% - arclcn.ﬂlh—”sxlfr:xﬁj
= 153cm (3s£)
ii a::?=%. Sk area:%xnxﬁ,ﬁz
=49 8cm? (3 <L)

iii perimeter = arc length + 2 = radius
=153+ 2(6.5) =28.3cm (3 sL.)
b The angle of this sector is 360 - 65 = 295°

:ul:{:lt:u:'lﬂ

= E{L':m (3 i)

i %:% - arc length =
1 e ] an:n—ﬁx'.ﬂ:x

=24Tcm? (3s£)

iii perimeter = arc length + 2 x radios
=505+ 2(9.8) =70.1cm (3 sL)

=) Worked example

A sector of a cirdle of radius 8 cm has an area of 25 cm?. Work oul the angle at

the centre.

Solution

Using sector area

—ixm-f "“'3-35:%—}:1}:33
= e

= g= 25x360 25 360
mxed

=44.87(3sK)




Radian measure

B R

Radian measure

Radian measure is used exlensively in malhemalics because il simplilics
many angle calculations. One radian (rad) is the angle in a seclor when
Lhe arc length is equal o Lthe radius. 1 rad is approximalely 5737,

1 radian can alse P
be written as 1°.

Since Lhe circumlerence of a circle is of length 2ar, there are 2x arcs of length
r round the circumlerence. This means thal there are 2a radians in 360°.

- Degrees  Radians

_____ 18 | =z
% x

..... ?
60 x

I N L

N
" 5

1 degree is the same as 735 radians, therefore:
» multiply by ;3 1o convert degrees to radians
» multiply by g to convert radians to degrees.

Note

An angle given as a [racltion of & is assumed Lo be in radians.
Il an angle & a simple [raction of 180°, 1ts equivalent valoe in radians is
usually expressed as a [raction of m

=» Worked example

a Express the following in radians: | 757 i 49°
b Express the following in degrees: | ﬁ radians i 1.25 radians
Solution

a i 75ﬂ=75=rfﬁ=5ﬁ=mdim
i 49*:49::%:&355 radians (3 <f.)

=




9 CIRCULAR MEASURE

; n . _® 180 _ g
b i mmd.tam_mxT_IH‘

i 125 radians = 125 x 12 = 716° (3 1)

@ Using your calculator

Your calculalor has modes [or degrees and [or radians, so always make sure
Lhal il 1s on the correct selling for any calculalions thal you do. There is
usually a bulton marked DRG for degrees, radians and grad (you will not
use grad al Lhis slage).

To find the value of sin 2.3¢, set your calculator to the radian mode and enter
sin 2.3 followed by = or EXE, dependimg om vour calculator. You should see
the value 0L74570... on vour screen.

Arc length and area of a sector in radians

Using the definition of a radian. an angle of 1 radian at the centre of
a circle corresponds to an are length equal to the radius r of the circle.
Therefore an angle of #radians corresponds to an arc length of ré.

arc length ré

Itis accepted practice to
J write r8, with the Greek
letter at the end, rather
g than 6r.

-
The area of this sector 1s the fraction 2—‘1, of the area of the circle (since
2r is the radian equivalent of 3607).

This gives the formula:

area of a sector = 5~ xar? = 17,

-y Worked example

Calculale the arc length, area and penmeter of this seclor.

<>
‘




Radian measure

I

Solution ‘é_____,-b'fir. arc length =
arc length = 10 = 38 g ’

F

i
5 cm

H:El(rr;:rn:u:%x 10F = 3_‘ < Using area of sector = %rlﬁ'
= '-'5_1

cm’ sing perimeter = arc |Engﬂq + 2 X radius

perimeter = 15—I+ 2x10= lj_x + 20em

Exercise 9.1 1 Express cach angle in radians, lcaving your answer in terms of mif

TrrTTTmmmmmmmmmmmmmEmTEE appropriale:
a 12 b 5407 c d 150° e 375°

2 Express each angle in degrees rounding your answer to 3 sf. where
K R c K I
a = b T c 3 d 5 e

3 The lable gives informalion aboul some scclors of circles.

Copy and complcic the table. Leave your answers as a mulliple ol 7
where ap[n'npriali:_

i ﬁlglelnﬂlm Amh.ﬁh, A.ru, :
rlem) mwmﬂ'ﬂ-ﬁ Cs(em) M"'-“'l

I .. S N W W

4 The table gives informalion aboul some scclors of circles. Copy and
complcic the table. Leave your answers as a mulliple of = where
approprialc.

Rﬂﬁ,lhlgleﬂm Arclen.gll, hﬂ, :

10 K
3
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Exercise 9.1 [cont] 5 OAB is a sector of a circle of radius 6em. ODC is a sector of a circle
FrEssedERdEREREREERRERESS radiu5 lumlﬁn‘gk AUB i_S%,

&
L

10cm

Express in lerms of &
a the arca of ABCD
b the perimecler of ABCD.

[
A
L
~ 6
8] &om B
) a Work oul the arca ol the seclor AOB.

The shaded area is b Calculalc the arca of the triangle AOB.
called a jegmerﬂ'_——} ¢ Work oul the shaded arca.
of a circle. 7 The diagram shows Lhe cross-seclion of a paperweighl. The paperweight

is a sphere of radius 5 cm with the bollom cul off 1o crealc a circular [at
basc wilh diamcler 8 cm.

A Bom B

a Calculale the angle ACB in radians
b Work oul the arca ol cross-scclion of the paperweighl
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2 The diagram shows a circle, centre ¢, radius 8 cm. Points P and O
lic on Lhe circle such thal the chord PO =12 cm and angle POQ =8
radians.

omp
G

o

(i} Show thal §=1.696, correct Lo 3 decimal places. 12]
[il] Find the pernimeler of the shaded region. 13]
(iii) Find the arca of the shaded region. 13]
Cambridge O Level Additional Mathematics 4037

Paper 12 OF June 2014

Cambridge IGCSE Additional Mathematics 0606

Paper 12 OF June 2014

3 Q

A

- X O o

The diagram shows a seclor OPQ ol a circle wilh centre () and radius
xcm. Angle POQ i1s (0.8 radians. The point § lies on (2Q) such that

05 =5 cm. The poinl R lics on QP such thal angle ORS is a nght
angle. Given thal the arca ol triangle QRS is one-lifth of the arca ol
seclor OPQ, lind

(il the area ol seclor OPQ in lerms of x and hence show thal the

value of x is 8.837 correct Lo 4 significant ligures, (]
(i) the perimeter of POSR, 13]
(iii) the arca of POSR. 12]

Cambridge O Level Additional Mathematics 4037
Paper 22 011 November 2014
Cambridge IGCSE Additional Mathematics 0606
Paper 22 011 November 2014
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Learning outcomes

Now you should be able Lo:
+ solve problems involving Lhe arc lenglh and seclor area ol a
circle, including knowledge and use ol radian measure.

Key points M

v Angles are measured cither in degrees or radians.

180" = n radians

v The angle al the centre of Lthe circle sublended by an arc thal is
lhe same lenglh as the radius is 1 radian.

v The formulae for area of a circle (A = xr’) and circumference of
a circle (C = 2m) are the same whether the angle s measured in

degrees or radians.
v You will need Lo leamn these lormulac.

~Area - xr
: Circumference 2xr

;Amlelgi{ﬂ'llm’he} rﬂ

ém.ﬂ{ﬂﬂm:] lrzg




Trigonometry

The laws of nature are written in the language of mathematics ... the
symbols are triangles, circles and other geometrical figures without whose
help it is impossible to comprehend a single word.

Galileo Galilei (1564-1642)

__ Discussion point
How can you cslimale Lhe angle Lthe sloping sides of this pyramid make
wilh the horzontal?

Using trigonometry in right-angled triangles

The simplest delinitions of the trigonomelrical [unclions are given in
lerms of the ratios of the sides of a right-angled triangle, for values of
Lhe angle £ belween (° and 90°.

F\ﬂ:— ant -4

Eﬂ“:‘f.x"""
opposite

adjacent



The Greek letter In a triangle:

6 (theta) is often . . )

vsed To denote an sin g = OPPE oS = tang = 2PPEIE
hypotenuse hypotenuse adjacent

?ngle. The Greek Sin s an abbreviation of sine, cos of cosine and lan of langenl. The

witers o {EIF ha) revious diagram shows Lhal:

and f(beta) are

alse commonl sin 8= cos (A" - &) and cos @=sin{90° - @).

vsed for this

purpose. Worked example

Taking the -ﬁr;f Work oul the length of x in each tnangle. Give your answers correcl Lo Lhree
letters of each significant figures.

art gives the word 2 Solution
Sohcah‘hm: Whick L
may help you to - ﬁ=5m?‘g_ .
remember the = x=10sin38"
formula. x=616cm

b
b X = &
Tl tan 41
= x=14tan4l
= x=122cm
= 5
Eom ¢ = =c0539°
X
= 3 =rxoos39°
_ 5
= = s




10 TRIGONOMETRY

=» Worked example

Work oul Lhe angle marked £ ineach triangle. Give your answers correcl Lo one

decimal place.
a Solution
Bom "
2Acm a sin 8= %4
2] = f=sin"03
l = #=1715"

sin 03 is shorthand notation for ‘the ang|e Bwhere sin 8= 03!

cos 03 and tan 203 are similarly defined.

2

ool = —
o 8.2 .
- a1 4
= O@=cos i3

= @=608"

¢ The opposite and

b
decm
#
82am

c
adjacent sides are
equal.sotané=1
= B=45"

Special cases

Certain angles occur [requently in mathemaltics and you will find it
helplul to know the value of their trigonometrical [unclions.

The angles 30° and &0°
Triangle ABC is an equilateral inangle wilth side 2 unils and AD isa
line of symmelry.

A




J - r - r e E B — ] £ Ppp— ' .
Using trigonometry in right-angled triangles

N N

Using Pythagoras’ theorem

ADR+12=22= AD=43.

From triangle ABD,
sinﬁ]"z%; cq:-sﬁl]“:%: tan 60° = 3:
_ 1. N3, o_ 1
sm}D"—i, canD"—T, tan 30 g

=» Worked example

Without using a calculator, find the value of sin? 30° + sin 60°cos 307,
(Note that sin® 30" means (sin 30° )

Solution

@Nate

The equivalent results using radians are
R W3, m_1. n_
5'“3—Tr m-.‘-i—i‘ tﬂ-“j—
g1, T _ 3, m_1
F""E_E' cmj_z, m“,l_ﬁ
The angle 45°
POR is a right-angled isosceles triangle with equal sides of length 1 unit.
Q
1
457
F " [ R

Using Pythagoras’ theorem, PQ = /2.
This gives

1

sind45" = = cos 457 = tan 43°=1.

bl
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=» Worked example

Without using a calculator find the value of sin® % + cos” %
Solution
. x_ 1 n_ 1 When an angle is given
il = —=, COE= =
i iz in terms of Tt like this,
. itis in radians.
S0 2K cos2 X1, 1 '
il Sl Sl A %mdianf = 45°
=1
The angles 0° and 90°

Although vou cannol have an angle of () in a triangle {because one side
would be lying on lop of anolher). you can slill imagine whalt il might
look like. In the diagram, the hypolenuse has length 1 unil and the angle
al X s very small.

z
Ppotenuse
Opposite
X ¥
adjacent

Il you imagine the angle al X becoming smaller and smaller until it is
#ero, you can deduce Lhal

sinﬂ'==$=nc maun=ll=|; lanﬂ“=%=ﬂ_

If the angle at X is (. then the angle al Z is 90°, and so vou can also
deduce thal

Remember thatin

radians 90° is l;,_-—"?sinﬂﬂ°=%=]; cos 9F =¥=ﬂ-
However when you come to find tan 907, there 1s a problem. The triangle
suggests this has value %. but you cannot divide by zero.
Il you look al the triangle XY Z, vou will see thal what we actually did
was lo draw il with angle X nol zero bul just very small. and Lo argue:

“We can see [rom Lhis whal will happen if the angle becomes smaller
and smaller so thal il 1s ellectively zero.

In this case we are looking al the limits of the values of sin &, cos fand
lan #as Lhe angle #approaches zero. The same approach can be used Lo
look again al the problem of Ltan 90°.




Read these arrows
as ‘tends to!

Il the angle X is nol quile #ero, Lhen Lthe side ZY 1s also nol quile zero,
and lan Z 15 1 (XY 15 almost 1) divided by a very small number and so is
large. The smaller the angle X the smaller Lhe side ZY and so the larger
Lhe value of lan Z. We conclude Lhal in the limil when angle X becomes
zcro and angle Z becomes 9, lan Z is infinilely large, and so we say

£ —= W, lan £ — = (infinily).
You can see this happening in the table of valucs below.

z tan Z
8 I

89° 5729

%0.9° : 572,96

When Z aclually equals 907, we say Lhal lan Z s undefined.

Positive and negative angles

Unless given in Lhe [orm ol bearings. angles are measured (rom Lhe
x-axis (as shown below). Anticlockwisc is Laken Lo be posilive and
clockwisc Lo be negative.

Vi Vi

‘-«.\m angle of +135

P
L

x
an angle of -30°

z

=» Worked example

In the diagram. angles ADB and CBD are night angles, angle BAD = %
AB =2 and BC = 3.

Calculate the value of 8in radians

] k1)
) ]

W=

A
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Solution

First, find an expression for BD.
In triangle ABD, BD _gnZ
AB 3 3
— BD = sin3
et
o ¥
=X 5

=31

In triangle BCD, tan # = B2
nnange . an BC

AB=12/

_ A
oAl

Exercise 10.1 In the triangle POQR. PO = 29cm, QR = 21 cm and PR = 20cm.
Bremmmmmssmsssmasssmmes a Show that the triangle is right-angled.
b Write down the values of sin Q. cos () and tan 2. leaving your answers
as fractions.
¢ Use vour answers to part b to show that:
i sinfQ4+cos’Q=1
- sin{?
ii tanQ= per
Without using a calculator. show that cos 607sin 30° + sin 60°cos 30° =1

Without using a calculator, show that cos? 60°cos? 45° = cos? 307
Without using a calculator, show that 3cos® ; = sin? ;

In the diagram, AB = 12cm, angle BAC = 307, angle BCD = 60° and
angle BDC =90F.

—

B W RS

B

E-E-qzwrr.J:: D

a Calculate the length of BIL
b Show that AC = 4+3cm.

A




Positive and negative angles

6 Inthe diagram. OA = 1cm, angle&DB anghl!ﬂc angIHIlD-—
and angle OAB =angle OBC =angle OCD = 3.
D C

o A

a Find the length of OD, giving your answer in the form av2.
b Show that the perimeter of the pentagon OABCD is 4+ 3vZ cm.

7 Inthe diagram. ABED is a trapezium with righ at E and D, and
CEDuamig]nllle.MI:nglhsofﬁBmdBCm If}dmdld'

respectively. and angles BAD and CBE are 60° and 307 respectively.
a Find the length of CD in terms of d.

b Show that angle CAD = tan™*( %)

A

8 In the diagram, ABC is a triangle in which AB = 6cm, BC = 4cm and
angl:ﬁBE=%‘.Ih:lineCXispeq:ndiuﬂnlnth: line ABX.
C
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Exercise 10.1 [cont] a Work out the exact length of BX.

b Show that angle CAB = tan™' LT

¢ Show that the exact length of AC is /76 cm.

Reciprocal trigonometrical functions

Aswell as sin, cos and tan there are three more trigonometrical ratios
that vou need Lo be able Lo use. These are the reciprocals ol the three
[unclions you have already mel: cosecanl (cosec), secanl (sec) and
cotangent {cot).
cosecf= secf= L
sin cos
Each of these functions is undelined for certain values of 4 For
example, cosec #is undefined for =07, 180°, 360°... since sin Jis zero
for these values.

=) Worked example

Solve the following cquations for 07 < x < 90° rounding your answers to one
decimal place where necessarv.

cmilEl)

sin 8

|
mm_mﬂ(—

a4 secxy=2 b cosecx=2 cC ootx=2
Solution
1
a mx—Z:ﬁﬁ_Z
, 1
= C0Er= =
2
= x =M
b cosecr=2= .1 =2
SN X
¥ _1
'_Hm't_i
= x =3
c oolx=2= 1 =32
tanx
=1
=:rt=mx—1
= x = 2667




Exercise 10.2

‘Exact form’ means
give The answer
using fractions and

surds.

1

Wrilc cach valuc in exact [orm. Do nol usc a calculaior.
a i =in30° il cos 30° iii tan 30°
b i coscc30” ii scc30F iii ool 30°
Wrilc cach valuc in cxacl form. Do nol usc a calculator.
a i =imd45° il cos45° il lan 45°
b i cosccd’® il sccds® iii coL43°
Wrilc cach valuc in exact [orm. Do nol usc a calculaior.
s s K - F - o
a 1 sin 3 I cos 3 m tan 3
2 = - x =
b i cosec 3 Il sec i cot 5

In the triangle ABC, angle A =90° and sec B =2.
a Work out the size of angles B and .

b Find tan B.

¢ Show that 1 +1an” B =sec” B.

In the trianglc ABC. angle A =%0° and cosec B =1.
a Work oul the sizc of angles B and C.

AC =2 unils

b Work oul the lengths of AB and BC.

Given that sind= % and @is acute, find the values of sec 8and cot 8

7 Inthe triangle LMN. angle M = j andcot N=1.

2 Find the angles [ and N.
b Find sec L, cosec [ and tan L.
¢ Show that 1 4+ tan’ L =sec’ L.

Malini is 1.5 m tall. Al 8 o'clock one evening, her shadow is & m long.
Given Lhal the angle of clevation of Lhe sun al thal momenl is a:

a show thal col g — 4,
b find thc valuc of @

a For what values of & are sin @ cos a and tan e all positive? Give your
answers in both degrees and radians.

b Are there any values of afor which sin e cos @ and tan e are all
negative? Explain vour answer.

¢ Are there any values of a for which sin e cos & and tan & are all
equal? Explain vour answer.
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Trigonometrical functions for angles

of any size
Is il possible 1o exlend Lhe use of Lhe trigonomelrical [unclions Lo angles
grealer Lhan 90°, like sin 1207, cos 2757 or lan 69277 The answer is yes

— provided you change the definition of sine, cosine and tangenl Lo one
that doe¢s nol require the angle 1o be in a right-angled triangle. It is not
difficull to extend the delinitions, as [ollows.

First look at the right-angled tnangle below, which has hypolenuse ol
unil length.

YA
Pz, ¥)
1 :
¥
g .
P 0 & .-'I'
1 :
3
AN
This provides the definitions:
sin@=2=y; cos@="=nx; tan@ =",
1 1 x

Now Lhink of the angle @being silualed al the origin, as in Lhe diagrams
above, and allow 6 o lake any value. The vertex marked P has
coordinales (x, y) and can now be anywhere on the unil circle.

This shows thal the delinitions above can be applied Lo any angle &, whether
il is posilive or ncgalive, and whelher il is less Lhan or grealer than 90°:
sinfl = v. cosf = x, Lanﬂ=%_

For some angles, x or y (or both) will take a negalive value, so Lhe signs
ol sin &, cos 8and tan ewill vary accordingly.

-» Worked example

The x- and y-axes divide the plane inlo [our regions called quadranis Draw a

diagram showing Lhe guadrants for values of x and y from —1 1o 1. Label each
guadrant Lo show which of the tngonometrnical lunclions are positive and which

are megalive in each quadranl.



Solution

Y&
2nd guadrant 15t quadrant
1-
Sin pOsitive All posithe
O, 12N regalie
=
L L
=1 1 =
3rd quadrant 4th quadrant
Lan postive -1+ 05 positve
sin, €08 negate g, 1an nagatve

=» Worked example

Find the value of: a sin120° b cos 2107 € lan 405°

Solution

a 120F is in the second quadrant. so sin 120° is positive.
The line at 120° ma.'l:u:s.a::la.ngkn{ﬂ)“ wilh the x-axis,

. . 3
so sin 1207 = +sin 607 ==

b 210F is in the third quadrant. so cos 2107 is negative.
The line at 210F makes an angle of 30" with the x-axis,
_ A3

s 005 210F = —cos 30F = ~5

€ 4057 1s in Lhe first quadrant. so tan 405" s
positive. The line al 405" makes an angle of
45% with the x-axis. so lan 405° = tan 45° = 1.

F'HII.
[P\ 1207}
0 X
Va
210F
Pecla
\30 x
X

-
\“
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Look al this diagram. 11 gives you a uselul aid for Xp
remembering Lhe values [or which sin, cos and lan are

A
posilive and negalive. :
A means all are positive. >
5 means sin & posilive bul Lhe olher two, cos and tan, ; E ¥

are negalive. and so on

Starling from C and working anliclockwise Lhis spells
“CAST Consequently. it is often referred Lo as “The
CAST Rule?

Graphs of trigonometrical functions

The sine and cosine graphs

The diagram on the lefi below shows angles at intervals of 307 in
the unit circle. The resulting coordinate, # and y, are plotted relative
to the axes in the diagram on the right. They have been joined with
a continuous curve to give the graph of sin éfor 0° = 8 = 360°, The
resulting wave is called the sine curve.

sin & A
. F5
i d b | o e o Py '
1 1P, | | B | | . |
F'| - J-!"-"‘l‘l;!‘-‘-ll-l‘- F5
1By
x 0 I",:I anE

The angle 3%0° gives the same point P, on the circle as the angle 307,
the angle 420 gives point P, and so on. You can see that for angles from
360° to 720° the sine wave will simply repeat itself. as shown below. This
15 true also for angles from 7207 to 1080° and so on.

Since Lhe curve repeals ilsell every 360)° Lhe sine [unclion is described as
periodic, wilh period 360" or 2x radians.

The amplitude of such a curve is Lhe largest displacement [rom the
central position, i.e. the horizontal axis

SNE &

f \/ﬁ"“ ”\f

'l'—'—"—F'Erad —-—.—.i

A




You can transfer the x-coordinales on Lo a sel of axes in a similar way lo
oblain Lthe graph ol cos 8. This is mosl easily illustrated if vou [irst rolale
Lhe arcle through W anliclockwise. The diagram shows Lhe circle in Lhis
new orienlation, logether wilh Lhe resulling graph.

cos

The cosine curve repeats itself for angles in the interval 360° = 8= 720°.
This shows that the cosine function is also periodic with a period of 360°.

Nolice thal the graphs of sin # and cos # have exaclly the same shape.
The cosine graph can be oblained by translaling the sine graph %° lo
Lhe lefL. as shown below.

Vi

¥y=asa

d | =
=

100N, 210° |

11207 180 0° ]
¥=5in#

F’EU‘_’ |

The diagram shows that. for example.
cos 20° = sin 1107, cos90° = sin 1807, cos 1207 = sin 210", etc.
In general:

cos 8= sin{#+ 90°). and in radians cos@ = s'm[ﬂ + ;].

~ Discussion point

1 What do the graphs of sin & and cos #look like for negative angles?
Draw the curve of sin @ for O = 8= 90",
Using only reflections, roiations and translations of this curve. how
can vou generate the curves of sin #and cos @ for (F = 8= 360°7

The tangent graph

The value of tan & can be worked out from the definition tan 8= i or by

using tan 6= z:::g.
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You have already seen Lhal lan 8is undelined [or 8= 9%0". This is also the
casc [or all other values of 8 [or which cos 8= (0, namely 2707, 4507, ...
and 907, 2707, ...

The graph of tan #1s shown below.
The dotted lines 8= +9%0" and #= 270" are asymplotles.
__-—-'-"-'.?

As}-mphﬂe;
are not part of . A
the curve. The
branches get
increa;inglr close
to them but never
actually touch
them.

.....-....%-...-...--......
| { |

Note

The graph of tan 8is periodic, like those for sin @and cos 8, but in this case
the period is 180°. Again, the curve for 0 = 8 < W can be used to generate
the rest of the curve using rotations and translations.

Solving trigonometrical equations using graphs
You can use Lhese graphs when vou solve Lrigonomelric egualions.

If you usec the inverse [unclion on your calculalor Lo solve Lhe equalion

cos 8=0.5, Lhe answer is given as 60°. However, Lhe graph of y=cos 8
shows Lhal Lhis equation has infinilely many rools.

-ril.

£\ : Y N\ V1N
.-‘{ ;\/ﬁ-ﬁ \\// 1Y AL N

207 | -3 - Js0o| 60 300° 270° fes0s 7 o
This graph of y = cos 8shows Lhal Lhe rools [or cos 8= (.5 are:

a=_..,—420°, 3007, —60°, 60°, 3007, 420", 660°, 780", ...

The [unclions cosine. sine and langenl are all many-onc mappings, so
Lheir inverse mappings arc onc-many. In olher words, the problem ‘Find
cos 60" has only one solution (0.5), whilst “Find &such thal cos 8= (0.5
has inlinilely many solulions.

Remember that a [unction has Lo be cither one-one or many-onc. This
means Lhal in order Lo deline inverse [unclions [or cosine, sine and




langenl, a restriction musl be placed on the domain of each so Lhal it
becomes a one-one mapping. This is why your calculalor will always
give Lhe value of the solution belween:

0° = g= 180" (cos)
O = g= 90" (sin)
00" < @<= 90" (tan).
Your caleulator

only gives one of

the in\rinifel}r many
roots. This is called
the principal valve.

The lollowing diagrams arc Lthe graphs of cosine, sine and Langent
logelher wilh Lheir principal values. The graphs show vou thal the
principal values cover Lhe whole of the range (y values) for cach
function.

v=0a8
principal values

1 L
—-360° 270" 1 -80° 0 ar 1 Pl i

-1}
J':“,
3 r=tan#g
principal
WaiLes
1 1 1 1 -
-360F 270" B0® -90° ap~ 270° a

153
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Discussion point

How are the graphs of sinf. cos# and tané changed if #is measured in
radians rather than degrees?

=» Worked example

Find values of @in the interval —360° = &= 360° for which sin &=

wlf;.

Solution

sin 8= % = 8= sin™’ (%] = 60°. The graph of sin 8is shown below.

Sn & 4

-
0.5

So, the values of #are =300°, =240°, 607, 1207,

=» Worked example

Solve the equation 2tan #+1 =0 for —130°F = &= 18(0F.

Solution

2tan @+ 1 =0 = tanf= -

1
2

> omm(Y
==266(1dp)

Using a calevlator

From the graph. the other answer in the range is:
8=-266"+ 180" = 153.4°
S0, the values of fare -26.6%, 133.4°.




Exercise 10.3 1 a Sketch the curve v = cosx for 0° = x = 360°.
T b Solve the equation cosx =015 for 0° = x = 360°, and illustrate the two
rools on your skeich.
€ State two other roots of cosx =015 given that x 1s no longer restricted
to values between 0° and 3607,
d Write down, without using your calculator. the value of cos240°.

2 a Sketch the curve of y=sinxfor 2a=x=2x

b Solve the equation sinx = (.6 for -2 # = x = 2 x. and illustraie all the
roots on vour sketch.

¢ Sketch the curve v=cosxfor-2z=x=2=x

d Solve the equation cosx =08 for -2z = x = 2 r and illustrate all the
rools on vour sketch.

e Explain why some of the roots of sinx = 06 arc the same as those for
cosx = 08, and why some are different.

3 Solve the following equations for()" = x = 2=x

a tanx=+3 b sinx=10.5 c msx=—£
d tanx= L’i e cosx=-07 f cosx=03
g 5inx=-1 h sinx=-1

4 Write the following as integers, fractions, or using squarc roots. You
should not need your calculator.

2 sn 457 b cosol” C tan 45°
d sin 12(F e cos 150° f tan 180°
g sin 405° h cos (—25%) i tam 225"

5 In this gquestion all the angles are in the interval —180° 1o 180°,
Give all answers correct o one decimal place.

a Given that cos & < 0 and sina= 0.5. find «

b Given that tan §=0.3587 and sin § == (), find £

¢ Given that cos y=0.0457 and tan = 0, find
a

Draw a sketch of the graph y = sinx and use it to demonstrate why
siny = sin (180° - x).

b By referring to the graphs of v = cosx and v = tanx, state whether the
following are true or false.

i cosx=cos{180° -x) il cosx=—cos (180F - x)
iii lan x=1tan{ 1807 — x) iv tan x =—an {130F — xJ

7 a For what values of @ are sin @, cos e and tan e all positive given that
0° = a = 560°7

b Are there any values of a for which sin . cos o and tan a are all
negative? Explain vour answer.

¢ Are there any values of & for which sin a. cos ar and tan e are all
equal? Explain your answer.

8 Solve the following equations for 0° = 8= 360",

a cos(8-20=3 b lm{ﬂ+1u=]=§ ¢ sin (8+80°) =2
d tan26=+3 e sin(lg)=1 f cmzﬁ=—i§
g sin36=1 h sin26=0 i tan36=1

9 Solve the ﬁ;llnwing equations for-2s=x=2x
a l0sinx=1 b 2cosx-1=0 € tanx+2=0
d S5sinx+2=0 e cosfx=1-sinx
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Transformations of trigonometrical graphs

Now Lhal you are [amiliar wilh Lthe graphs ol the sine, cosine and
langenl funclions, vou can sec how Lo transform Lhese graphs.

y =a sinx where a is a positive integer
How are Lthe graphs of y=sin x and y =2 sin x related?

To invesligale Lhis guestion, starl by drawing graphs of Lhe (wo
functions using a graphical calculalor or graph-drawing package.

J‘u
rE

y=2snx

1-

y=sinx

Ll
18 270" 0°  a&so~¥

-7
Looking al the graphs:

» y=sin x has an amplilude of 1 unit and a period of 360°.

»» y=2sin x has an amplitude of 2 units and a period of 3607,

The graphs of y =sin x and y = 2 sin x illustrale the [ollowing sencral
resull.

The graph of y=a sin x is a sin¢ curve thal has an amplitude of a
unils and a period of 360°.

The transformation is a sireich of scale factor a parallel to the
y-axis.

y =sin bx where b is a simple fraction or integer
Whal is the relationship between the graph of y=sin x and y =sin 2x?

Again, slarl by drawing Lhe graphs. The Lable of values. calculaled 1o one

decimal place. is given below, bul you can also draw Lhe graphs using
suilable sollware.

0306 N 1207 IS0 180° ) 210° - 240° | 270° | 300° | 330° 360
‘0 05 09 (10 09 105 0:i-05:09 -10 09 05 0°:
2x 0 (09 09 0 (09 09 0.09 09 0 09 09 0

En




¥V =5n2x
V= Sinx
f 5 i 27 X

Looking al the graphs:

Va
14

» y=sin X has an amplilude of 1 unit and a period of 360°.
» y=sin 2x has an amplitude ol 1 unil and a period ol 180°.

Similarly, the graph of v = sin3.x has a period of 36{ + 3 = 120°, the
graph of y =sin [;:] has a period of 360 = 21 =720, and so on.

The graphs of v = sinx and y = sin2x illustrate the following general resulis.

The graph of y = sinbx 1s a sine curve that has amphitude 1 unit
and peniod (%]"
The transformation is a stretch of scale factor IE parallel to the r-axis.

y=sinx + ¢ where cis an integer
How are the graphs of y=sin x and y =sin x + 3 related?

Again. slarl by drawing Lhe graphs.
i

¥=snx+3

/"_1'=5n:;

a0” 18 i 6o° ¥

Looking al Lhe graphs, y =sin x + 3 has Lthe same amplilude and period
as y=sin x bul is 3 unils above il

Similarly, the graph of y =sin x — 2 is 2 unils below Lthe graph of y =sin @
The graphs of y =sin x and y =sin x + 3 illustrale the [ollowing gencral resull.

The graph of y =sin x + ¢ is Lhe same shape as the graph ol y=sin x
bul is translaled vertically upwards through ¢ unils

The transformation is a translation of [E]

157
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Combining transformations

The graph of y =a sin bx + ¢ is a translormalion of the graph of y=sin x
cllecled by:

»» a stretch parallel to the y-axis, scale factor a
»» a stretch parallel to the x-axis, scale Eactnr%
» a translation parallel to the y-axis of ¢ units.

Discussion point

When drawing the graph ol ¥ = a sin bx + ¢ using a scrics of

transformations of the graph y = sin x. why is il necessary o do the
translation last?

All the translormalions in Lhis seclion have been applied Lo Lthe
graph ol y =sin x. The same rules can be applied Lo the graphs of all
trigonomelric [unctions. and Lo olher graphs as well as those shown in

Lhese examples.

=» Worked example

The diagram shows Lhe graph of a lunclion y = [{x).

I3

24 y= fiix)
i \

i 2 3 4 X

Skelch the graph ol each of Lhese [unclions.
a y=I(2x) b y=3I(x) c y=30(2x)
Solution

a y="1(1x)is oblained from y = [{x) by applving a stretch of scale factor %
parallel 1o the x-axis

_'I" £
24
‘ -

¥= fix




b y=3l(x)is oblained from y = [{x) by applving a streich of scale [aclor 3

parallel Lo the y-axis.

'rll-

74

B-

54

“ ¥ = 3i2x)

34

24

14

1 2 3 4%x

The order of the ¢ v=3f(2x) is oblained from y = f{x) by applying a streich of scale factor 5
transformations parallel to the x-axis and a stretch of scale factor 3 parallel to the y-axis
is not impeortant ¥y,

in this example l

because the twe 6-

fhrer.:‘hans are g p—

independent. '

2 3 4 X

=» Worked example

Slarting with the graph of y =

i State the rransformations thal can be wsed Lo skelch each curve.
il Sketch each curve for 0" = x = 360°.
a y=oos2x b v=3cosx € y=3cos2x-1

Fa
34

-'

—\ /—-y\ l —{?
-360° -2 180° ‘ Wﬂ” 360° X
=1
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Solution

ai

ii

ii

The graph of v = cos 2¢ is a stretch of v = cos x by scale factor *]T in the

x-direction.

y=cosx

.FJ
34

2-

P

_360° —270% —180°

g9 D
=1

=21

=3

-4

The graph of ¥ =3 cos 2x 15 a streteh of v = cos x by scale factor Lin the
r-direction and by scale Factor 3 in the y-dincction, :

\_‘I'= Law i 8

-

¥=3cos 2x

_360° —27DE. —180°

The graph of v =3 cos 2e — 1 is a streich of ¥ = cos x by scale factor =

g9 O
-1

-1
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=4

oo™ 180° \Z700 | 380 X

1

in the x-direction and scale factor 3 in the y-direction. followed by a
translation of 1 unit vertically downwards
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y=3cos2x -1
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The curve y = lan x can also be translated and streliched. However,

because ¥ = lan x has no linile boundary in Lthe y-direction, il is nol as
straightforward Lo show such strelches when the graphs approach the
asymploles.

-» Worked example

a Sketch the curve v = tanx for 0" = x = 180",
b On the same axes, skelch the curve y=lanx + 2.

Solution

1

: V=1Enx+ 2

Exercise 10.4 1 For cach transformation (i) to (iv):
""""" Trmmmmmmmmmmeses a Skcich the graph of y = sin x and on the same axcs skelch ils image
under the transformation.
b Stale the amplilude and period of the transformed graph.
€ Whal do you nolicc aboul your answers for il and iv?
i astrelch, scale faclor 2, parallel Lo the y-axis
ii a translation of 1 unil vertically downwards
iii a strelch, scale laclor 2, parallel Lo the y-axis [ollowed by a
translation of 1 unil vertically downwards.
iv a translation of 1 unil vertically downwards [ollowed by a sirelch
ol scale [aclor 2 parallel Lo the y-axis

Apply cach scl of translormations Lo the graph of y =cos x

Skeclch the graph of ¥ = cos x and the transformed curve on the samc

axcs

€ Slale the amplitude and period of the lransformed graph.

d Whal do you nolicc aboul your answers for iii and iv.

i astrelch, scale factor 2, parallel Lo the x-axis

ii a translation of 1807 in the ncgalive x-direction

iii a streich, scale lactor 2, parallel Lo the x-axis [ollowed by a
translation of 1807 in the negalive x-dircelion

iv a translation of 180°n the ncgative x dircclion [ollowed by a
strelch of scale faclor 2 parallel Lo the x-axis

oW
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Exercise 10.4 [cont] 3 a Apply these transformations (o the graph of y = sin x.

b Skeich the graph of y = sin x and the transformed curve on the same
axcs
€ Slale the amplilude and period of the lransformed graph.
d Whalt do you nolicc aboul your answers [or iii and iv?
i astrelch, scale laclor 2, parallel Lo the x-axis
ii atranslation of 1 unitl vertically upwards
iii astrcich, scale lactor 2, parallel 1o the x-axis [ollowed by a
lranslation of 1 unil vertically upwards
iv a translation of 1 unil vertically upwards [ollowed by a streich,
scale laclor 2, parallel 1o the x-axis

Stalc the ranslormations necded, in the correct order, o transform the
first graph Lo the sccond graph.

a v=tany, y=3tan2x

b v=tanx, y=2tanx+1

¢ v=tanx, y=2tan (x- 180°)

d v=tanx. yv=3tan(x+ ;}+3

Stalc the transformaltions required, in the correct order, Lo oblain this
graph from the graph of y =sin x.

AR
-1
Stalc the transformations required. in the correct order., Lo oblain this
graph from the graph of y=lan x.

Vi

-7 !

225°8° /9 1

° 1800 2350 o 3i5“ 60"

T =7
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7 Sialc the transformations reguircd., in the correct order, Lo oblain this
graph from the graph of y =cos x.

Va

A A
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Identities and equations

sin, cos and tan

l"h
=

Look at the diagram of the unil circle. It shows you that
x=cosd.y=sinfand fz tan &

It follows that
sin &
tan 8= =
However, il more accurale Lo use Lhe identily sign here because Lhe
relationship is true for all values of 8. so
sin @
tan &= prr
Remember thal an equalion is only true [or cerlain values of the

variable, called the solution of Lthe equation.

For example, tan &= 1 is an equation: in the range (0 = 8= 360°,il is
only true when 8= 45° or 225°.




10 TRIGONOMETRY

In this book, as

in mathematics
generally, an
Ei:ﬂh sign is

often used where
it would be meore
cerrect to use

an idenﬁf}r Iign.
The identity

sign is kept for
sitvations where

it is particularly
imporfant fo
emphasise that the
relationship is an
idenﬁf}' and not an
equation.

Using

sinf Btcost B=1"~—_ =

By conlrasl, an identity is truc [or alf values of Lhe vaniable. For
cxample,

I

o _ sinds® o _ Sin75° _sin(-300) g SNg
tan 45 = tan 75° = T tan{—SDﬂ“}:mI_mjl,mnﬁ—mE
and so on for all values of the angle. 6

The identity below is found by applving Pythagoras’ theorem to any
point P{x, v) on the unit circle.
¥+ i = 0P
(sin@)* + (cos @) = 1. :

=

This is writien as:

sin® 8+ cos* o= L. O x

You can use the identities tan #= :ﬂg and sin” @+ cos” #= 1 to prove
other identities are true.

There are lwo melhods you can use Lo prove an idenlily; you can use
cither method or a mixture of both.
Method 1

When both sides of the identity look equally complicaled you can work
wilh bolh the lefli-hand side (LHS) and the right-hand side (RHS) and
show Lhal LHS — RHS = () {(as shown in Lhe example below).

=» Worked example

Prove the identity cos? @-sinf @=1 - 2 sin” @

Solution

You need to show that cost@—sint@—1+ 2 s5int 8= 0.

Both sides look equally complicated, so show
LHS5 - RHS =cos® #-sin® -1 + 2 5in’ &

Simplifying:

= o8’ B+ sin? 8- 1
=1-1

= as reguired

Method 2
When one side of the identily looks more complicaled than the other
side. you can work wilh Lhis side until vou end up with the same as Lhe

simpler side. as shown in Lhe next example. In this case you show
LHS = RHS.



=» Worked example

5 . mn & 1 1
Prove the identity Ifmamﬂ T TR

Solution

. _=m@ 1
UIS_I—maE sin e

. o 5in*8—(1 - cos8)
Since i1 - cos@ysing
sin"@+ cos’ =1, _———3(1-cos?6) + cos - |
sinf8=1—cos’ @ ~ {1 -cos#)sind

_ cosf — cos’ @
i1- J=n

_ cosBl — cos8)

T 1 -cos@)sm@

=58 _ RHS
sin &

1 .
= Lng s required

cosec, sec and cot

The reciprocal of the relationship tan@ = %; is
1 _,,sing
lanéd = cosé@
=3 cotd U.“”

sindg

Similarly, dividing the relationship sin” 8+ cos’ @ = 1 through by sin’#
gives

sin” @ _ cos’ 1

sn‘@ sin‘8 sin @

= cosec @ = 1 + cot=@

This is usually presented as cosec d= 1 + cot’s
If instead vou divide sin’6+ cos” @ = 1 by cos” @ you get

anle |, c=le _ 1
] 2o rowcd
oos- 8 COS~8 om-@
= tan"#+ 1 =sec’@

This is usually presented as sectd= 1 + tan’d
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=» Worked example

a Show that sec’x — cosec” x=lan” x — col” x,

b I’mvethatﬁnﬁmﬁ

a
Solution

Ufing a Siart with the lefi-hand side since this looks more complicated.
tan'x +1=sec’x LHS =sec’x —cosecix = (1 + tan? x) - (1 + cot® x)
and =l+tan’x-1-cotix
1+ cot’x = cosectx = tan’x - cot’x = RHS
Itis gﬂ-ef, more b Again, starl wilh the leli-hand side since this looks more complicated.
r‘f‘raighﬁarhmrd LHS = ?T: —
to go back _
to the basic e
‘I‘rigpnameﬁic i s
functions sinf and = =8 * sn@
cof 8. 1

= sing

= cosec @= RHS

You can also use Lhis approach Lo solve equalions involving the
reciprocal functions. This involves using Lhe definilions of the [unclions
Lo find equivalenl equalions using sin, cos and lan. You will usually be
given a range of values wilthin which vour solution must lic, so a skelch
graph is usclul o ensure thal you lind all possible values

=» Worked example

Solve the [ollowing equations for
a cosec8=2 for(F = 8= 360F
b sec?@+2tanff=4forll= #=2n

Solution
| mx:!ﬂ%:!
sinx
=l1l=2smx
p— |
==n.i|ru:—2
= x=3r

Thisiscalledthe ____ __—7

pﬁn:Fpa] valve. To find any other values in the interval 0F < @< 360°, skeich the graph.




-1 J

=14

The graph shows that sin 85 also % when 8= 1507,
The solution is therefore &= 30° or 8= 150",
b sect@+2anf@=4=(1 +1an"d) + 21an* 6= 4

= 1+3tanf8=4
= Jtanff@=3
= tanfi=1
= tanf==1

tan—1 nI and tan™? (=1) = - :
To find the values in the interval 0 = 8= 2x, sketch the graph.

¥a y=1iand
'1-1'?1'1'1'-'1'!1'-1'? rErErTEET TS e T E E L
= ' T=
4 E a_ .
= T ox x
2 4 3
-
. 5
The graph shows the value of tan@is also 1 when 8 = - 4‘ .

The principal value for tan 8= -1 is ouiside the required range. The graph
shows that the values in the required range are 3: and 7;

The solution is therefore 8 = E = %TI‘HE ¥ and 8= ?.




10 TRIGONOMETRY

Exercise 10.5

Prove that sin” 8 —cos” 6 =3-2sin" 8 —4cos” 6.
|

Prove that I"‘m —m.

Prove that 4cos°8 + 5sin’ 8= sin" 8+ 4.

. 2
Prove that I—{mf—o=f) 2

1

2

3

4 sm#cosd

5 Solve the equation cosec” 8+ cot? 8= 2 for (F < x < 180°.
) coseT A = 7

& Show thai m = seC” A

7 Solve the equation sec’ #=4 for 0 = #= 2n.

8 Prove the identity cot @+ tan #= sec @ cosec &

9 This is the graph of v = secé.

a Solve the equation sec8=1 for -2x = 8= 2n
b What happens if yvou try to solve sec = 0.57

10 Solve the equalion tan 8 = sec 8 for — 360° = 8 = 36(°.
11a Show that 12sin° x+cosx—1=11+cosx —12¢cos” x.
b Solve 12sin’ x+cosx-1=0 for 0° = x = 360°
12a Show that sin 8+ 1 —sin# —cos® @ = 2sin” 8 —sin 4.

b Solve sin“8+1—sinf—cos*@=0 for 0 =6 = 2x.

Past-paper questions

1 lal Solve 4 sin x = cosec x for 07 = x = 360°. 3]
b)  Solve tan*3y — 2 sec 3y - 2=0for 0" = y = 180°. [6]
<l Solve tan [;,- .g} =3 for 0 = z = 25 radians 13]

Cambridge O Level Additional Mathematics 4037
Paper 11 Q10 June 2015
Cambridge IGCSE Additional Mathemarics 0606
Paper Il Q10 June 2015




L
: ©3 (33 i
: 0 e : E

lal lil The diagram shows the graph of v = A + C tan(Bx) passing
through the points {0, 3) and {%3) Find the value of

Aand ol B. (2]

[ii] Given that the point (:,?} also lies on the graph, find the
value of C. [1]
[b) Given that f (x) =8 — 5 cos 3x, state the period and the amplitude
of 12]

Cambridge O Level Additional Mathemarics 4037
Paper 23 Q4 November 2013
Cambridge 1GCSE Additional Mathematics 0606
Faper 23 Q4 November 2013

1 " 1
| —cos8 | +cosd

Cambridpe O Level Additional Mathemarics 4037
Paper 11 Q1 June 2011
Cambridge IGCSE Additional Mathematics 0606
Paper 11 Q1 June 2011

3 Show that = 2cosec?f. 13]
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Learning outcomes i f

Now you should be able 1o:
+ recall and use Lhe six trigonometric functions of angles of any
magnilude (sine, cosine, langenl, secanl, cosecanl. colangenl)
+ undersland amplilude and periodicily and the relalionship
between graphs ol related trigonometric [unclions, ¢.g. sin x
and sin 2x
# draw and use Lhe graphs of
y=asinbx+¢
v=acoshx+c
yv=atanbx+c

where a is a posilive inleger. b is a simple [raclion or inleger
{[ractions will have a denominalor 2. 3, 4.6 or 8 only) and ¢ 1s an
inlcger

# usc Lhe relationships

siff A+cos’A=1

seccA=1+tan’ A
cosecC A=1+cotl A

s A
ﬂ—tanA

oo A

m.—A-miﬂ

+ solve simple lrigonomelric equations involving Lhe six Lriconomelric
functions and the above relationships (nol including the general
solution of trigonomelric equalions)

+ prove simple trigonomeltric identitics. /

Key points (%

+ In a right-angled triangle

. ~d_
sin § = _oPposite D Bl
_ adgcent - opposite
g = Invpolenuse "/
g = apposile _,f’fﬁ'{ []

adjacent adjacent




v The graphsz of the three main trigonometnic fonctions have distinctive

shapes az shown below.
¥ = 00sh
princpal valuss
05
L L r_—
-360° —230° -180° fio° 8 20 3600
05
Ik
-Tll
il
Qs fy==n
onncoal
Va'ues
L 1 1 | —
=3600 270" 1307 90 0 o 18 2r0- o

y=1ang
principal
WalES

1 1 [ e
0 90/&7’ 2?791.9
_3 -

If & is in radians, the shapes of these curves are exacily the same but
the scale on the horizontal axis goes from —2xto 2 rinstead of from
—360° to 360°.

v The reciprocal trigonometrie functions are defined as:

1
msecﬂzﬁ secﬂzﬁ cot 8=
v The amplitude of zn oscillzting graph such 2z y=zm Yor¥=coz X iz
the largest displacement from the eguilibrium pozition For Y=z X or
= cos X, the equilibrium position is the X-axis.
v The period of the oscillations is the interval over which the graph

does one complete oscillation.

/Y

—360° 270" ABN -80°
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v The graph of ¥ = d zin bx + € iz a tranzformation of the graph of
V=3 X by
i astretch of scale factor a in the y-direction
i astretch of scale factor - in the x-direction
il atranslation of ¢ units in the y-direction
Operation (i) must precede (jii) but otherwise the order of the
transformations can be varied.
The same rules apply if sin is replaced by cos or tan.
v The following relationzhips are referred to 23 iTigonomeiric
ideniities.
sif A+costA= |
sec’A=1+1an’ A
cosec’ A= +col’A

sin A _
s A = ENA
oA - ot A

sinA /




Permutations and
combinations

It always seems impossible until it is done.
Nelson Mandela (1918 - 2013)

The combination lock has four numbers 1o be found and six choices for
cach number: 1.2, 3, 4, 5 or 6. Supposc you have no idca whal the codce is,
bul you nced Lo open the lock. 1l may scem like an impossible silualion
initially. but whal il you lry every possible combinalion of numbers
syslcmalically? How many possiblec combinations arc there? Eslimalc
how long it will take you Lo open the lock.

Factorials

=» Worked example

Winni 1s lidying her bookshell and wanis to pul her five maths books logether.
In how many different ways can she arrange Lhem?

Solution
There are 5 possible books Lhal can go in the first space on the shell.

There are 4 possible books [or Lhe second space.
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There are 3 for the third space, 2 for the fourlh and only 1 book lell for the fifth
Space.

The Lotal number of arrangements is therefore

5 ® 4 ® 3 ® 2 * 1 =120
Book 1 Book 2 Book 3 Book 4 Book 5

This number. 3 x4 x 3= 2 x 1, s called 5 factorial and = wrillen 3!

This example illustrates a general resuli. The number of ways of placing
n different objects in a line isn!, wheren! =nx(n-1)x(n-2) ... x

n mustbe a positive Ix2x1

ini'eg-er.

By convention, a special case is made for a = (0. The value of ! is laken
lo be 1.

=) Worked example

Find the value of cach of the [ollowing:

a b 3! c 4 d 3! e 1
Solution
a MN=2x1=2 D}

b 3'=3x2x1=6

€ "'=4x3Ix2=x1=24
You can see that

facterials go vp d 3'=5x4x3x2x1=120
VEJ}'quickl}rinffIE. e IMMN=10x9=xBxTxhxSxdx3Ix2x1=362K &

-» Worked example

a Calculate ;

sh 1
b Calculate =533

6lx 2!
Solution
da M=Tubx5xdx3x2x]land5'=5=x4x3Ix2x1
n_Ix6xExh xExZxL _ This result can be gmeraliied as

SE RN £7 £7 £ 7 Guiaatany LML (U LS TCAS L
o ol
5 i 1
}Yuucanalsc:wnlc?.as?xﬁxi :q}({q—ljx{ﬂ_z}x"'
n=m Uﬂgmﬁ%=$=?x&=42 Xl{m+1}l

b FmdEInZ2x]l ¥ dx3x?x]l x Ix2x] -12
bxSxdxInlxl = 2x1




Factonals

R

=» Worked example

a8 Find the number of ways in which all six letiers in the word FOURTH can be
arranged.

b In how many of these arrangemenis are the letiers O and U next Lo each other?

Solution

a There are six choices [or Lhe first letter (F, O, U, R, T, H). Then there are five
choices for the next letier, then four for the [ourth letier and so on. So the
number of arrangemenls of the lellers is

xdxdx3=x2x1=61=T20
b The O and the U are Lo be logether, so you can Lreal Lhem as a single leller.

S0 there are five choices for the first letter *(F, OLL B, T or H)., [our choices
for the next letter and =0 on.

50 the number of arrangements of these five “lellers’ s

Sxdx3Ix2=1=5'=120

Notice that the However ou E @ El
total number of is different from Uo! IE @ El

ways of arra?gmg 50 each of the 120 arrangements can be ammanged inlo lwo different orders.
the letters with the

U and the O apart The total number of arrangemenis with the O and U next to each other is
is 720 — 240 = 480 2x51=240

Exercise 11.1 1 Calculate: a 7! b % ¢ 225

. . ' {m=2)
2 Slmphfy: d m b E'"__}'I‘!
3 Simplify: a 232 b (=) :}E
& Write in factorial notation:

a OxBxT b 14x15 c (n+2)n+1)n
hxsxd Sxdx3ix? dxix?

5 Faclorisc: a &6+ b n'+(n-1)!

& Wrilc lhe number 42 using faclorials only.

7 How many diffcrent lour-lcticr arrangements can be formed from the
lctters P. O, R and 5 il letlers cannol be repeated?

8 How many diffcrenl ways can scven books be arranged in a row on a
shell?

? There arc five drivers in a moloring rally.

How many dillercntl ways arc there for the five drivers Lo finish?
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Exercise 11.1 ﬂ':‘:ﬂnﬂ 10 There arc five runncrs in a 6l-metre hurdles race, onc from cach of the
T nalions Japan, Soulh Korca. Cambodia. Malaysia and Thailand.

How many dillerent hinishing orders arc there?

11 Tobcn lisicns Lo 15 songs from a playlisL. I he scleels “shulflle” so the
somgs arc played in a random order, in how many dilferent orders could

the songs be played?

12 How many diffcrent arrangemenis arc there of the leticrs in cach word?
a ASK b OQOUESTION ¢ SINGAPORE
d GOVERN e VIETNAM f MAJORITY

13 I-]Iluw I_r;il.nj,.r arrangcmenls of the letters in the word ARGUMENT arc
there il:

@ lhere are no restrictions on Lthe order of the letlers
b the first Icilcr is an A

€ the lciicrs A and B mus=t b next 1o cach other

d the letiers G and M musl nol be next Lo cach other.

Permutations

In some situations, such as a race, the linishing order mallers. An
ordered arrangement of a number of people. objects or operations is
called a permutation.

=» Worked example

== | should be one of the judges! When | saw the 10 contestants in the

= # cookery competition, | knew which ones | thought were the best
three_ Last night they announced the results and | had picked the
same three contestants in the same order as the judges!

Whal is Lhe probability of Joyeela’s resull?

Solution
The winner can be chosen in 10 ways.

The second conlesianl can be chosen In'Y ways.

The third conleslanl can be chosen in 8 ways.

Thus the total number of ways of placing three contestants in the first three
positions is 10 x 9 x 8 = T2, 50 the probability that Joveeta™ selection 1s

js L
correct is -




Combinations

R

In this example attention is given to the order in which the coniestanis

are placed. The solution required a permutation of three objecis from ten.

In general the number of permutations, "P , of r objects from » is given by
"P=ax(n-1)x(n-2)x..x(n-r+1).

‘This can be written more compactly as

1
wp __ n!
f m=-ry

=» Worked example

Five people go 1o the theatre. They sil in a row with eight seals. Find how many
ways can Lhis be done il
2 lhey can sil anywhere

b all the emply seals are nexl o each other.

Solution
a The first person Lo sil down has a choice ol eighl seals.

The second person Lo sil down has a choice of seven seals

The third person Lo sil down has a choice of six seals.

The [ourth person o sil down has a choice of ive seals.

The fifth person Lo sil down has a choice of [our seals.

50 the olal number of arrangements is 8 x T x x5 x 4 =672,

This is a permulalion of five objects [rom eighl, so a quicker way Lo work this
oul is:

number of arrangements = *P, = 6720.

b Since all three emply seals are Lo be logelther you can consider them Lo be a
single ‘emply seal’, albeil a large one!

50 there are six seals Lo seal five people.

So the number of arrangements is *P, = 720.

Combinations

In other siluations, order is nol important. for example. choosing five of
cight sludenlts Lo go Lo the theatre. You are nol concerned with the order
in which people or objects are chosen, only with which ones are picked.
A selection where order 1s nol imporlant is called a combination.

A malhs leacher is playing a game wilh her students. Each student

sclects six numbers oul of a possible 19 (numbers 1,2, .. . | 19). The maths
leacher Lthen uses a random number machine Lo generale six numbers. 11
a sludent’s numbers maltch the teacher’s numbers then they win a prize.
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This is about
27000.

Discussion point

You have the six winning numbers. Docs il matier in which order the
machine picked lhem?

The eacher says Lhal the probabilily of an individual student picking the
winning numbers i about 1 in 27 000, How can you work oul this ligure?

The key gquestion is, how many ways are Lhere of choosing six numbers
oul of 19?

If the order mattered, the answer would be “P.or 19x 18 x 17 x 16 x 15 x 14.

However, Lthe order does nol matter. The selection 1, 3. 15, 19, 5 and 18

is the same as 15,19, 1.5, 3. 18 and as 18, 1. 19. 15. 3. 5. and lols more. For
cach secl of six numbers Lhere are 6! arrangements Lhal all counl as being
Lhe same.

So, the number of ways of sclecling six numbers, given Lhal the order
does nol maller, is

i |

. . "p
9 xI8x17x16x15x14 @ This is =

This is called the number of combinations of 6 objects from 19 and 1s
denoted by "C,.

Discussion point

Show that “'C,,canbem'iltenasl;’!

6130

Returning to the maths teacher’s game. it follows that the probability of a

P |
student winning I 7C,-

Discussion point

How docs the probability change if there arc 29, 39 and 49 numbers Lo
choosc [rom?

This example shows a general resull. thal the number of ways ol
sclecling r objects [rom n, when Lhe order does nol maller, is given by

“C - n! = .Pr
ST i



Combinations

D R

Exercise 11.2

FREERERERER R R R R R R R

Discussion point

How can you prove this gencral resull?

. Both notations are used in this
book to help vou become familiar with them.

. . [n
Another common notation for *C_is { r

Caution: The notation (f] looks exactly like a column vector and so

there is the possibility of confusing the two. However, the context will
usually make the meaning clear.

-» Worked example

A sludenl represcnlalive commillee of five people is Lo be chosen from nine
applicants. How many different selections are possible?

Solution
[9)_ o
Number of selections = L5]= 5:3_13 =3i§:;:?= 126

=» Worked example

In how many ways can a commillee of five people be selecled from [ive applicanis?

Solution

Common sense tells us that there is only one way to make the committee, that is by
appointing all applicanis. So * C = 1. However, il we work from the formula

ST O
for this to equal 1 requires the convention that (! is taken (o be 1.

Discussion point

Use the convention 0! = 1 to show that *C,="C_= 1 for all values of n.

1 a Find the valuesof i "P, ii P, iii '"P,
b Find the valuesof i °C, ii *C, iii 'C,

¢ Show that, for the values of n and r in parts a and b, “C, = P’.

r!
2 There arc 15 compelilors in a camel race. How many ways arc there of
gucssing Lhe firsl three linishers?

3 A group of 6 compuler programmers is Lo be choscn 1o work the
nighl shifl from a sct of 14 programmers. In how many ways can Lhe
programmers be choscn il the 6 chosen must include the shilt-leader
who is onc of the 147
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Exercise 11.2 [cont] & Zaid decides 1o form a band. He needs a hass playcr. a guilarisl. a
T keyboard player and a drummer. He inviles applications and gcls
6 bass playcrs, 8 guilarisis. 4 keyboard playcrs and 3 drummers.
Assuming cach person applics only oncc, in how many ways can Zaid
pul the band logether?

5 A louring parly of crickel players is made up of 6 players from cach of
India, Pakislan and Sri Lanka and 3 from Bangladcsh.
a8 How many diffcrent sclections of 11 players can be made lor a lcam?
b In onc malch, il is decided 1o have 3 players from cach of India,
Pakistan and 5r Lanka and 2 from Bangladcsh. How many dillcrent
leam seleclions can now be made?

& A commillce ol four is Lo be sclecled rom len candidales, ive men and
five women.
a8 In how many distincl ways can the commillce be choscn?
b Assuming Lhal cach candidale is equally likely Lo be sclected,
determine the probabilitics thal the chosen commillee conlains:
i nowomen
ii lwo men and lwo women.

7 A commillce ol four is Lo be sclecled rom [our boys and six girls. The
mcmbers are sclecled al random.
a8 How many diffcrent sclections arc possible?
b Whal is the probabilily thal the commillee will be made up of:
i all girls
ii more boys Lhan girls?

8 A laclory adverliscs six posilions. Ninc men and scven women apply.
a8 How many diffcrent sclections arc possible?
b How many of these include cqual numbers of men and women?
¢ How many of the sclections incluede no men?
d How many of the scleclions include no women?

9 A small busincss has 14 stall; 6 men and 8 women. The business is

struggling and needs Lo make four members of stafl redundant.

a8 How many diffcrent sclections are possible if the lour siall arc
chosen al random?

b How many dillcrent sclections arc possible il cgual numbers of men
and women arc chosen?

€ How many dillerent scleclions are possible if there arc cqual
numbcrs of men and women remaining alfler the redundancics?

10 A foolball lcam consisls of a goalkeeper, lwo delensc players. [our
midlicld playcrs and [our [orwards. Three players arc choscn Lo collect a
medal al the closing coremony of a compelilion.

How many scleclions arc possible il onc midhicld player. onc delensc
player and one forward musl be chosen?

11 Find how many dilfcrenl numbers can be madc by arranging all nine
digils of the number 335 688 999 if:
i lhere are no restriclions
ii the number made is a multiple of 5.
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12 Nimish is going Lo install 5 new game apps on her phonc. She has
shorilisted 2 word games, 5 gquizecs and 16 saga games. Nimish wanls Lo
havc al lcasl onc of cach lype ol gamc. How many dilferent sclections of
apps could Nimish possibly choosc?

13 A MPV has scven passcnger scals — onc in the [ronl, and three in cach
of the other two rows,

- !!
Front

a In how many ways can all 8 scals be filled [rom a parly of 12 people,
assuming Lhal they can all drive?

b In a parly of 12 pcoplc, 3 arc qualilicd drivers. They hire an MPV
and a [our-scaler saloon car. In how many ways can the party fill the
MPV given thal onc of the drivers must drive cach vehicle?

14 Iram has 12 differcnt DVDs of which 7 are films, 3 arc music vidcos and
2 arc documcnlarics.
a2 How many diffcrenl arrangements of all 12 DVDs on a shelfl arc
possible il the music videos arc all nexl Lo cach other?
b Iram makcs a sclection of 2 films, 2 music videos and 1 documcnlary.
How many possible sclections can be made?

15 A string orchesira consists of 15 violins, 8 violas, 7 cellos and 4 double

basscs. A chamber orchestra consisling of 8 violins, 4 violas, 2 cellos and

2 doublc hasscs is 1o be choscn [rom Lhe siring orchesira

a In how many differenl ways can Lhe chamber orchestra be chosen?

b Oncc the chamber orchesira is choscn, how many scaling
arrangemenls arc possible il cach instrumenl group has their own scl
ol chairs?

€ The violinisis work in pairs. How many scaling arrangcments arc
puossible for the violinists il they musl sil with their parlner?

16 An oflicc car park has 12 parking spaccs in a row. There arc 9 cars Lo be
parked.
a How many diffcrenl arrangemenis arc there for parking the 9 cars
and lcaving 3 cmply spaccs?
b How many dillerent arrangements arc there il the 3 ecmply spaccs arc
ncxl o cach other?

Past-paper gquestions

1 A school council of 6 people is Lo be chosen [rom a group of
8 stludents and 6 teachers. Calculate the number ol differenl ways
thal the council can be selected if

(i) there arce no restriclions, 12]
[ii] there must be at least 1 leacher on the council and more
sludents than leachers. [3]

Aller the council is chosen. a chairperson and a secrelary have
Lo be sclected [rom Lthe 6 council members.
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(i) Calculate the number ol dilferent ways in which a chairperson
and a secrelary can be selected. 1]

Cambridge O Level Additional Mathematics 4037
FPaper 23 05 November 2011
Cambridge IGCSE Additional Mathematics 0606
Paper 23 Q5 November 2011

2 [al [i) Find how many diflerent 4-digil numbers can be [ormed
from Lhe digits 1. 3.5, 6, 8 and 9 if cach digil may be used
only once. 1]
lil) Find how many of these 4-digil numbers are even. 1]
(bl A team ol 6 people is Lo be sclecled [rom 8 men and 4 women.
Find the number of different lcams thal can be sclected if

[i] there are no restrictions, 1]
(i) thc lcam conlains all 4 women, [1]
liii) the team conlains al leasl 4 men. 13]

Cambridge O Level Additional Mathematics 4037
Paper 12 Q7 November 2013
Cambridge IGCSE Additional Mathematics 0606
Paper 12 Q7 November 2013
3 Arrangements conlaining 5 dilferent letters from the word
AMPLITUDE are to be made. Find
{a) [i) the number of 5-lctler arrangements il there are no
resiriclions, 1]
lii)} the number of 5-lelter arrangements which starl with the
letier A and end with the letter E. 1]

Cambridge O Level Additional Mathematics 4037
Paper 11 June 2012

{ Part question: part b omiited)

Cambridge IGCSE Additional Mathematics 0606
Paper 11 June 2012

( Part question: part b omitted)

Learning outcomes i f
Now you should be able Lo:

* recognise and distinguish belween a permulation casc and a
combinalion casc

# recall and use the nolation a! (wilh (! = 1), and expressions [or
permulations and combinations of # ilems laken r al a ime

* answer simple problems on arrangement and scleclion. /
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Key points

¢ ‘The number of wavs ol arranging i dilferent objects in a line 15 n!
This is read as n factorial.

v al=nxin-1)x(n-2) ... x3x2x1 whereiisa posilive inleger.

v By convention, 0! = 1.

: - B !
v The number of permutations of r objects from n is "P, = ﬁ

v The number of combinations of r objects from #n is "C = _"J;],,,:

v The order mallers [or permutations. bul not [or combinations. /

=




Series

I would like one grain of wheat to be put on the first square of my board,
two on the second square, four on the third square, eight on the fourth

and so on.
Attributed to Sissa ben Dahir (6th century)

The origin of the game of chess is uncerlain, bolh in lime and placc.
According lo one lcgend il was invenled by Sissa ben Dahir, Vieer Lo
Indian king Shirham. The king asked Sissa ben Dahir whal he would
likc for a reward, and his reply is quoled above. The king agreed withoul
doing any calculalions.

Given thal onc grain of wheal weighs aboul 50 mg. whal mass of wheal
would have been placed on the last square?

Definitions and notation

A sequence is a s¢l of numbers in a given order, [or example

111

3 3 B 76
Each ol these numbers is called a term of Lhe sequence. When Lthe lerms
ol a sequence are wrillen algebraically, the position of any term in Lhe
sequence is usually shown by a subscnipl. so Lhal a general sequence is
wrillen:

Wy, U, U, ... With general term u,.



The phrase ‘sum
of a sequence’

is often used to
mean the sum of
the terms of a
sequence (i.e. the
feriﬂ}.

The binomial theorem

T

For the previous sequence. the first term is u, = % the second term s i, = %

and so on.

When the terms of a sequence are added together, for example,
1,111
2Y3t8% e

the resulting sum is called a series. The process of adding the terms

together is called summation and indicated by the symbol Y (the

Greek letter sigma). with the position of the first and last terms

involved given as limits.

+ L
1

k=% 5
S0 B+, 40+ U+ g 1S writlen z:.r_,__ﬂrzul.
k=1 k=1

In cases like this one, where there is no possibility of confusion, the sum
5
is normally written more simply asQu -
1
If all the terms are to be summed. 1t 1s usually denoted even more simply
HHEH‘P areven Zlf;-
&

A sequence may have an infinite number of terms, in which case it is
called an infinite sequence. The corresponding scries is called an infinite
series.

Although the word series can describe Lthe sum of Lhe lerms of any
scquence in malhemalics, il is usually used only when summing the
scquence provides a useful or inleresting overall resull.

For example:
3 ‘. an This series has a finite
(I+Pp=1+d+68+ 480+ o of terms (5).

VT =21-1(001)-L0.01y - L(0.01).. ]

This series has an infinite
number of terms.

The binomial theorem

A special type of series is produced when a binomial (i.e. (wo-part)
cxpression such as (X + 1) is raised Lo a power. The resulling expression

15 ollen called a binomial expansion. Expreﬂians like these,

The simplesl binomial expansion is cpngiﬂing of infeger powers

(x + 1) itscll. This and other powers  of , and constants are called
of (x + 1) are given below. p#brnamink.
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T

=» Worked example

Write out the binomial expansion of (3x - 2y)*.

Solution
The binomial coefficients for powerdare 1 4 6 4 L

The expression (3x — 2y) is treated as (3x + (-2v)).

S0 the expansion is

1% (3x)* + 4 x (3x)* x (-2y) + 6 x (3x)* x (-2y)* + 4 x (3x) x (-2yP+ 1 x (-2y)*
ie. Blat = 21600y + 21607 = 9axy + 16v*

Pascal’s triangle (and Lhe binomial theorem) had aclually been
discovered by Chinese malhemalicians several cenluries earlier. and can
be found in the works of Yang Hui (around ap127()) and Chu Shi-kie

(in ap1303). However. Pascal is remembered [or his application of the
triangle o elementary probability, and [or his study of the relationships
between binomial coellicients.

Tables of binomial coefficients

Values ol binomial cocfficients can be found in books of tables It can
be helplul 1o use these when Lhe power becomes large, since wriling oul
Pascal’s triangle becomes progressively longer and more ledious, row
by row. Nole Lhal since Lthe numbers are symmelrical aboul the middle
number, lables do nol always give Lhe complele row of numbers.

=) Worked example

Write out the full expansion of (a + b)".
Solution
The binomial coefficients for the power 8 are

1 8 28 56 70 56 28 8 1
and so the expansion is
a®+ Ba’b + 28a°h° + 56a°h° + T0a'b* + 56a°b° + 28a°h° + Bab™ + b*,

The formula for a binomial coefficient

You may need Lo [ind binomial coeflicients thal are oulside Lthe range

of your Lables. The lables may. [or example, list the binomial coeflicients
for powers up Lo 20. Whal happens if yvou need Lo [ind the coellicient of
x"in the expansion of (x + 2)” ? Clearly you need a formula that gives
binomial coellicients.

The first thing vou need is a notation for identifving binomial coellicients.
IL is usual to denole the power of the binomial expression by s, and Lhe
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Note that 0! is
defined to be 1.
You will see the
need for this
when you use the

i =——=>The next step is to find a formula for the general binomial coefficient

formula for | " |.
\r )

188

position in the row of binomial coefficients by r. where r can take any
value from 0 1o n. So, for row 5 of Pascal’s triangle

1 5 10 110 5 1
r=0 r=1 r=2 r=3 r=4 r=5

n=>5:

The general binomial coefficient corresponding to values of n and r 1s

written as [”} An alternative notation is "C ., which is said as "N C R

)

.
5 =
Thus[q]:‘(:‘ﬁlﬂ_

Real-world activity

The table shows an allernalive way ol laying oul Pascal’s iriangle.

{

siin =y - by following the procedure below.

\I Al

Show lhat[" | = =&
F

The numbers in column O are all 1.

To find each number in column 1 you multiply the 1 in column 0 by
the row number, n.

1 Find. in terms of A, whal you musl multiply cach number in
column 1 by to lind the corresponding number in column 2.
2 Repeal Lhe process Lo find the relationship belween cach number
in column 2 and the corresponding number in column 3.
3 Show that repeating the process leads to
]

(nY_ nin=1)n=2)..{n-r+1)
l”— TR T forr=1.

& Show that this can also be wrillen as

r:l'|= n!
r) rlin-r)!

and that i1 1s also true for r=10.




The binomial theorem

L

Notice how 19!
was cancelled in
-I‘Ei'"l
LB )
factorials become
large numbers
very quickly and
you should keep

a look-out for
such epporfunities
teo Simp]IFy
caleulations.

working out

=» Worked example

L]
LUse the formula [f) = ﬁ 1o calculate these.
7 ?] (7) 7
b d
’ [u] [l 12 3
& F oo™
7 7 7 7
e f h
H I )
Solution
2 [Tl _ sow _, p (7)o _ 00 _-
ﬂJ_ﬂ!(?—l}}!_]xﬁlﬂﬂ_ 1 TR T TxT20
J?‘_ T s040 _ Tl_ 7 _ soan _
- 2}‘@‘2:1211‘21 ¢ 3 =S4T fxd

i
T1_ 7 _ 5040 _ Tl 7 _ sp0 _
. H]—ﬁ—m =35 f [5 =313 = 0% 21 - 2!
Tl o7 soa0 7 - 5040
. kﬁ]‘ﬁ‘ﬁer h [T]=ﬁ=m¢nx|=l

---------

Most scientific calculators have factorial buttons, e.g. [x!. Many also have

°C, buttons. Find out how best to use your calculator to find binomial

coefficients, as well as practising non-calculator methods.

=» Worked example

Find the coefficient of x™ in the expansion of (x + 3.
Solution

(x+ 3]3‘=[25] 4 [15] a#3 4 [H] D LT [l")ﬁ.r"’!ﬁ"t,, [5]3*-*
0 1 2 B 25

So the required term is[zﬁﬁ] ¢ 1% 38

i
HL 251 _ 25x24x 23 2221 x 20 % J9T
.6 JI 6!19! 6!x 197

= 177100.

So the coefficient of x™ is 177 100 x 3% = 129 105 900.
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The expansion of [1 + x)”

When deriving the result for [ "] yvou found the binomial coefficients in

the form
mrn—-1) wia-1Mr-2) smea—-14rn-21n-3)
1 n —5— 3 Ex
This form is commonly used in the expansion of expressions of the type
(1+x)".
i ; - . mn-1)’ 4 Mn- 1)(n - Z)x* 5 fln - 1)n -2Wn -3
The firstfew__5 (14 x) =1+mx+ = S =
Terms wa-1).,
T -——a" n = =1 &
.;TE ]aff'FEw TE'I'MF W = nx + .I.I

=» Worked example

Use the binomial expansion to wrile down the first four terms. in ascending
powers of x.of (1 + x)*

The power of xis the
same as the largest

B Bx7 2 Bx7Txé6_3
(I+x)*=1+8x+ 7 S+ 535 +.-. number underneath.

Solution

Twe numbers en fgp:" Three numbers on top,
tHiwo underneath. three underneath.
=1+ Br+ 2827 + 5607 +

An expression like 1 + 8¢ + 2807 + 5627 ... is said to be in ascending
powers of x, because the powers of x are increasing from one term to
the next.

An expression like x* + 8x7 + 28x" + 56x° ... is in descending powers of x,
because the powers of x are decreasing from one term to the next.

=» Worked example

Use the binomial expansion to wrile down the first four terms, in ascending
powers of x, of (1 - 2} Simplify the terms.

Solution
Think of {1 - 2x)" as {1 + {-2x))". Keep the brackeis while you write out the
lerms

ﬁ x ‘i

(1+{-2x))% = + XX 2P +...

=1-12x+60x2 - 160x* + ... _,E___Nahce how the

signs alternate.
-  —§ o o O] EOOf§OTT§fOTJPOPE§ PH§IO§O Ol]TOEVO G ¥l
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Exercise 1721 1 Wrilc oul the following binomial cxpressions:

a (1+x)° b (1+2x)* ¢ (1+3x)°
2 Wrilc oul the [ollowing binomial cxpressions:

a 2+x) b (3+x)° ¢ (4+x)°
3 Wrilc oul the [ollowing binomial cxpressions:

a (x+v)} b [J:+2;r‘jl4 c (x+3y)°

& Usc a non-calculator method o calculate the lollowing binomial
cocllicicnls. Check your answers using your calculatlor’s shorlesl method.

+ (3 » (3 (3
(3 (5]

f
5 Find the cocflicicnts of the lerm shown for cach cxpansion:

« ]

a in(l+x)" b x*in(l+x) ¢ ¥in(1+x)°

& Find the first three terms, in ascending powers of x. in the expansion of
(3 + k).

7 Find Thu;:r first three terms, in descending powers of x, in the expansion of
-3

8 a Simplify(1 + 1)° =(1 - 1.
b Show thatx* - y* = {.r—y}{.r: +xy+ _'F:}.
¢ Substitute x =1+r and y =1 - in the result in part b and show that

vour answer is the same as that for part a.

9 Find the coefficients of x* and x* for each of the following:
a (1+x)(1-x)° b (1-x)(1+x)°

10 Wrilc down the first four lerms, in ascending powers of x, of the
following binomial cxpressions:
a (1-2x)° b 2-3x)° c (3-4x)°

11 Find the first [our lerms, in descending powers of x, of the following
binomial expressions:

R L Gt I S B G

12 The first three terms in the expansion of (2 - ax)” in ascending powers
of x are 32, =240 and 720, Find the values of a and n.
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Arithmetic progressions

The smallest
square shape in
this foy has sides
lem ]'n-ng, and the
lengﬂws of the sides
increase in steps of
1 em.

Any ordered sel of numbers. like the areas of the squares in this oy,
form a sequence. In mathematics, we are particularly interested in
sequences with a well-defined pattern, often in the form of an algebraic
formula linking the terms. The area of the squares in the toy, in em’, are
12,2232 4% ...or1.4.9 16....

A sequence in which Lhe lerms increase by Lhe addition of a fixed
amounl {or decrease by Lhe subtraction of a fixed amounl) is described
as an arithmetic sequence or arithmetic progression (A. P.). The
increase [rom one lerm Lo the next is called the common difference.

Thus the sequence 8 11 14 17... is arithmetic with

+3 43 43
common difference 3. This sequence can be written algebraically as
u,=3+3kfork=1,2.3,...

When k=1.u4,=5+3=8 This versien has the
k=2u,=5+6=11 advan‘h:ge that the righ‘f‘—
hand side beginf Wwith the
k=3.u,=5+9=14and i?_“..-ﬁrsf term of the sequence.
(You can also write thisas u, =8+ 3(k-1)fork=1.2.3,... .)
As successive lerms of an arithmelic progression increase (or decrease)

by a fixed amounl called the common diflerence, d, vou can define each
lerm in Lhe sequence in relation Lo the previous lerm:

Hy,, =+ d.

When the terms of an arithmelic progression are added togelher., Lthe
sum is called an arithmetic series.




Arithmetic progressions

T

Notation
The lollowing convenlions are used in this book 1o describe arithmeltic
progressions and sequences:

» first term.u, =a

» number of terms = n

»w last term,u, =/

» common difference = d

» the general term. i, is that in position k (i.. the A th term).

Thus in the anthmelic progression 79,11, 13,15, 1719
a=71=19.d=2andn="1

The lerms are formed as [ollows:

u=a =7

H3=ﬂ'+.d =7+2 =0

::ii:ﬂ :;:E:gz:; The 7th term is the 15t
u:=a+4d CTadxT=15 term (7) plus six times the
u=a+5d =7+5%x2=17 commeon difference (2).

w,=a+bd =7+6x2=19

This shows thal any lerm is given by Lhe [first term plus a number of
differences. The number of differences is. in cach case. onc less than Lhe
number of the lerm. You can express Lhis malhemalically as

u,=a+(k-1)d.
For the last lerm, this becomes
I=a+(n—1)d.

These are both general [ormulace so apply Lo any arithmelic progression.

=» Worked example

Find the 19th lerm in the arilthmelic progression 20, 16, 12, ..

Solution
In this case a =20 and o = —4.

Using w, =a+(k-1)d, youoblan
=204 (19-1) x(-4)
=M-=72
==352

The 19h term s —52.
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=» Worked example

How many Lerms are Lhere in the sequence 12, 16, 20, .. 5567

Solution

This is an arithmelic sequence with first lerm a = 12, last lerm [ = 556 and
common difference d=4.

Using the resuli { = a+(n-1)d, you have
356 = 12+4n-1)
= dn = 556-12+4
= n =137

There are 137 lerms.

This gives the number of lerms in an A P directly if you know Lhe firsl lerm,
Lhe last term and the common difference.

The sum of the terms of an arithmetic progression

When Carl Friederich Gauss (1777-1855) was al school he was always
guick lo answer malhemalics questions. One day his leacher, hoping
for half an hour of peace and guicl, lold his class Lo add up all the
whole numbers [rom 1 1o 100. Almosl al once the 10-vear-old Gauss
announced Lhal he had done it and thal the answer was 5050

Gauss had nol of course added the terms one by one. Inslead he wrole
Lhe serics down Iwice, once in Lthe given order and once backwards, and
added the two logether:

§= 14 24 3+..4 98+ 99+100
S=100+ 99+ 98+...+ 3+ 2+ 1L

Adding, 25=101+101+ 101+ ... + 101 + 101 + 101
Since Lthere are 100 terms in Lhe scrnes,

25 =101 x< 100
5 = 5050.

The numbers 1. 2. 3, ... . 100 [orm an arithmelic sequence wilth common
difference 1. Gauss’ melhod can be used [or finding the sum of any
arilhmelic series.

It 1s common to use the letter S to denote the sum of a series. When
there is any doubt as to the number of terms that are being summed., this
is indicated by a subscript: 8, indicates five terms, §_ indicates n terms.
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=» Worked example

Find the value of 6+ 4+ 2 + .. + (=32).

Solution

This is an arilhmelic progression, wilh common difference —2. The number of
lerms. i, can be calculaled using

_f-a
n=— +1

The sum % of Lhe progression is Lhen [ound as [ollows:

5= 6+ 4 +..— 30 - 32
£=-32+ (30)-...+ 4 + &b

25==26+ (=26)+ ... +(=26)+ (-26).
Since there are 20 terms, this gives 25 = <26 x 20, s0 5 =26 10 =-26{.

Generalising this method by wriling the series in Lhe conventional
nolation gives:

5, = la] +  |a+d] +.tla+(n=2)d] + |a+(n—1)d]
S, =lat(n-1)d] +[a+(n-2)d] +...+ l[a+d] + [a]
25 =[2a+(n-1)d] +[2a+ (n—1)d]+ ... + [2a + (n - 1)d] +|2a + (n - 1)d]

Since there are a1 lerms. il [ollows thal
= %H[Eﬂ +(n—1)d)].
This resull can also be wrillen as

S, = sma+1).

=» Worked example

Find the sum of the first 100 lerms of Lhe progression

1 42
33. 33.4.
Solution
In this arithmelic progression
Using a=3%.d=1%andn=100.
So=1n2a+(n—1)d] S, =3%100(63 +99x])

19835,
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=» Worked example

Taljana slarls a part-lime job on a salary of $10000 per year, and this increases
by 3500 cach year. Assuming thal, apart from the annual increment. Tatjana’s
salary does nol increase, find

a her salary in the 5th year
b the length of lime she has been working Lo receive Lotal earnings of $122500.

Solution
Taljana’s annual salaries (in dollars) form the anthmelic sequence

100, 105040, 11000,

wilh firsi lerm a = 100}, and common difference o = 500

2 Her salary in Lhe 5th vear is calculated wsing:
u,=a=+(k-1)d
= ug=10000+(5-1) =300
= 12000.

b The number of years thal have elapsed when her tolal earnings are $122500
is given by:

§=3nl2a+(n-1)d|

where § = 122500, & = 10004 and 4 = 500.
This gives  122500= 31[2x10000+500(n - 1)],
This simplifies Lo Lhe quadratic equation:
A+ 3% =490 =10,
Factorising,
(n=100n+4M =0
= n=10orn=-49.

The rool r=—49 s mrelevanL, so the answer 15 1= 10
Tatjana has earned a total of $122 500 afier 10 years.

Exercise 12.2 1 Arc the following sequences arithmetic?
TTETTmmmmmmmmmmmmmmmes If so, stale the common difference and the seventh lerm.
28,30, 32 34, .
1.1.2,3.5. 8, ...

3.9 2781, ...
5,.9.13,17 ...
12.8.4.0, ...

o an oW

2 The firsl lerm of an arithmelic sequence is —7 and the common
difference is 4.
a Find the cighth term of the scquence.
b The last term of the sequence is 65. How many lerms are Lhere in the
scquence?




Arithmetic progressions

L

3 The first term of an arithmelic sequence is 10, the seventh lerm s 46 and
the last term is 100
a Find thc common dilfcrence.
b Find how many lerms there are in the scquence.

& There arc 30 lerms in an arilthmelic progression.
The first lerm is —4 and the lasl lerm is 141
a Find thc common dilfcrence.
b Find the sum of the lerms in the progression.

5 The &£th tlerm of an arithmetic progression is given by
u, =12 + 4k.

a Wrile down tLhe first three lerms of the progression.
b Calculalc the sum of the first 12 lerms of this progression.

& Below is an arilhmelic progression.

18+ 112+ ...+ M

a8 How many lerms arc Lhere in the progression?
b Whal is the sum of the lerms in the progression?

7 The filth term of an arithmelic progression is 32 and the lenth lerm is 62.
a Find the first lerm and the common difference.
b Thec sum of all the lerms in this progression is 350,
How many lerms arc there?

8 The ninth lerm of an arithmelic progression is three limes Lhe sccond
lerm, and the first term is 5. The sequence has 20 lerms
a8 Find the common dilference.
b Find the sum of all the lerms in Lhe progression.

?a Find thc sum of all the odd numbcrs belween 150 and 250,
b Find the sum of all the even numbers [rom 150 (o 250 inclusive.
€ Find the sum of the lerms of the arithmelic sequence with first lerm
150, common difference 1 and 101 terms
d Explain the relationship belween your answers Lo parls a, b and €.

10 The first lerm of an arithmelic progression is W00 and the tenth lerm is
3600.
a Find the sum of the first 20 lerms of the progression.
b Allcr how many lerms docs the sum of the progression becomc

ncgalive?
11 An arithmelic progression has first lerm -2 and common differcnce 7
a Wrilc down a formula for the rth lerm of the progression. Which lerm
of the progression cquals 1107

b Wrilc down a lormula [or the sum of the firsl 7 lerms of the
progression. How many lerms of the progression are required Lo give
a sum cqual Lo 20507

12 Luca’s slarling salary in a company is $45 000. During the lime he stays
wilh the company, il increases by $1800 cach year.
a8 Whal is his salary in his sixth ycar?
b How many ycars has Luca been working for the company when his
tolal carnings for all his years there are $531 0007




12 SERIES

Exercise 12.2 [cont] 13A jogzer is lraining for a 5 km charity run. He starls wilth a run of 400 m.
T then increascs Lhe dislance he runs in training by 100 m cach day.
a How many days docs il lake the jogger Lo reach a distance of 5 km in
Lraining?
b Whal lotal dislance will he have run in training by then?

14 A picee of string 20 m long is Lo be cul inlo picees such thal the lengths
of the picces [orm an arithmelic scquence.
a Il thc lengihs of the longest and shorlcst picees arc 2 m and 30 cm
respectively, how many picces are Lthere?
b If the length of the longest picee is 185 cm, how long is the shoricst
piccc?

15 The ninth lerm of an arilthmetic progression 595 and the sum of the first
four lerms = —10.
a Find the first lerm of the progression and the common dillerence.
The mth lerm of the progression is 200,
b Find the valuc of n

14 Following knce surgery, Adankwo has Lo do squals as parl of her
physiothcrapy programme. Each day she musl do 4 more squals Lhan
the day before. On the cighth day she did 31 squats. Calculale how many
squals Adankwo compleled:
a on the Oirst day
b im total by the end of the scventh day
€ in lolal by the end of the mth day
d im total from the end of the snth day Lo the end of the (2r)th day.
Simplily your answcer.

Geometric progressions

Q—rQ—r%B > r.f@ -
f' "“Y“.;?ﬁ_;—mj;

A human being begins life as one cell. which divides inlo two, then
four...

The lerms of a geometric sequence or geomeiric progression (G.P.) arc
[ormed by mulliplving one lerm by a lixed number, the common ratio.
Lo obtain the next. This can be wrillen inductively as:

i, = riy with first term u,.

The sum of the lerms ol a gecomeltric sequence is called a geometric series.




Geomelric progressions

L

Notation
The lollowing convenlions are used in Lhis book 1o describe geomelric
Progressions:

» first term u, = a
¥ common ratio = r
» number of terms = n
» the general term, 11, is that in position k (i.e. the kth term).
Thus in the geomelric progression 2, 6, 18, 54, 162
a=2r=3andn=3.
The lerms of this sequence are [ormed as [ollows:
w, =a =2
w,=axr =2x3 =6
u, =a xri=2x3 =18

u,=axr’=2x3 =54
g =axr'=2x3' =162

This shows that in each case the power of r is one less than the number
of the term: u; = ar* and 4 is one less than 5. This can be written
deductively as

u, =ar*l,
For the last lerm Lhis becomes

, =ar™'
These are both general [ormulae so apply Lo any geomelric sequence.

Given two consecutive terms of a geometric sequence, vou can always
find the common ratio by dividing the later term by the earlier [C!I";I"I‘I- For
example, the geometric sequence ... 19, ... has common ratio r = 5.

=» Worked example

Find the ninth lerm in the geomelnc sequence T 28, 112, 448 .

Solution
In the sequence. the first term a = 7 and the common ratio r=4.
Using u, = ar*"
=7 x 4"
=458752.




12 SERIES

FEmE e T L e e R L Y TR IR

=) Worked example

How many lerms are Lhere in the geometnc sequence 3, 15, 75, ..., 29 296 BT57

Solution
Since il is a geomelric sequence and Lhe first two lerms are 3 and 15, you
can immedialely wrile down

First term: a=3

Commaon ratio: Fr=3

The third lerm allows you Lo check you are nghl.
15x5=75 v

The mith term of a geometric sequence is ar™, so in this case
Ix 51 =29296875

Alternatively, o _

you could find Dividing by 3 gives

the solution Ljv 5o = 9765625

using trial an Using logarithms, lg(5)=" = Ig 9765625
improvement and / = (n—1)lg 5=Ig 9765625
a caleuvlater, since . n—1= 89765625 _
ouv know a must 5
{Eﬂlﬂhﬂ'ﬁ'numben S0 n=11 and there are 11 lerms in Lthe sequence.

Discussion point
How would vou use a spreadsheet 1o solve the equation 5 = 97656257

The sum of the terms of a geometric
progression

This chapler began with the story of Sissa ben Dahir’s reward lor
imvenling chess. In the discussion point on page 184, you were asked
how much grain would have been placed on Lhe last square. This
silualion also gives nise Lo anolher gqueslion:

How many grains ol wheal was the invenlor actually asking [or?
The answer is Lhe geometric series wilth 64 lerms and common ratio 2:
1+2+4+8+...+2%
This can be summed as [ollows.
Call the series §:
5=1+2+448+..428 (@
Now multiply it by the common ratio, 2:

25=2+4+B+16+...+2% @




The sum of the terms of a geomelric progression

T

Then subtract (D from 2x
@ 25-= 2+4+8+16+...+204+2%
@ 5= 1+2+4+8 +... +26
Subtracting: S=-140+0+0+...+2%

The total number of wheat grains requested was therefore 2 — 1 (which is
about 1.85 x 10M),

Discussion point

How many lonncs of wheal is this, and how many lonnes would you cxpect
there o be in China al any lime?

{One hundred grains of wheat weigh about 2 grams The world annual
production of all cereals is about 1.8 x 10° tonnes.)

---------

The melhoed shown above can be used Lo sum any gcomelric progression.

-» Worked example

Find the sum of 004 +02 + 1+ .. + TH 125,

Solution
This is a geomelnc progression wilh common ratio 5.
Let S=004+02+1+...+78125 0y
Multiplying by the common ratio, 5, gives:
SS=02+1+5+...+78125 = 300625, @
Subtracting (@ from &:
55 = 02+ 1+5+...+78125 +390625
= M+ 02+1+5+___+T8125
45= 004 + 0+ .. +0 + 390625
This gives 45 = 39062496
= 5 = 9765624

Fal]
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The same melhod can be applied Lo Lthe general geomelric progression
lo give a [ormula [or ils value:

S =a+ar+var’+..+ar". @
Multiplying by the common ratio, r, gives:
S =ar+ar’+ar’+ ... +ar”. @

Subtracting () from (2. as before, gives:
r§, -5, =ar"-a

s, (r-1)=a(r"-1)

_a{r*=1)
500 SH——“_H
This can also be wrillen as:
— &l -r7)
Se =T -

=) Worked example

a Solve the simultaneous equations ar® = 6
art =34

b Find in each case Lhe sum of the first five lerms of Lhe geomelric progression.

Solution

a arl=6=a= E.
rl:

Substituting into ar® = 54 gives S rt=54
=]

=rl=9
== r=%]
Substituting in ar” = 6 gives a =% in hoth cases.
b When r =+3 terms arc ‘31.2. 6. 18, 54 Sum=8[l%

When r =—3 terms are % =2.6.-18. 3 Sum-= .m%

Infinite geometric progressions

. i 11,1, 1 is geomelric, wi io 1
The progression 1+5+ 3+ 2+ +... 1s geometric, with common ratio 5.

Summing the terms one by one gives L. l%. 1%- 1%, 1%
Clearly the more lerms you add, the nearer Lhe sum gels o 2. In Lhe
limil. as the number of lerms lends Lo mfinily, the sum lends o 2.

Aﬂn—}m,ﬁ'ﬂ—}l




The sum of the terms of a geomelric progression

L

Netice holw
repre;en‘h'-ng all

of the terms of
the geomefric
pragreﬂian as in
these diagrami
chelws that the sum

can never exceed L.

This is an cxample of a convergent scrics. The sum Lo infinily is a finile
number.

You can see this by substituting a =1 and r = 1 in the formula for the
sum of the series: )

af(l-=r")

T-r
Ix(1- [%}"]
(1-3)
=2x(1-(})°).

The larger the number of terms, i1, the smaller [1] becomes and so the i
nearer 5_is to the limiting value of 2, as shown on the lefi. Notice that I: ]
can never be negative, however large n becomes: so §_ can never exceed 2.

S, =

giving S =

"éu l;é -7

1=
5 }_% -

15 E
4 - 3
h 14 ) L E

14 - . 1
2 = LY 1
1 1 1
1 - F] Bl
T:_ “ My

In the general geometric series @ + ar = ar” + ... the terms become

progressively smaller in size if the common ratio r is between —1 and 1.
In such cases, the geometric series is convergent.

I, on the other hand, the value of r is grealer than 1 {or less than 1), the
lerms in Lhe series become larger and larger in size and so Lhe senies is

described as divergent.

A sernies corresponding Lo a value of r ol exaclly +1 consists of Lhe first lerm
a repealed over and over again. A sequence corresponding Lo a value of
r of exaclly —1 oscillales belween +a and —a. Neilher of these is convergenl.

It only makes sense Lo lalk aboul Lthe sum of an infinile series if 1l 18
convergenl. Otherwise Lhe sum is undelined.
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wsing S =

The condition for a geometric series to converge. -1 < r < 1, ensures that
as n — =o_r* — (), and so the formula for the sum of a geomeiric series:

=» Worked example

Find the sum of the terms of the infinite progression 0.4.0.04,0.004, ...

Solution
This is a geomelric progression wilh g = 0.4 and r =10.1.
lis sum 15 given by:

]
=

)

=

= |
&= =

(]
Sl oo =
’ ﬁ'-r- IlD

Note
You ma.yh:m: moticed that the sum of the series (L4 + 0.04 + 0.004 + ...

is (1.4, and that this recurring decimal is the same as %.

=» Worked example

The first Lhree lerms of an infinile geomelrnic progression are 75, 45 and 27

a Wnile down the common ratio.
b Find the sum of the lerms of the progression.
Solution

L R

a The common ratio 1= '1-_,;,=

2 —p b S =2 =187
- -

1

il Lk



The sum of the terms of a geometric progression

L

A paradox
Consider the lollowing argumcnis.

i §5=1-2+4-8+16-32+64- ...
= S5=1-2(1-2+4-8+16-32+...)
=1-2§

35=1
S=1
i S=1+(-2+4)+(-8+16) +(-32 +64) + ...
= S=1+2+8+32+_..
50 8§ diverges towards 4==.
i S=(1-2)+(4-8)+(16-32)+...
= §=-1-4-8-16...

So § diverges towards —=.

=
=]

What is the sum of the series: % 4 oo, —es_or something else?

Exercise 12.3 1 Arc the following scquences gecomelric?
Trrmmmnmmmmmmmmammmmemes Il s, state the common ratio and calculate the seventh term.
3.6,12.24, ...

36,912 ...

10, =10, 10, =10, 10, ...
1.1.1.1.1.1. ...
15,10,5,0, -5, ...

5 55
f 0.5 3, 5 5 -

9 2,22,222.2222, ...
2 A scomeinc scquence has first lerm 5 and common ratio 2.
The scquence has scven lerms
a Find the last lerm.
b Find the sum of the lerms in the sequence.

o oan oW

3 The first lerm of a geomelric sequence of posilive lerms is 3 and the
fifth Llcrm is 768.
a2 Find the common ralio of the sequence.
b Find the cighth lcrm ol the sequence.

& A peometric sequence has first term - and common ratio 4.

a Find the Gfth tlerm. "
b Which is the first lerm of the sequence thal excceds TIH0?

5 a Find how many lerms there are in the (ollowing gcomelric scquence:
114, 3584
b Find the sum of the lerms in Lhis seguence.
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Exercise 12.3 [cont] & a Find how many lecrms Lhere are in the following gecomelrnic scquence:
100, 50, ... 0390 625.
b Find the sum of the lerms in Lhis scquence.

7 The fourth lerm of a gecomelric progression is 36 and Lhe cighth tlerm
is 576. All the lerms arc posilive.
a Find the common ralio.
b Find the frst tlerm.
€ Find the sum of the first len lerms.

8 The first three lerms of an infinite geomelric progression arc 8, 4 and 2.
a Slale the common ratio of this progression.
b Calculalc the sum Lo infinily of ils lerms.

9 The first three lerms of an infinile gecomeline progression arc 08, 008
and (.00,
a Wrlc down the common ralio [or this progression.
b Find. as a (raclion, the sum Lo infinily of the lerms of this progression.
¢ Find the sum Lo infinity of the gcomelnc progression
0.8 -0.08+0.008 - ...

and hence show that % —0.72.

10 The first three lerms of a gecomelnc sequence arc 100, 70 and 49.
a Wrilc down the common ralio of the scquence.
b Which is the position of the first lerm in Lhe scguence Lhal has a valuc
lcss than 17
¢ Find the sum Lo infinity of the lerms of this scquence.
d Alter how many lerms is Lhe sum of the sequence grealer than 99%
ol the sum Lo infinity?

11 A geomelric progression has first lerm 10 and ils sum Lo infinity is 15.
a Find the common ralio.
b Find the sum to infinily if the first term is excluded from the
Progression.

12 The first four lerms in an infinile geomelric scrics arc 216, 72, 24 &,
What is the common ratio r?

Wrile down an cxpression [or the sith term of the scnics.

Find the sum of the first 7 lerms of the scrics.

Find the sum Lo infinily.

& How many lerms arc nceded for the sum Lo be grealer Lhan 323.9997

13 A tank is filled with 10 litres of walcr. Hall the waler is removed and
replaced with anti-frecye and then thoroughly mixed. Hall this mixture is
Lthen removed and replaced with anti-frecze. The process conlinucs.

a Find the first five terms in the sequence of amounts of waler in the
lank al cach slage.

b Find the first live lerms in the sequence of amounts of anli-freczc in
the tank al cach slage.

€ Is cither of these sequences gcomeltnic? Explain.

am oW
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14 A pendulum is sel swinging. 1is first oscillation is through an angle of 20°,
and cach [ollowing oscillation is through 95% of the angle of the onc
belore il
a Alcr how many swings is the angle through which il swings less

than 1°7
b Whal is the tolal angle il has swung Lhrough al Lthe end of its lenth
oscillation?

15 A ball is thrown vertically upwards from the ground. It rises to a height
of 15m and then falls and bounces. Afier each bounce it nses verncally
io % of the height from which it fell.

a Find thc height 1o which the ball bounces aficr the nth impact with

the ground.
b Find the tolal distance travelled by the ball from the first throw Lo the
lenth impact with the ground.

16 The first three terms of an anthmetic sequence, a. @ + d and a + 2d. are
the same as the first three terms, a, ar. @, of a geometric sequence (a 2 0).
Show that this 1s only possible if r=1 and d = 0.

17 a, b and ¢ arc three conscculive lerms in a scqucnoc.

a Prove that if the sequence is an arithmetic progression then a + ¢ = 2b.
b Prove that if the sequence is a geometric progression then ac = b

18a Solve the simultaneous equations ar =12, ar® = 3072 (there are two

possible answers).
b In cach casc, find Lthe sum of the first len tlerms of the gcomelric

progression wilth first lerm @ and common ratio .

Past-paper gquestions

1 Find the values of the positive constants p and g such that, in the
binomial expansion of ( p + gx)'", the coefficient of x* is 252 and the

coefficient of x* is 6 times the coefficient of x°. [8]
Cambridge O Level Additional Mathematics 4037

Paper 11 QU June 2012
Cambridge 1GCSE Additional Mathematics 0606
Paper 11 Q9 June 2012

12

2 li) Find the coefficient of x* in the expansion of [I - %l ) 12]
) -

lii)  Find the coefficient of x* in the expansion of (1 +4x) [1 - f:l . 13]

Cambridge O Level Additional Mathematics 4037
Paper 21 Q2 June 2011
Cambridge 1GCSE Additional Mathematics 0606
Paper 21 Q2 June 2011
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3 i) Find the first four terms in the expansion of (2 + x)"in

ascending powers of x. [3]
lii) Hence find the coefficient of x* in the expansion of
(1+3x)(1-x)(2+ x)°. [4]

Cambridge () Level Additional Mathematics 4037
Paper 21 Q7 June 2013
Cambridge 1GCSE Additional Mathematics 0606
Paper 21 Q7 June 2013

Learning outcomes i:‘z

Now you should be able Lo:

* use the binomial theorem for expansion of (a + b)" for positive
mteger n

* use the general term [’:Ju""b’, 0 = r = n (knowledge of the

greatest term and properties of the coefficients is not required)

+ Tecognise arithmelic and geomelric progressions

# usc lhe [ormulae [or the ath term and [or the sum of the first
a1 lerms Lo solve problems involving arithmelic or geomelric
Progressions

# use Lhe condition [or the convergence of a geomelric progression,
and the formula f{or the sum Lo infinily of a convergenl geomelric
PrOgression. J

Key points M

v An expression of the form (ax + b)" where n is an integer is
called a binomial expression.

+ Binomial coefficients, denoted by L J or "C_can be found:
* using Pascal’s tnangle d
= using tables

[n =

» using the formula .in—r],
v ‘The binomial expansion of (1+ x)” can also be writlen as

n{n;: ]'_Ix-_, " niln - ?,l:” - 2]1_,,

(1+x)" =1+nx+ +...mxl s g

+ A sequence is an ordered set of numbers, w,, i, ty.... 0y, .0,
where u, 1s the general term.

« In an arithmetic sequence, u, | = u, + d where d is a fixed
number called the common difference.

+ In a geometric sequence, u, _, = ru, where r is a fixed number
called the common ratio.
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T

« For an anthmelic progression with lirst lerm @, common
difference 4 and 1 lerms
* the kthtermu, =a+(k-1)d
* the lasttermi=a+(n-1)d
* the sum of the terms = ;n{aﬂ'} = ;nl?.a +{n=1)d]

v For a gecomelric progression wilh [irsl lerm a. common ratio r and
n lerms
* the kth term a, = ar*'
* the last term a_ = ar™’ afr-1) afl—r")
* the sum of the terms = =\ R forr>1 or <57 forr<l

v For an infinite geometric series to converge. —1 < r < L. In this case
the sum of all terms is given by s5. /




Vectors in two dimensions

Thought is an idea in transit.
Pythagoras (C. 569 BC — 475 BC)

The lines on Lhis wealher map arc examples of veclors. Whal do they
tell you about the wind al any place?

Terminology and notation

The focus of this chapter 15 vectors in two dimensions. A vector is a
quantity that has both magnitude and direction, for example, a velocity
of 60kmh' in a southerly direction. In contrast, a scalar quantity has

a magnitude but no direction attached to it, for example. a speed of

60 kmh~ where no direction is given.

A veclor in lwo dimensions can be represented by drawing a straight
line wilh an arrowhead Lo define the direction. The direction is oflen
given as Lhe angle Lhe veclor makes wilh Lhe posilive x-axis, wilh
anliclockwisc laken as posilive.



Terminology and notation

T

You need Lo be able Lo recognise and use a number of different
convenlions [or wriling veclors, as oullined below.

—
A vector joining the points A and B can be written as AB or just given a
single letter, e.g.r.

In print, vectors are usually in bold type, for example, a, but when you

are writing them by hand it 1s usual to underline them. as in o. or put an
-

arrow above as in OA.

A unit vector is any veclor of lenglh 1. i and j are principal unil veclors
of length 1 in the positive x and y direclions respeclively.

jk

i
Position vectors slarl al Lhe origin and are the veclor equivalent of

This vector is in coordinates. For example, the veclor joining the origin o the point (2. 5)
component form: is wrillen as
the fTwe compeonents 2}
represent distances [ <—This is a column vector.
J

inthe x and v

directions. \\__.7”'" 2i + 5j.

Fa b
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—
In the diagram, the vector AB s 4 uniis in the x direction and 3 uniis in

This can be found by the y direction and can be written either as the column vector [4 ] or as
vsing Pyﬂmgora;’ 4i +3j. 3
theerem or, 1n

this example, by—= The magnitude or medulus of a vector is its length and is denoted by
recegnising itas a3, vertical lines on either side of the vector. for example, |a| or |OA|.

4,5 friangl - AC| = 4,|BC AB
y 2 Thangle. In the diagram above, |AC| = 4,|BC| =3 and |AB| = 5.

All of the vectlors introduced so [ar have had both their x and y
components in Lhe positive direclions, bul this is nol always Lhe casc.

The negative ol a veclor a is the veclor —a. —a is parallel Lo a but in the
opposile direction.

-

=» Worked example

Skelch the following vectors and find their magnitude:

a ';] b 2i-5j c [j]
Using nyhagpmg’ Solution
emequndeot * [A]-EFE N\ o
the vecter i =29
=539 (3sf)

=3.16(3sL) 3

Y .




Terminology and notation

c

[:‘;]]=J (=37 +(=9)°)
5

=

-» Worked example

Write the vector b

‘distance to the a as acolumn veclor
,;9;.,1-‘ first and b using the unil veclors i and j.

‘distance up' belew Solution

This 15 called b b=li+j

compenent form.

Exercise 13.7 1 Express the following veclors in component form:

a -r- .
: 5_
Lo | I —
[ 3] /
+ 2‘... . 4
1
T L] T T *
al 2 3 4 5 X
|y 1 I
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Exercise 13.1 [cont] b VoA
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'
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b
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3
C
i- '] —_—
T T —
1 F | 3 & g X
d v
_E_ 1 8 4
e
| = |
.E.. q
1~
1 2 3 4 5% x

2 The coordinales of points P. Q. R and 5 arc (-1.-2). (-2, 1), (1. 2) and
(2. 1) respectively. The origin is the point O
a Mark the points on a grid. Use cqual scales on the two axes.
b Wrilc as column veclors:

- _h wn _h
i OR i RO
¢ Wrilc as column veclors:
- _} aa q
i PR i 0s
d Wrilc down the lengths of the veclors:
— o o o
i PO ii OR iii RS iv SP

e Describe the quadrilatcral PORS

3 Draw diagrams Lo illusirale cach of the [ollowing vectors:

a i b 3j c 2i+3j d 2i-3j
& For cach of the [ollowing veclors
i draw a diagram il find i1s magnitude.

() B B G

F i




Adding and subtracting vectors

T

5 A(-1.4). B(2.7) and C{5, 0} lorm Lhc vertices ol a trianglc.
@ Draw the triangle on graph paper. Using your diagram, write the
veclors represcnling the sides AB. BC and AC as column veclors.
b Which is the longesl side of the triangle?

& A.B,Cand D havc coordinates (-3, —4), (0, 2). (5. 6) and (2. 0)

respeclively.
a8 Draw the quadrilaicral ABCD on graph paper.
b Wrilc down the posilion veclors of the points A, B, Cand D

¢ Write down the vectors ﬁ I:ﬁ"f!_(k and m
d Describe shape ABCIDL

—  —3
7 AB=j,BCisthe vector 2i + 2j and CD =i
a Skclch the shape ABCIL

b Write m as a column vector.
€ Describe shape ABCT.

Multiplying a vector by a scalar

When a vector is multiplied by a scalar (L.e. a number) then its length is
multiplied bul its direction is unchanged.

For example, 3a = a + a + a gives a veclor Lhree limes as long as a in the
same direction and 2(2i + j) gives a veclor Iwice as long as 21 + j in the
same direction.

Za

Adding and subtracting vectors

To add vectors wrillen in componenl form, simply add the
x-componenls logether and the y-componenls logelher as shown in the
cxample below.

=» Worked example

Add the vectors 2i + 3j and i — 2j
3 using algebra b by graphing Llhem.

Caﬂecﬁng like ferms  Solution
a (243 + (-2 =2+ i+ GH-2)]
34 This is called the

resultant vector.
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The resultant
vector is shown by
uﬁng e arreWws.

To sublracl one veclor from another. add the equivalent negalive veclor.
So,in the same way that5 -2=5+(-2) =3,

HaHEHE

- rﬁ+{_4}
| 3+(=2)

- "?—]
3

Alternatively, vou can simply subiract the second component from the
first component in each case. for example. 81_[-1]= 8- =| ®

-2 - (-2)-4 —
A very important result involves subtracting vectors.

Look at this diagram:
VA A
B
a
b
o e

The position vector of A is l{)—}A =a

The position vector of B is (Tﬁ =bh.

What can vou say about the vector E joining point A to point B?
Vector addition gives a + AB=h

_}
S0, AB=b-a

=» Worked example

The point P has position veclor —5i + 3j.
The point Q has position vector Ti — 8j.
Find the vector E




Fero and unit vectors

Solution
PO=q-p
—
PO =Ti -8 —(-5i+ 3j)
—>
PO=12i-11j

Zero and unit vectors

The zero vector, 0, is the resull of adding two veclors a and (—a).

Since a + (—a) slarls and linishes al the same place. a + (—a) =0.
Remember, in

column form It can be written as Oi +Djﬂras[g].
i 15 written as ; and To find the unit vector in Lhe direction of any given veclor, divide Lhe
v given veclor by ils magnitude (length).
j i§ written as t:]l
S —» Worked example
Find unil veclors parallel Lo:

3 . o
a (4] b 2i-3j.
Remember fo

multiply each Solution
component of the

i
1 a 3]=-.|'33+-1?
vector by 5- \ 4
=5

\

The required unit vector is %[3 ]— [“‘ﬁ]

This could alse 0%
be written as b [2i-3j| = ¥22 + (3P
0.555i—-1.11j G

(3 5.£) butitis T

offen betterfo > The required unit vector is ﬁ(li -3j).

leave an ansiwer in
=» Worked example

an exact form.
Find the unil vector in the direction of 2i — 4j. Give your answer in simplest

surd form.
Solution Rationalising the deneminator,
- 4j| = JE (AP this can also be written as

V5i_ 25,
5 1

=~20 3
=245 7
The required unit vector is zlﬁﬂi ~4aj=-Li-L;

it

Fal
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iy

Find: a 2a+3b b 3a-2b
Notice thatin S )
la + 5b‘. Zand? are olution
scalars multiplying a 2n+3h=2[3}»3[l] b h—2b=3[3]—2[1]
the vectors a 2|4 7) 4 7
and b. (6].( 3 _[9) (2
REY RS \12) 14
(643 _[9-2
8+21) 12-14
(9} (7 ]
uw} R 'u_z

=) Worked example

—_— —
PORS is a parallelogram. with PO = 3i + 4 j and PS5 = 5i.
R

3i+4j

P S 5

a Stale Lthe veclors thal represent SE. and QR.
b Find the lengths of the sides of the parallelogram, and hence identify the
type of parallelogram.

Solution
a SR is parallel to PO so is represented by Lhe same veclor, ie. 3i + 4j.

Similarly, OR is parallel to P$ and so QR = Si.
b PS=0R =|5i
= 5 units
PO = SR = [3i+ 4]
=447
= 5 units

A parallelogram with all [our sides equal 1s a rhombus.




Fero and unit vectors

Remember

that bea rings

are measured
clockwise frem the
north.

There are many applications of veclors because many guanlilies have
magnilude and direction. One of these is velocily and Lhis is illustraled

in Lhe lollowing example.

=» Worked example

In this example. answers are given Lo 2 5. [ The unil veclors i and j are in the

directions easl and north.

The Antares is a sailing boat. It is travelling at a speed of 3kmh " on a bearing

of 050"

2 Find the components of this boal’s velocily N

in Lhe directions east and north.

The Belfairix 1= another boat. [t has
1.5j in kmh .

b Find the speed and direction of L

Bolh boals starl al Lhe same place.

¢ How [ar aparl are they aller 2 hours?

Ariares
A 307

velocity 2i - i

» |
he Bellarrix.

Bellztrx

Solution
a8 The components of the velocily of the Antares are shown on this
nighl-angled triangle.
iy
U A 3 kmh™’
They are u, = 35in30P = 1.5 in the direction east
and u, = 3cos30F = 2.6 in the direction north

S0 the velocity of the Anrares is 1.5§ + 2.6j kmh.

b The velocily of the Bellairix is shown in Lhis lnangle.

2 kmh!

:

¥ 1.5 kmh™
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The boat’s speed is the magnitude of its velocity, v = ¥22 +157 =25
The angle oo in the diagram s given by lana = % = @a=3"
and so the compass bearing on which the boat s travelling s 90° + 37° =127
So the speed of the Bellatrix is 2.5kmh™" and the direction is 127°.

£ Assuming both boals slarted al the ongin, their positions afier 2 hours are
Antares 2 = (1.5i + 2.6f) = 3i + 5.2
Bellarix 2 (2i-1.5j) =4i-3j
50 Lhe displacement [rom the Bellafrix Lo the Antares is

(3i+52))=(di=-3))==1+72

and Lhe dislance belween Lhe boals =

J-1) 4722 =73km (10 2s£).

In this example, the velocily of the Antares was given in speed-direction form
and was converled inlo componenis form. For the Bellatrix the reverse process
was [ollowed, converting from components inlo speed and direclion. You need
Lo be able Lo do both these conversions.

» [3)05)

—_

Exercise 13.2

FEFAEEIEII IR IR R SRR

Simplily the lollowing:

- (3

2 Simplily the lollowing:

< o))

a (Zi+3))-(3i-2j) b 3(2i+ 3j) - 2(3i - 2j)
3 Given thal a =3i + 4j.b = 2i — 3j and ¢ = —i + 3. lind thc [ollowing
vieClors:
a a+b+e bas+b-¢ c a-b+c
d 2a+b+3¢c e a-2b+ 3¢ f 2{a+b)-3b-c)

g X2a+b-¢)-3{a-2b+c)
& Skcich cach of the lollowing veclors and find their moduli:

a 3i+4j b 3i-4j c Ti d —7;

e 5i+3j f 2i-7j g 6i-6j h i+j
5 Wrilc the veclors joining cach pair of poinls

i in the form ai + bj ii as acolumn vectors

a2 (L4)wi(3.7) b {1.3)10(2.-4)

¢ (0.0O)to(3.5) d (-3.7T)to(71-3)

e (—4.2)10(0,0) f (-5.-2)t0(-1.0)




Fero and unit vectors

R

0 X

— —
The diagram shows a parallelogram OABC with JA =aand OB =h.
Write the following veclors in terms of a and be

S

a AB b BA ¢ CB d BC
S — — "
e OB f BO g AC h CA

? Vi

C
342
B
2i+3j

/VD x

A

ABCD is a rhombus where A is the poinl (-1, —2).

a Write the vectors AD and I}_L"_.gs column vectors.

b Write the diagonals AC and BD as column vectors

€ Usc the propertics of a parallclogram Lo lind the coordinates of the
poinl of inlerseclion of the diagonals.

d Find the gradicnis of the diagonals and henee verily thal the

diagonals arc perpendicular.
8 Find unil veclors parallel Lo cach of the lollowing:
a 3i-4 b Si+7 c [];J

() ey

? A s Lhe poinl (3. -2). B is the poinl (5. 4) and C is Lthe point {2_8).
a Skclch the triangle ABC.
b Find the vectors representing the three sides AB, BC and CA in the
form xi+ yj.
€ Find the lengths of cach sidc of the triangle.
d Whal type of triangle is tnangle ABC?
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Exercise 13.2 [cont/ 10 ABCD is a kitc and AC and BD meet at the z
FrEaEsssddddEdsdadRaEnREnEed ‘]rig‘jn D- A is lhl: F“‘inl [_4- u}-'Bi_i [{I- 4]
and D is (0, —8).
The diagonals of a kilc arc perpendicular and
(3 is lhe midpoint of AC. A C
a Find cach of the lollowing in lerms 0
ol i and j:
— — —>
i OC ii AB iii BC
— — —
iv AD v CD vi AC
b Find the lengths of the lines OC. AB. BC, AD. CD
and AC.
€ Slalc iwo descriplions Lthal arc common Lo D

the triangles AOB, BOC and ABC.

11 A (4. 4). B{24. 19) and C (48, 12) [orm the verlices of a triangle.
a S5kcich the trianglc.

— — —
b Wnie the vectors AB, BC and AC as column vectors
¢ Find the lengths of the sides of the tniangle.
d Whal lype of triangle is ABC?

12 Salman and Alokc arc hiking on a lal level ground. Their slarting poinl
is laken as the origin and the unil veclors i and j are in the direclions casl
and north. Salman walks wilth constant velocily 3i + 6§ kilomelres per
hour. Aloke walks on a compass beanng of 3007 al a sleady speed of
6.5 kilometres per hour.

i Whois walking [asicsl and by how much?
ii How far apart are they after 1% hours?

13 Ama has her own small aeroplane. One afternoon, she flies for 1 hour
with a velocity of 120i + 160jkmh~" where i and j are unil vectors in the
directions east and north.

Then she flics duc north for 1 hour al the same speed. Finally. she relurns
Lo her starling poinl; lying in a siraight linc al the same speed.

Find, to the ncarcst degree, the direction in which she travels on the final
lcg of her journcy and, lo the ncarcst minule, how long il lakes her.

Past-paper questions
1 In this question i is a unil vector due East and j is a unil vector due
North.

At 12 00 hours, a ship leaves a port P and travels with a speed of
26 kmh' in the direction 5i + 12j.

lil Show that the velocity of the ship is (10§ + 24j) kmh'. 2]
[ii] Wrile down the position veclor of the ship, relative 1o P, al
16 00 hours. 1]

(iii) Find the position veclor ol the ship. relative o P 1 hours aller
16 (4 hours. 12]




Fero and unit vectors

R

At 16 00 hours, a speedboat leaves a lighthouse which has position
vector (120§ + 81j) km, relative to P, to intercepl the ship. The
speedboat has a velocity of (—22i + 30§) kmh'.

livl Find the position veclor, relative Lo P, of the speedboal § hours

aller 16 (N hours. 1]
vl Find the time al which the speedboal intercepis Lhe ship and Lthe
position vector, relative Lo P, ol the point of interceplion. 141
Cambridge O Level Additional Mathematics 4037
Paper 12 Q10 June 2014
Cambridge IGCSE Additional Mathematics 0606
Paper 12 010 June 2014

2 Relalive Lo an origin 0, the position veclors of the points A and B
are 2i — 3j and 11i + 42 respectively.

iy Write down an expression for AB. 12]
R ry 2 By
The point C lies on AB such that AC = ?AB_
(i) Find the length of OC. 4]
. . —p B —
The point D hes on OA such that fﬁ 15 parallel to OB.
liiil Find the position vector of D. 12]

Cambridge O Level Additional Mathematics 4037
Paper 21 08 June 2012
Cambridge IGCSE Additional Mathematics 0606
Paper 21 08 June 2012

3 Relative to an origin O, the position vectors of the points A and B

are i - 4j and 7i + 20§ respectively. The point C lies on AB and is such
—_—

that AC = %
this vector. [5]
Cambridge O Level Additional Mathematics 4037
Paper 21 O3 June 2011
Cambridge IGCSE Additional Mathematics 0606
Paper 21 O3 June 2011

Learning outcomes Tj\z

R T

Now you should be able Loz

. al . .
* use vectors in any form, e.g. o LML pi—qj

A_é. Find the position vector of C and the magnitude of

+ know and use posilion veclors and unil veclors

+ [ind the magnilude of a veclor; add and sublracl veclors and
multiply veclors by scalars

+ compose and resolve velocilies.
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Key points (%

¥ A veclor guantily has bolth a magnitude and a direction; a
scalar quantity has magnilude onlv.

v Vectors are typesel in bold. for example a. or they may be written

as lines with arrows along the top, for example [Ti When they
are hand-written they are underlined, for example a.

¥ The length of a veclor is also referred Lo as ils magnilude or
modulus. The length of the veclor a is wrillen as |a] or a and can
be [ound using Pylhagoras’ theorem.

¥ A unil veclor has length 1. Unil veclors in Lthe direclions x and y
arc denoled by i and j respectively. .

v A vector can be written in component form, xi + yj or [ » } as in
magnitude—directiun_fc;rm —(r.6). y

v The position vector OA of a point A is the vector joining the
origin io A.._,

v The vector AB is given by b — a where a and b are the positions
vectors of A and B. Vs

Fars




1 4 Differentiation

If I have seen further than others, it is by standing upon the shoulders of
ot

Isaac Newton (1642-1727)

Look al the planct Saturn in the image above. Whal connection did
Mewlon make belween an apple and the motion of Lthe plancts?

In Newlon's early years, malhemalics was nol advanced enough Lo
cnable people Lo calculale the orbils of the planels round Lhe sun.
In order Lo address this. Newlon invenled caleulus, the branch of
malhemalics Lhal you will lcarn aboul in Lhis chapler.
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The gradient function

N

A

The curve in Lhe diagram has a zero gradienlt al A, a posilive gradienlt at
B and a negative gradient at C.

Although you can calculale the gradient of a curve al a given poinl by
drawing a langenl al thal poinl and using lwo poinls on Lhe langenl lo
calculale its gradienl. this process is Lime-consuming and Lhe resulls
depend on Lhe accuracy of your drawing and measuring. 1 you know
Lthe equation of the curve, you can use differentiation Lo calculale the
gradienl.

=» Worked example

Work oul the gradient of the eurve v = x° al the general poinl (x, v).
Solution

Let P have the general value x as its x-coordinate, so P is the point (x, x7).
Let the x-coordinate of Q be (x + fi) so O is the point ((x + h). (x + &)).

Since itis on
the curve
y= x?

Ya

Qf ux + M, ix+ Y

Far]




The gradient function

The gradient
function is the
gradient of the
curve at the

genera] pain’f‘lfx, r.r"}.

The gradient of the chord PQ) is given by
PR ™ (x+h) -x

_xt+ 3xThe 3xkh’ 4k -y
f

_3x’h+ 3xh’+ R°

= h

_ B3 + 3xh+ i)

- h

=3+ 3ch + K

As () geis closer 1o P, k 1akes smaller and smaller values and the gradient
approaches the value of 3x°, which is the gradient of the tangent at P

The gradient of the curve ¥ = x* at the point (x, ¥) is equal to 3x°.

Il the equation of the curve is wrillen as v = [(x), then the gradient
—= function is wrillcn as [(x). Using Lhis nolation, the resull in the previous

cxample can be wrillen as
f(x)=x = (D=3

In the previous example, i was used Lo denole Lhe difference belween
Lhe x-coordinales of Lthe points P and Q. where Q is close o P

h is somelimes replaced by &x. The Greek letier & (delta) is shorthand
for “a small change in” and so &x represents a small change in x, 8y a
small change in y and so on.

X+ &, 1+ &1

In the diagram the gradient of the chord PO is :r—'

In the limit as ér tends towards (), ¢ and &y both become infinitesimally

small and the value obtained for % approaches the gradient of the
tangent at P.

P PP |
llmElS‘Hl'll‘lLl'l as 5.
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Using Lhis nolation, you have a rule for dilferenliation.

y=x* = dd\—x = nx*-1

dv

The gradient function. . is sometimes called the derivative of v with
respect to x. When vou find it vou have differentiated v with respect to x.
If the curve s wrillen as y = [(x). then the denvative is [7(x).

Il you are asked Lo differentiale a relationship in the form y =[(x) in
Lhis book. this means diflerentiale wilh respeclt Lo x unless oltherwise

slaled.

Note

There is nothing special about the letters x. v or L I for example, vour curve
represents time, i, on the horizontal axis and velocity. v, on the vertical

axis, then the relationship could be referred to as v=g(r). In this case vis a
function of f and the gradient function is given by %J—.” =g'(1).

The differentiation rule
Although il is possible Lo [ind the gradient [rom first principles which
eslablishes a formal basis [or differentiation. in praclice vou will use the
differentiation rule introduced above;

F=x' = %=ﬂ.t“".
You can also use this rule to differentiate (find the gradient of) equations
that represent straight lines. For example, the gradient of the line y=x1s

. . .. dy
the same as v = x'. so using the rule for differentiation. d; =] nx0=]

Lines of the form The gradient of the line y = ¢ where ¢ 1s a constant is 0. For example,

v=care parallel to ¥ = 4 is the same as v = 4x" so using the rule for differentiation,

the x-axis. :_; =4 x0x x ' =0.In general, differentiating any constant gives zero.

T I+ The rule can be extended further to include functions of the type v = kx®
his resultis Trve for anv constant &, to give

for all Fowers of X, d

i . —_ ey =" Y = 1
positive, negative y=k = penkt

and fractional. You may hind il helplul Lo remember the rule as

multiply by the power of x and reduce the power by 1.




The gradient function

=» Worked example

For each function, find the gradient function.

a y=x' b w=4r ¢ v=35F
i
d y=d4x? e P=4Ji f yodx -3
x-
Solution
a ¥y=x' b u=47
d it _ 4 3x? = 12
> g=n = g o4 =12
e v=58 d y=dx?
dv = d—y—dx{-ﬂr-""—-llx“
Z}EEEHZIEIDI dr N
' )
e P=4s! i t—:qi;_-ﬁ

‘—————_7 . i x~
L 3! 4 5

3_-.-
:}-:4—1 ; 2oy

1l
e
x
e

Pl | =

- ]

2 =
=T = y=4r-5x"
2 ay
2 $=4+l[u""'
Vi 10
=4 4 =
X

Sums and differences of functions

Many of the functions you will meet are sums or differences of simpler
functions. For example, the function (4x” + 3x) is the sum of the
functions 4x* and 3x. To differentiate these functions, differentiate each
part separately and then add the resulis together.

-» Worked example

Differentiate v = 4x* + 3x.

Solution
d_'l-' _ -
== 12+ 3

This example illustrales the general result that

y=ln)+glx) = L=+
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=» Worked example

Given that y = 2x" - 3x + 4. find

dr

dr

b the gradienl of Lthe curve al the point (2, 14).

a

Solution
dy _
E a—r—ﬁrz_]

Substitutingx =12 b At(2.14).x=2

in The expression ——— = ‘a'£=6 ®x(2F-3=21

i

Exercise 14.1 Diffcrentiate the following functions using Lthe rules

sEmmme FEmmmmmmmmmmmmen d...

y=k* = g =nk!

and y=flx)+g(x) = j{ =f{x) + g'(x).

1a y=x b y=2¢ c y=35 d y=10x
2 a }-'=_r'} b yv=5Jx c P=T£13' d _-.-=%x;
3 a y=2+4r b y=31"+8& c y=x'+4 d y=x-5¢°
4L a [[x}=% b [fx}=:%

¢ f(x)=4x -+ d f(x)=x7-x72

o

5 a y=xix-1) y=(x+1){2x-3)

c },=1 +1lt' d _\F=.I.'J;
X2

& Find the gradient of the curve y = x* — 9 at the points of intersection
with the x- and v-axes.

Fa




Stationary points

7 a Copy the curve of y =4 — x° and draw the graph of v = x-2 onthe

same axecs.
-v 4
2 2 x

b Find the coordinales of Lhe poinls where the iwo graphs inlersecl.
¢ Find the gradient of the curve at the points of inlersection.

Stationary points

A stafionary point is a poinl on a curve where the gradient is #ero. This
means Lhal the tangents Lo the curve al these poinls are horizontal. The
diagram shows a curve wilh four slationary points: A, B. C and D.

The points A and C arc turning points of the curve because as Lhe curve
passecs Lhrough these points, it changes direction complelely: al A the
gradienl changes [rom positive Lo negative and al C [rom negalive Lo
positive. A is called a maximum (urning poinl. and C is a2 minimum
lurning poinl.

Al B the curve does nol turn: the gradient is negalive both Lo the lell
and Lo Lhe right of this poinl. B is a stationary point of inflection.

Discussion point

Whal can you say aboul the gradicnl to the left and right of D7?

&
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Note

Poinls where a curve “twisls” bul doesn’l have a zero gradient are also called
poinis of inflection. However, in Lhis section you will look only al stationary
poinls of inflection. The langenl al a poinl of inflection both louches and
inlersects Lhe curve.

Maximum and minimum points
The graph shows the curve of v =4x - x°,
Va

i2, 4)

y=4r-x?

4 A

» The curve hasda maximum poinl al (2, 4).
» The gradient d—': at the maximum point is zero.
» The gradienl is posilive Lo Lhe lelt of the maximum and negative Lo
the right of 1L
This is true [or any maximum poinl as shown below.
0

:""

Gradent
patiern + 0 -

For any minimum turning poinl, the gradient

» is zero al thal poinl
» gocs [rom negalive Lo zero Lo posilive.

Gracient
pattern -0 +

1]
Once you can [ind the position of any slalionary poinls, and whal Lype
ol points Lthey are. you can use Lhis information Lo help you skelch

graphs.




Stationary points

=» Worked example

Loaking at the
grﬂdie-nf pattern
around x=—1

(-2,19) is a
maximum and
[L —15} a minimum.

The valuve of v
when x =0 tells
you where the
curve crosses the
V-axis.

For the curve y=x* - 12x = 3
i find T and the values of x for which =0
ii classify the poinls on Lhe curve wilh Lhese valucs ol x

iii find the corresponding values of ¥
iv skelch the curve.

Why can you be confident aboul contlinuing Lhe skelch of the curve beyond
the x-values of the lurning poinis?

You did nol need Lo find the coordinales of the points where Lhe curve
crosses Lhe x-axis before skelching the graph. Why was this and under what
circumslances would you find these poinis?

Solution

a

2 'd_'l"_ l|.
| E-Sr—l!

d:"'_ 3 _
When E—U.EI‘— 12=0

= ' -4)=0
= Hx+2)(x-2)=0

=2 x==2orx=2

i Whenx=-3, < =3(-3)-12=15.

When x = -1 % =3-1yY-12=-9
The gradient pattern is = 0 -

= maximum turning point at x = -2.

LW _svo12=
When:-l‘m =3(1P-12=-9

Whenx=3 £ =3(3)-12=15

The gradient patiern is -0+
= minimum lurning point al x = +2

i When x=-2.y= (-2 - 12(-2) +3=19. o
When x=+2,y= (2P - 12{2) + 3=-13.

iv Whenx=0,y=(0)-12(0)+3=3.
i-2,1% ¥

H“

23
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b A cubic has al mosi 2 lurning points and they have bolh been found. 50 the
paris of the corve beyond Lthem (Lo the lefl and Lo the right) jusl gel sleeper
and sleeper.

€ The skelch is showing Lhe shape of Lhe curve and Lhis is nol aflecled by
where il crosses Lhe axes. However, you can see from Lhe eguation that il
crosses Lhe y-axis al (1, 3) and 1 is good practice Lo mark this in.

=) Worked example

Find all the tuming points on the graph of v = * = 2r* + ¥ - 2 and then sketch the

CUrve,
Solution
dv
3 =aF-60 el
dv L.
30 = A6+ 2u=0 .
= (2 -3+1)=0 Urning
= Ertzr—l][r—l]_u-E-""-_-anﬁﬂccur
= i=0orr=050rr=1 when I_D'

When = (), _}'-{D]‘-Z{ﬂrﬂ-{ﬂ}:-l--l

When 1 =05, y=(03)*-2{035)" +(0.5) - 2=- 1.9375.

Whene=1. y={(1¥-2010+(1)}-2=-2.

Plolling Lhese poinls suggests Lhal (0.5, —1.9375) is a maximum lurning poinl and
You can find (0, -2} and (1, -2) are minima, bul you need more information Lo be sure. For
whether the example when f =—1, y =+ 2 and when ¢ =2, y =+ 2 so you know Lhal Lhe curve
.gradienf is positive goes above Lhe horizonlal axis on both sides.
or negative by \ y4 /
taking a Test point
in each interval.
for example,
1 = 0.25 in the
interval 0 <t < 0.5;

whent = 0.25,% is
pair‘hve

¥=r-2F+1F-2

(0.5, -1.9375)

(1.=2)

Exercise 14.7 You can use a graphic calculator to check your answers.

For cad'l curve in queslions 1 — 8
i find aml the value(s) of x for “hmh =1

i c!asst[].r the poini(s) on the curve wilth l]lcsu:—va]ucs

iii find the corresponding y-value(s)
iv skcich the curve.




Using second derivatives

y=1+x-2x
v=12r+ 3" - 2¢°
y=x'-4x+9

2 (x—1)

-8 +4

xf — 48y
y=x+ 60" - 36x + 25
20— 1527+ 24r + 8

¥

1
2
3
4
5 ¥
3
7
8
9

¥

¥

The graph of ¥ = px + gx* passes through the point (3. -15). Its
gradient at that point is -14.

a Find the values of p and .

b Calculate the maximum value of v and state the value of x at which
it occurs.

10 a Find the stationary points of the function f(x) = x*(3x* — 2xr -3) and
distinguish between them.
b Sketch the curve v = f{x).

Using second derivatives
dy
dr
or "(x) represents the gradient of the curve v = "(x).

dy

In the same way as — or f'(x) is the gradient of the curve y = fix), ;—r[—

de

This is also written as ::T‘illd 1s called the second derivative. You can
v &y .
find it by differentiating the function :T‘ Note that 5.7 is not

vy’
dr )

=» Worked example

the same as |

diw
- - —_— — 3 _
Find 35 for y=4x" +3x-2

Solution

d:'!'

dy Y _ 24y
=

—_ 2
= 12x +3:’d

In many cases, vou can use the second derivative to determine if a
stationary point 1s a maximum or mimimum instead of looking at the

value of j_.: on either side of the turning point.
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0
A
+ - - -
B
0
£ DatA &y Dat8
< at =0 at
dix dr*

ALA, j_';l =0and :—: < () showing that the gradient is zero and since i

—

< [, 1t is decreasing near that point, so must be going from positive to
negative. This shows that A is a maximum turning point.

I . -
ALB, :—': = 0and ir—‘ > showing that the gradient is zero and since ZTi >0,
it is increasing near that point, so must be going from negative to positive.
This shows that B is a minimum turning point.

Noie that if = =0 and :—Ii =0 at the same point, you cannot make a

dy
dr
decision about the type of turning point using this method.

=) Worked example

For v=2x*-3x" - 12x+4
d 1
a Find :I—:" and find the values of x when ﬁ =0.
b Find the value of :: at cach stationary point and hence determine its
-
nature.

¢ Find the value of v at each of the stationary points.

d Sketch the curve y=2x% - 3x* = 12x+4.

Solution
dv s
%= ox-—6r-12
=6(x'—x-2)

=bix+1)0{x-2)
S(J%:nwlll:l'l.I:—] and when v =2.

diy _ B
b F— 12x-6

When x=-1. dy

prre —18= a maximum

When x :l¥=13=;aminimu.m
€ Whenx=-1y=2(-1*-3(-1F - 12{-1)+4
=11




Using second derivatives

Whenx=2.¥=2(2P - 3(ZF - 12{2) + 4
=-16
d The curve has a maximum lurning point al (—1, 11) and a minimum lurning
poinl at (2, —16).
When x =0 y =4, so Lhe curve crosses Lhe y-axis al (0, 4).

Th

-14 4
=16

=» Worked example

Maria has made some sweels as a gifl and makes a small box for them [rom a
square sheel of card of side 24 cm. She culs [our identical squares of side x cm,
one from each corner, and Lurns up the sides 1o make the box, as shown in the

diagram.

a2 Wrile down an expression for Lhe volume V of Lhe box in lerms of

b Find 9% and the values of x when ‘;': =0

¢ Comment on Lhis resull
d Find % and hence find the depth when the volume is a maximum,

Solution
a The base of the box is a square of side (24 — 2x)cm and the height is xem, so
V=(24-2x)xx
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Taking a factor
of 2 out of each ——= =4x(12-xVcm®
bracket b V=4x(144-24x+ x?)

= 576x — 96" +4x°
So 9¥ = 576 - 192x + 12x
=12({48 - 16x+x°)
=12(12 - x)(4 - x)
50 % =0 whenx =12 and when x = 4,
€ When x = 12 there is no box, since the picee of cardboard was only a square

R ¥ of side 24 cm.
UFrng o =

R d?l: = =192 + 2dx
576 - 1925 + 1252 ol

2y L -
When x = 4. i—ll, = % which 15 negative.

Therelore the volume is a maximem when the depth =4 cm.
I

- : 2
Exercise 14.3 1 Fnd % and i’f for cach of the following functions:

a }::_r?—_:':_rl+2.t—ﬁ b y=3x*—4x’
€ y=x"—5x+1

2 Tor each of the following curves
i find any stationary points
ii usc the sccond derivative test to determine their nature.
a y=2x'-3x+4 b v=x'-2x"+x+6
c y=4x'-2¥7+1 d yv=x"-5x

3 For y= 2xF - 3y? —36x+4

dy dy
a Find ir and the vnlyes of x when e {.

b Find the value of di{ at each stationary point and hence determine its
nature. e

¢ [ind the value of v at each stationary point.

d Skcich the curve.

& A farmer has 160 m of fencing and wants to use it to form a rectangular
enclosure next to a barn.

Find the maximum arca that can be enclosed and give its dimensions.

5 A cylinder has a height of i metres and a radius of r metres where
h+er=3
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Eguations of tangenis and normals

a Find an cxpression for the volume of the cylinder in lerms of
b Find the maximum volume.

& A reclangle has sides of length x cm and y cm.
a Il the perimeler is 24 cm. find the lengths of the sides when Lhe arca is
a maximum, confirming thal il is a maximum.
b If the arca is 36 cn?, find the lengths of the sides when the perimeler is
a minimum, confirming that il is a minimum.

Equations of tangents and normals

Now thal you know how Lo lind the gradient of a curve al any poinl, you
can usc Lhis to find the equation of the tangent al any given poinl on Lthe
curve.

-» Worked example

a Find the equation of the tangent lo Lhe curve y =32 — 5x — 2 al the point (1, —4).

b 5keich the curve and show Lthe langent on your skelch.

Solution

Substitutingx=1 2 "=“:"5"‘2=’$“"“‘5
infe this gradient Al {1.-4). _.=ﬁ x1-%
{unc‘han HNEF —=andsom=1
the grad:eni‘a{ . o
the curve and 50 the equation of the tangent is given by
therefore the "__: ="-1-:r_-":'} -'-'Z————.._l‘ =1, Y =4and m=1

: ¥F-i-4)=1l{x-
:‘;?Efﬂfﬂfmlf — y= —'t,..—r___-—-—-‘—”'uf 15 the Equahan of the f‘nnaerlf'

b v=3x" - 5x - 2 is a w-shaped quadratic curve that crosses the crosses the
y-axis when y = =2 and x-axis when 3 = 5x -2 =0

Ir-5x-2=0={3x-= l]{.r =0

=1——10r1 2

y=ix?-5x-2
FumX=5
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The normal 1o a curve al given poinl is Lhe straight linc Lhal is al night
angles Lo Lhe langent al thal poinl, as shown below.

Curve

Remember that for perpendicular lines

mm, =-1

=) Worked example

It is slightly

easier To use

V=¥, =m(x—x,)
here than
y=mx+c. i you
substitute the
gradiEnfm =21 —>
and the point (1, 2)
infe y=mx+ c,
get 2=1x%x1+c¢c
andsoc =0

So the equation of
the tangent s
y=1x.

Find the equation of the tangent and normal 1o the curve y= 4x? - 2x’at the
point (1, 2).

Draw a diagram showing the curve, the tangent and the normal.
Solution

y=4xr’-2x = %:Rx—&r:

AU (1.2). the gradient is 5 =8-6=2
‘The gradient of the tangent is m =2
S0, using ¥=y¥ =m{x=x)

the equation of the tangent is y -2 = 2(x - 1)

_1.':21 Y
The gradient of the normal s m. _— =—% 3
) my e o
S0, using ¥y =mix—x) 5 |
the equation of the normal is }'—l=—%{_t—]} B - 1
X, 5
y==3+3.
. 12 . T i T ::T
The curve, tangent and normal are shown on this 1 3
graph.




Eguations of tangenis and normals

Exercise 144 1 The skcich eraph shows the curve of y = 5x— .
T The marked poinl, P, has coordinales (3. 6).

J‘:‘ L

F{3, &)

¥=5x-x?

7 )

:M:'III

Find: dv

a Lhe gradicnl funclion =

b the gradicnt of the curve al P

€ the cguation of the langent al P
d the equation of the normal al P

2 The sketch graph shows Lhe curve of y = 32 — 2* . The marked point. P,

has coordinates (2, 4).

Fa
¥=3Ir-x P2, &

0 Q\ x
a Find:

i the gradicnl function &

ii thc gradicnl of the curve al P
iii the equation of the langent atl P
iv Lhe equation of the normal at P
b The graph louches the x-axis al the origin O and crosscs il al the point O
Find:
i the coordinates of Q
ii thc gradicnl of the curve al ()
iii the cguation of the langenl at ().
¢ Without further calculation, stale the cquation of the langent Lo the
curve al O.

3 The skeich graph shows the curve of y=x — x°.

Va

D\/? x
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Exercise 14.4 [cont]  Find
T a lhec coordinales of the point P where the curve crosscs the positive
X-axis
b the equation of the langent at P
€ the equation of the normal al P2
The tangent al P mecels the y-axis al () and the normal mecls the y-axis
al K.
d Find the coordinalcs of (0 and R and hence find the arca of tnangle
POR.

Given that f(x) = x* - 3x° + 4x + 1. find £"(x).

The poinl P is on the curve y = [{x) and ils x-coordinalc is 2
i Calculale the y-coordinale of P

ii Find the eguation of the langenl al P

iii Find the cquation of the normal at P

€ Find the values of x for which the curve has a gradienl of 13.

5 The sketch graph shows the curve of v = x* — 9x" 4+ 23x - 15.
The poinl P marked on the curve has ils x-coordinale egual 1o 2.

/N
ﬂ _

F=xP-9xfs 23x - 15

X

Find: a
a the gradient function d_::
lhe gradicnl of the curve al P

the cquation of the langent al P

lhe coordinales of another poinl on Lthe curve, (), al which the langent
is parallel Lo the langenl al P

e lhe cquation of the tangent at (.

ano

& The point (2, -8) s on the curve y=x* - pr+ q.
a Usc this information Lo find a relationship belween p and g.

b Find the gradient function 5.

The Langenl Lo this curve al the point (2, —8) is parallc] 1o the x-axis

€ Usc this information Lo find the valuc of p.

d Find the coordinales of Lthe olher poinl where Lhe tangenl is parallcl
Lo the r-axis

& 3Slale lhe coordinales of the poinl P where Lhe curve crosses Lhe y-axis

f Find the eguation of the normal Lo the curve al the poinl B
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Differentiating other functions of x

Derwing these
results *?n:rm first
principfes 15 'br_-}rn-nd
the scope of this
beok.

7 The sketch graph shows the curve of y=x" - x - L

Ya :
y=x-x-1

Fi2. 1)

X

a Find thec cquatlion of the tangent al the point P{2. 1).

The normal al a point () on the curve is parallel Lo the tangenl atl P
b Sialc the gradicnl of the tangent at O
¢ Find the coordinates of the point Q.

B8 A curve has the equation y = (x = 3)(7 - x).
a Find the gradient function %
b Find the cqualion of the tangenl al the point (6, 3).

¢ Find the equation of the normal al the point (6, 3).
d Which onc of these lines passes Lhrough Lhe origin?

9 A curve has the equation y = 1.5x% - 3.5x" + 2.
a Show thal the curve passes through the points (0. 0) and (1. 0).
b Find the cquations of the langenis and normals al cach of these
poinls
€ Prove thal the four lines in b lorm a reclangle.

Differentiating other functions of x

So [ar vou have dillerentiated polynomials and other powers of x. Now

Lhis is exlended Lo olher expressions, slarting wilth Lthe three common
trigonomeltrical functions. When doing this you will use the standard
resulls that lollow.

sinx, cosx and tanx
fe=giny = dy = {08
V= dr - x

dy .
V=0l = /= —5nx
: dx _ 1
dv . e———DRecadll secx =
y=tany = s-=sec’ x

When diflerentialing any trigonometric function, Lthe angle must be in
radians.




Differentiating other functions of x

L e

=» Worked example

a2 Find the lurning poinl of Lhe curve y =sin x — cos x and delermine ils nalure.

b Sketch the curve forl =y =a. This means decide

Solution if itis @ maximum
a y=sinx—cosxy = :%= COS X 4 SINX er minimum peint.
At the turning points cosx + sinxy =0
== sinx = - cosx <—Divide 'ﬂy cof X
= tanx =- 1
= x= —; {not in the required range)
_3m
O : X = 3
=38 o sin>% _ cos E
“rlﬂ’:n.l.'—_‘.}_mn_‘ |:-;|E4

=2
The turning point is at (ET“JE}L
When x =§ (to the left), ¥ =siu%—ms% =L
1< 2 —= When x = x (to the right), ¥y = sinx - cosxt = 1.
Check where the So the point [1'%«.@] IS 4 maximum turning point.

curve crofies ﬂlE’ ._i b When r ='I]- },_= cinll — cosl = -1.
axes.

When y=0.0=sinxy-cosx
= SINX = COSX Divide b}r cot X
= tanx =1
= x=3
‘}"ﬂ
] T ————

B
B

P




Differentiating other functions of x

L e

=» Worked example

a2 Find the lurning poinl of Lhe curve y =sin x — cos x and delermine ils nalure.

b Sketch the curve forl =y =a. This means decide

Solution if itis @ maximum
a y=sinx—cosxy = :%= COS X 4 SINX er minimum peint.
At the turning points cosx + sinxy =0
== sinx = - cosx <—Divide 'ﬂy cof X
= tanx =- 1
= x= —; {not in the required range)
_3m
O : X = 3
=38 o sin>% _ cos E
“rlﬂ’:n.l.'—_‘.}_mn_‘ |:-;|E4

=2
The turning point is at (ET“JE}L
When x =§ (to the left), ¥ =siu%—ms% =L
1< 2 —= When x = x (to the right), ¥y = sinx - cosxt = 1.
Check where the So the point [1'%«.@] IS 4 maximum turning point.

curve crofies ﬂlE’ ._i b When r ='I]- },_= cinll — cosl = -1.
axes.

When y=0.0=sinxy-cosx
= SINX = COSX Divide b}r cot X
= tanx =1
= x=3
‘}"ﬂ
] T ————

B
B

P
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=» Worked example

For the curve v = 2cos8 find:

a the eguation of the tangent at the point where 8 = g
b the equation of the normal at the point where 8 = ’:j
Solution
de .
a y=2cos8 = 6= 2sing
=% y=20m8
When 8 = - Zeos3
=1
dy =
and 16 = =2=in= 3
=3

Using V=MmX+ C ——3= Sothe equation of the tangent is given by ¥ = N
Substituting values for v and &:
‘—[%]Jj-#{' ==rr:-l+“"r

The equation of the tangent is lhl.r:fun.

y=-03+1+2= ’“'r
b The gradient ﬂl'lhA: normal = -1 T%
- -1+(~5)

- 1
N
Using Yy =mX +C —> The equation of the normal is given by y= \quﬂ +C.

Substituting values for v and &:

_q__m
2%{§]+{: = c=1 o

i ﬁ
The equation of lhc normal is thl:n.fnrc
e ».}' 1= w"

Again, deriving e‘and lnx
ff"ﬂ‘e *_E'“"_}ﬁ fr om You mel exponential and logarithmic functions in Chapler 7 . Here arc
first principles is Lhe standard results [or differentiating them.
beyend the scope Cer O,
of this beek. Y= =a""c

d, 1
This 15 the anl}r y=lnx d_;_ ¥
function where

;_h

\-" dr -




Differentiating other functions of x

R R

=» Worked example

Ditferentiate each of the following functions:
a yv=35Inx
b y=In{3x)
¢ y=2e"+Ini(2x)
Solution
. _, Ay _ 1
a y=3lnx = E_""(T.]
1n5is a number so

b y=In(3x) = y=In5+Inx .:{i‘FFErEnﬁﬂﬁf'lg it
gives ZEeFo.

£ y=2e*+In{2Zx) = E—.le’-#%

Part b shows an imporiant result. Since In(ax) = Ina + In x for all values
where a = (),

_ dv 1
¥ = Injax) = =

Worked example

a Find the tuming point of the curve v =2y - Inx and determine its nature.

b Skewh the curve for<x = 3.

Solution
a v=2x—-Inx = ﬂ=2—l
- dr x
dy _ =1
Im_f—lll =3 ‘?'_x
=4 i =5

When x =052y — Iny=17{1d.p.).
When v =03 (to the left), 2y — ln = L8 (1 d.p.).
When v = L0 (to the right), 2v - Inx =2 {1 d.p.).

Therefore the point (0.5, 1.7) is a minimum turning point.
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0 YA
5
4 4
@ Note
In this graph the 3
¥-axis is an asymplole.
The curve gels nearer 2 1
and nearer Lo il bul L
mever guile reaches il - I
1
i
= L L] T T L) *
0s 1 2 3 4 5 &£
-1 4

Motice that In x 1s not defined forx=0.and asx = 0. In x = —= 30
x-Inx—=+4e=

-y Worked example

For the curve v =2e* + 5 find the equation of:

a the langenl al the poinl where x=—1
b the normal al the poinl where x =—1.

Solution
r=2e"+5 = £=1¢‘
a y= i
Whenx=-1. y=2c'+5
&=
d_}'_ 1
ar 2e

Using v =mx +¢ —> Sotheequation of the tangent is given by v = 2¢ ‘xec.
Substitutmg values for v and 1
245=2¢"(-D)4c

.

=—=<r
=

=:rc=i+5
[ ]

The equation of the tangent is therefore

v=31+i+5.
= L e




Differentiating products and guetients of functions

L e

- d "
b The gradient of the normal = -1 + d_f:

1+()

=

"

Uiing ¥=MmMX~+ C —>= The equation of the normal is given by v= —%.r 1.
Substituting values for v and x:
2. 5__%_
; +5= 1{' 1:}4‘ C

-
=c==4+5-%
v z

The equation of the normal is therefore

e 2 €
e :I——a
y=-gxtetoT3

Deriring *hei_f Differentiating products and quotients of
o} i
e 1_3, rem M functions
princip (39 !ﬂ'E}!and
the scope of this Sometimes vou meet functions like v = x*e*, which are the product of
beok. two functions, x* and e*. To differentiate such functions you use the
product rule.
When u(x) and v(x) are two functions of x
dv _ dv, du

B oy=mvy =

P PO
A shorthand form of y= H{_t"_} » vfx]

=» Worked example

Differentiate v=(x* +1){2x - 3)
a by expanding the brackels
b by using Lhe product rule.

Solution
a y=(x?+1}2x-3) b Let u=(x"+1) and v=(2x-3)
=2d.t-"—31'3+21—3 =25 and %=2
v 3
= o= z_ d- .
=dx il A Pr-.xj;ﬂrul::d—i.=lf%+'-'%
dy

So &= (x® +1N2)+(2x-3)(2x)
=2x* +2+4x —-6x

=6x’ —6x+2

In this example you had a choice of methods; bolh gave vou the same
answer. In the nexl example there is no choice; vou musl use Lhe
product rule.
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=» Worked example

Differentiale each of the lollowing funclions:

a v=x'e* b y=x'sinx ¢ y=(2x"-4)e*-1)
Solution

3 Let u=x" and v=¢* b Letu=x'and v=sinx
dur _ dv _ du o > dv _ :
E—Z.rﬂ.nd = H;—h' a.nda—cus:t
d- - 3 »

ﬁﬂ:“““ﬂﬂi£=rl%+vﬂﬁ Prnductrule:%_:"‘dl:_+v%

¥ o & x J = a -.

S-na=xc +¢*(2x) Su%=r‘msx+lsm.r}[3r]

=xe'(x+2) = x’(xcosx + 3sinx)

¢ Letu=(2x"-4)and v=(e* -1}

'd'"_ 2 ﬂ_ i
E—ﬁ.r il.llddt—t‘-
Ldy  dv, du
I":l'u::'.i.'ll_u::I:l'ult:.E_g.llm-maa
¥

Sogr= (2x% - 4)(e*)+(e* -1)(6x7)

=2x'e” —de* + 6xle" — 6’

. . s ¢ -
Sometimes vou meet functions like v = 21l where one function, in

this case ¢*, 1s divided by another, x* + 1. To differentiate such functions
vou use the guotient rule.

For y:%

d},_v%—tl%
de ™ v

=» Worked example

xt+3
e
2x
a by simplifving first b by using the gquoticnt rule.

=

Differentiate vy =




Differentiating products and guetients of functions

Solution
K +3
y="—
2
=(x*+3)x7

=x+3x3%
ﬁ:

So o

1-6x
This quetient rule

15 |nn5|er in This

case, but is useful

Wwhen 1T 15 net

paffiHe to simphfy

first:

b Let u=x*+3 and v= x*
du _ 4.2 dv _
E_h anddx—lr

-

: cdv Ve M
Quotient mle_a_ -
dy &7 (3x%)—(x"+3)2x

(x*)
_ 3xt-2x* - 6x

=2 —of O
X

_x'—6x

=

=1-6x"

=» Worked example

Differentiale each of the [ollowing [unclions:

a _‘_=2.r" +3

=1
Solution
a ':2—{3 +3
=1

Let u=2x"+3 and v=x" -1
dﬂ_ 3 dl'_
E-ﬁ.‘f and E—EI
dv qu_udr
Quotient ruln::ﬂ%=ng;“I

dy (x*=1)6x> =(2x% +3)2x

' 1)
_ Ba® —6x? —dx? - 6x
(2% =1)°
_ 2x* —6x’ —6x
(x*=1)
_ 2x(x*-3x-3)
(=2 -1

=

[
h J-':I:
E
b v=%5
- _II

Let w=e¢* and v= 5
%:e‘ and%zlx
Vo= =i

dy x*(e')-e"(2x)

T
(x*)

xle® - 2xe*

Ae —-Ne
(=)

_x'(x=2)

- x

_ e'(x-2)

x

51
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Differentiating composite functions

Somelimes you will need Lo differenliale an expression Lhal is a
[unction of a [unclion.

For example, look at y = +x” + 1; the function “Take the positive square
root of, denoted by . is applied to the function (x? + 1). In such cases
vou use the chain rule.

You know how to differentiate v = +x and you know how 1o
differentiate v = x- + 1 but so far you have not met the case where two
functions like this are combined into one.

The first siep 1s to make a substitution.

letu=x"+1.

B

So now vou have to differentiate v = Y or vy = u

1
You know the right-hand side becomes %uz “or f-_u 2,

What about the left-hand side?

1

. - . & dy
The differentiation is with respect to « rather than x and so you get

dy
rather than - that you actually want.

dv  dy .
To go from 1o . vou use the chain rule.

di
d » .
dr  dw  dx
You made the substitution i« = x° + 1 and differentiating this gives
x = 2x.
g dv . .
S0 now vou can substitute for both I: and % in the chain rule and get
dv | _l. _ —!r
= =38 IxX2x=1xu -

This 1sn't quite the final answer because the righi-hand side includes the
letter i whereas it should be given entirely 1n terms of x.

- - 3 - -d'l' = —.E. -
Substituting « =x* + 1, gives == x(x* +1) 7 and this is now the answer.

However it can be written more neatly as

Notice how the e

awkward function,—="" ~ :

Jx* +1, has This is an important method and with experience you will find short

reappeared in the culs thal will mean you don’t have lo wrile everylhing oul in full as il
has been here.

'ﬁna] anflver.




Differentiating composite functions

=» Worked example

Given that ¥ =(2x-3)", find %.

Solution
Let w={2x—-3)s0 y=u’
ﬂ_q k]
d.H'- i
=4(2x-3)
e _
&2
-4y _ 4y du dv _ o
Usmgﬂ-l—'x;——a-d& 3 = 42x -3 %2
=8(2x-3)°

You can use the chain rule in conjunction with the product rule or the
quolicnl rule as shown in the [ollowing example.

-» Worked example

Find :—':when y=02x+1){x+2)"

Solution
Letu=(2x+1) and v = (x+2)"

ing the char ,
s L M — Then % = 2 and & = 10(x + 2" x1
rule to find %

B (2x+1) % 10(x+2)" + (x+2)° x2

, Joet —T &
Ufm*}dfﬂﬁf preduc 102+ 1)(x +2)° + 2(x +2)° Taking 2(x +2)°
rule - u% 4 .,% =2(x+2)'[52x+ 1)+ (x+2)]"€ out as a common

=2(x+2)'(11lx+7) factor

Exercise 14.3 1 Differentiate each of the following functions:
T ° a y=3sinx - 2tanx b v=35sind-6 € y=2cos0- 2sind

d yv=4Inx e v=Indx F y=3e"
g yv=2e"-In2x
2 Use the product rule to differentiate each of the following functions:
a y=xsinx b v=xcosx € y=xlanx
d yv=¢"sinx e v=¢'cosx f y=e"tanx

3 Use the quotient rule to differentiate each of the following functions:

a ym 3L b y= - c y=9E
- x Simnx " x-
¥
x* X Ianx
d V= = J.1= ' =
= (€0 lanx " X
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Exercise 14.5 [cont]

TIILrIIIC I TSI

& Usc the chain rule Lo differentiale cach ol the following [unclions:

a y=(x+3* b vy=(2x+3* ¢ y=(x2+3)"
d y=+x+3 e v=+v2r+3 f y=+xi+2

5 Usc an approprialc mclhod Lo dilferentiale cach of the following
[unclions:

a == b

|l =coosx

¢ y=sinx{l+cosx) d y=cosx(l+sinx)

e y=sinx(l +cosx) f y=cosx(l+ sin.r:l""

1 +omx
}'=—-

& Usc an approprialc mcthod Lo dillerentiale cach of the following
[unctions:
e’ Inx

a y=e¢'lnx b y=r— € y=

7 Usc an approprialc mclhod Lo dilferentiale cach of the following
[unclions:
&= 0

a e'snx b yv= € y==
¥ =z y==

8 A curve has the equation y = sinx = cosx where v is measured in radians.
a Show that the curve passes through the points (0, -1) and (r. 1).
b Find the equations of the tangenis and normals at each of these

points.
9 A curve has the equation y = 2tan x — | where x is measured in radians.
a2 Show that the curve passes through the poinis (0. -1) and (; 1}.
b Find the equations of the tangents and normals at each of these
poinis.
10 A curve has the equation ¥ = 2lnx - 1.

a Show that the curve passes through the point (e, 1)
b Find the equations of the tangent and normal at this point.

11 A curve has the equation y=¢' —Inx.
a Sketch the curves y =e*and y = Inx on the same axes and explain
why this implies that ¢ — Inx is always posilive.
b Show that the curve y = ¢* — Inx passes through the point (1. ¢).
¢ Find the equations of the tangent and normal at this point.

Past-paper questions

1 The diagram shows a cuboid with a rectangular base of sides x cm
and 2x cm. The height of the cuboid is y ¢cm and its volume is 72 cm’.

2% am

-
L



Differentiation

i)} Show that the surface area A cm- of the cuboid is given by

— 42 4+ 216
A-d-.r-n-x.

[ii) Given thal x can vary, find the dimensions of the cuboid when A
IS 4 MIniMum. 14]
(iii) Given thal x increases [rom 2 1o 2 + p. where p is small. lind. in

lerms of p. Lhe corresponding approximale change in A, slaling
whelther this change 1= an increase or a decreasc. [3]

Cambridge O Level Additional Mathematics 4037
Paper 11 Q12-0R June 2011
Cambridge IGCSE Additional Mathematics 0606
Paper 11 Q12-0R June 2011

dv
2 Find 3 when

_ L (X

(i) }—mﬂxsm[sl_ [4]
o tanx

li} v = 1+ Inx 14

Cambridge O Level Additional Mathematics 4037
Paper 21 Q10 June 2014
Cambridge IGCSE Additional Mathematics 0606
Paper 21 Q10 June 2014

3 lal Differentiate 4x° In(2x + 1) with respect to x. 13]
: : 2x dy x+4
[b) (i} Giventhat v = —==—, show that —— = ——- [4]
T Vxs2 dr  (Jx+2)
Cambridge O Level Additional Mathematics 4037
FPaper 12 November 2003

{Part question: part b (i) and (iii) omitted)
Cambridge IGCSE Additional Mathematics 0606
Faper 12 November 2013

{Part question: part b (i) and (iii) omitted)

Learning outcomes i:\f

e T T T

Now you should be able Lot

* understand the idea of a derived [unction
. . - a2y .

* use the notations f'(x). f"(x). %. 3 I= %{gx_-‘ ]

* apply differentiation Lo gradients, langents and normals,
slalionary points, connecled rales of change, small increments and
approximalions and praclical maxima and minima problems

% usc Lhe first and second derivalive Lesis Lo discriminale belween
maxima and minima

* use the denivatives of the standard functions 1 (for any rational n).
sin x, cosx. lan x. e, In x, together with constant multiples, sums
and composite functions of these

* dilferentiale products and quotients of [unclions. / B
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Key pmnts

FEREEE RS

v y=kx"

A

%=nh"'1ﬂnd}*={' g: 0,

where » is a positive integer and k and ¢ are constants.

=1

=3

v yv=fx)+glx) =

E=r 2w

v dy = ) a1 a stationary poini. The nature of the stationary
point can be determined by looking at the sign of the gradient
immediately either side of it or by considering the sign of l;:i
« If ﬁ < (), the point is a maximum.

dx-
1495 0.
prsRall € point is a minimum.
. If%—{] the point could bf:amaxlmum a minimum or a

point of inflection. Check the values of a; on either side of the

point to determine its nature.
v For the tangent and normal at (x,,¥,)

dy
v

* the gradient of the normal, m., = —mL

1
» the equation of the tangent is ¥ - y, = m(x - x,)

* the equation of the normal is y - v, = m,(x - x,).
v Derivatives of other funclions:

» the gradient of the tangent.m, =

sinx  eosy

: cos.X : —ﬁl'll.l

tanx secx

e ¢

Inx i L

dv \
« The product rule EL - Hgi +“%~
v The quotient rule di’ _d-‘_v‘_‘h
Ly _dv du

+ The chain rule 9 = du X dx-




Integration

Growth is painful. Change is painful. But nothing is as painful as staying
stuck where you do not belong.

MN.R. Narayana Murtlhy (1946 — )

Mila is a long-dislance runncr. She carrics a specd meler, which tells her
whal her speed is al various limes during a race.

OPecf(meNes | 44 i 44 44 46 150 52 : 0

Whal race do you think she was running?

How would you cslimalc her ime?




15 INTEGRATION

Infegraﬁnn 15 the
precess of ge‘H’ing
from a differential
equation fo the
genera' selution.

Neote thatif

you are asked

te infegrafe an
expression ffl’],
this will mean
infegra‘f‘e with
respectfe X unless
otherwise stated.

Integration involves using Lhe rale ol change of a gquantily Lo find ils
lolal value al the end of an inlerval, [or example using Lhe speed of
a runner lo lind the distance travelled al any time. The process is Lhe
reverse of differentiation.

Look at the differential equation i = a2,

Since j—': = 3x* for x*. x* + 7 and x* — 3, these expressions are all solutions
of this equation.

The general solution of this differential equation is given as v =x" + ¢,
where ¢ 1s an arbitrary constant that can take any value (positive,
negative or zero).

A solution conlaining an arbilrary constanl gives a lamily ol curves, as
shown below. Each curve corresponds Lo a particular value of ¢

Va
y=x"+3

s / |

o il -..- -4

s 2 | —C=0 .
%’*21 0 1 f”ﬁ o

-f.___F_____——E —-.g Y=¥x-8
z";f-
g

Suppose that you are also given that the solution curve passes through
the point (1, 4). Substituting these coordinates in y = x° + ¢ gives

—13 _
=l = e=3 This is called the
particular solution.
This example shows Lhal if vou know a poinl on a curve in the family,
vou can find the value of ¢ and therelore the particular solution of a
differential equation.

So the equation of the curve is y=x° + 3.

The rule for differentiation is usually given as
d ’
y=x" = El% = ax™!,
It can also be given as
y=x" = %:{n + 1)
which is the same as
L, 1 41 "‘.l" =
y=gagi™ = F=a"

n+l

Reversing this gives you the rule for integrating x*. This 1s usually

wrilten using the integral symbol, }-

rml
Jx"dx=‘—+r for n=-1
n+1



Integration

B

The integral when n=—1 is a special case. If you Ury Lo apply Lhe gencral
rule. i1 + 1 is #zero on the bollom line and so the expression you gel is
undelined. Insiead you use the resull that:

Ix" dx =j%d:=ln[,d+c

You will use this resull later in the chapler.

Nolice the use of dr on Lhe lefi-hand side. This Lells yvou thal you are
inlegraling wilh respect Lo x. So in Lhis case you would read the lelt-
hand side as “The inlegral ol x® with respecl Lo x°

You may lind it helplul 1o remember the rule as

» add 1 to the power
» divide by the new power
» add a consiani.

Remember =» Worked example
te include

the arbitra Integrate cach of the following:
censtant, €, until a x* b sxt c 7 d 4Jx

yeu have enaugh Solution
infermation te find 7

I x 5
. a =+¢ b Sx+c=x"+c
a valve for it L

-
¢ 7 can be thought of as 7x" so applying the rule gives Tx + ¢

3 a
 4x2 8 3

d 4vx = 4x7 so applying the rule gives S te=3xisc
Z

=» Worked example

Given that % =fr"+2r-3
a Find the general solution of this dilferential equation.

b Find the equalion of the curve wilh Lhis gradient [unclion Lhal passes
through the point (1, 7).

Solution
a y=6x is— +2x %—5.[“:
=2+x-5x+¢

By}nfegraﬁnn
b Since {(1.7) is a point on the graph

T=21F+12-5+¢
= c=9

= y=2'+xr-5r+9
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=» Worked example

Find f(x) given that I"(x) =2x + 4 and §{2) = -4.
Solution
Flx)=2r+4
H}I’ in‘l'egra‘l'ian*—-}- f(x) = % +dr+ ¢
= +4x+¢
fi2)=4 = 4=(2+42) +c
= c=-16
= f{x)=x+4x- 16

=) Worked example

-

A curve passes through (3, 5). The gradient of the curve is given by E =x -4

a Find yin lerms ol x
b Find the coordinales of any slalionary points of the graph of y.
£ Skeich the curve.
Solution
a g%=xz_4 = }'=“-'_.;,Ii-4xn:
Whenx=3, 5=9-12+¢
= ¢=8

50 the equation of the curve By = "—_,: —4r+8.

b % = [} at all stationary points
Substituting these % -0
valuves inte the = (x+2Hx-2)=0
equaﬁnn te 'ﬁnd}? = y==2orxr=2
The curve is a cubic  The stationary points are (-2, 135) and (2,25 ).
with a pesifive ¢ It crosses the v-axis at (0, 8).
be term lwith five v
turning points, so it T

has this shape:

EEPE




Integration

B R

=» Worked example

Find I{r‘ -2¢) dv.
Solution
_[{;3— 2 dr =5 -2

=» Worked example

Find J[2x+ liix—4)dx

Yeu need fo Solution
'ﬂulﬁP'}r eut the .

— s | ersna-gac=| 2x2-7x-4)a
brackets before I{ E+I)NE-S)dx .[[ d x—4)dx

752

yeu can infegrate. =%F;1,4,‘_'F41 e

L _EXEFE!SE?5T 1 Find v in each of the following cases:

Y —6x?-5r-1

dy _ dy
a E—4I+2 b dr
d.

d £=(x-2)(3x+2)

c % =3- 513
2 Find f(x) given that

a fix)=5x+3
¢ fx)=(x-4)(x*+2)

3 Find the following integrals:
a [sar b [seax

fix)=x'+2r'-x+8
£(x)=(x-7)

oo

c J[lr—E}dr d _Ill[lr"—ilr+3]:l.r

4 Find the following integrals:
a J[3 —x) dx

o

jl{lr+ 1jx—-3)dx

¢ fe1par d J{l:—ler

5 Find the equation of the curve v = f{x) that passes through the specified
point for each of the following gradient functions:

a L=2-3 (2.9) b =443 (4.-2)
c %=5_I—ﬁ: (-2.4) d Flx)=x"+1: (-3.-3)
e Flx)=(x+1)(x-2) (6.-2) ffx)=2x+1)% (1.-1)

261




15 INTEGRATION

EXE'.I"'C:'E:E 1_5 I{fqu_'-'ﬂ 6 Find the equation of the curve y = [{x) thal passcs through the specificd
poinl [or cach of the lollowing gradicnl lunclions:

dy _ 5.
a ‘h-EJI-—I. (1.1)

b fix)=x-vx:  (42)
7 You are given lhat$:=1:+3.

a Fmdj{lr+ 3) dr.

b Find the general solution of the differential Equatmn
¢ Find the equation of the curve with gradient function a-_; and that

passes through (2.-1).
d Hence show that (1. -13) lies on the curve.
8 The curve C passes through the point (3, 21) and its gradient at any point
is given by j—: =3 -4r+1.
Find the equation of the curve C.
Show that the point (-2. -9) lies on the curve.
Find I{»l-r - 1) dx.
Find the general solution of the differential equation % =4r-1L
Find the particular solution that passes through the point (-1.4).
d Does this curve pass above, below or through the point (2.4)?

10 The curve y = [(x) passes through the point (2.—4) and (1) =2 - 32",
Find the value of f(-1).

11 A curve. C, has stationary points at the poinis where x = () and where
x=2
a Explain u.h} .'.E = x° - 2x is a possible 'E".l;]‘.le"‘Elm for the gradient of C.
Give a different possible expression for & T
b The curve passes through the point (3, 2).

w0
[ O = - = ol -]

Given that  is x* - 2x, find the equation of C.

Definite integrals
So far. all the integrals vou have met have been indefinite integrals such

as J-3ﬁ:lr: the resulting expressions for y have all finished with *+ ¢ You

may or may not have been given additional information to enable vou
to find a value for c.

By contrast, a definite integral has two limits.
11-5—;——-41-.-1; is the upper limit.
'1'-
| € This is the lower limit.
To find the value of a delinile integral, vou inlegrale il and subslitule in
Lhe values of the limils. Then vou sublract the value of the inlegral al the
lower limil [rom the value of the inlegral al the upper limil.




Integration

B

=» Worked example

Find j 3xdx.

Solution _
Subtracting the .[lr deeiee Nﬂ-‘i"lce Iml.-rdﬂ-m C
valve atx =1 from 15 ehiminated When
the valve atx =3 (¥+)=(P+c)=26s0 j xidy =26 — you simpli ﬁtﬂuf

ExFrES'j'lGn.

When cvalualing definile inlegrals. il is common practice Lo omil Lhe ¢
and wrile

3
| 3wt dx =[x = [3°]-[17] = 26.
The delinile inlegral is defined as
[ 1) dx =1 = 106 - f(a)

‘Evaluate’ means (gl ULCUE €N
“find the numerical

valve of! '——}*Ex'alualcj‘ (x*+ 3) dx
Solution
j (x*+ 3) dx= [—+ 3.;-:[‘l

-4 +3x4] ( +3xl]

=30

=» Worked example

|

Evaluate J {x+ 1}x- 3) dx.
-1
Netice how you Solution

need to expand 3 _ -
(x+1){x+3) before L(’ + IHx- 3) dx= L{x -2x-3) dx.
= I:x? -yl - 311.

i"lieglﬂiillg ij.
= -T_!_ix; T - -'-._;:g -]

=103
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Exercise 15.7 Evalualc the following definile integrals:

2 i
1 J-l 3xidx 2 II 4t dx
5

3 jl 6x2dx 4 qux
- | 1

5 | (+1)ds 6 | (x+s)ds

7 J-_;(d.::’ - 2x+1)dx B L (x? - 5)dx

9 L\:f-hn;m: 10 J'__I{;ua]d;
=] 3

1" J‘_l (16 - x%)dx 12 II{I+|}{3—.r]dx
4 1

13 [ Grtx+2))ax 14 I_.{rﬂfl(x—l}dx
3 1

15 J-I[x-rdr:]dx 16 le{x—llix+l}dx
1 1

17 I 1I.Z\f-"i- 2) dx 18 J’}{‘}—x!}dx

Finding the area between a graph

and the x-axis

The area under the curve, v = f{x) between x = a and x = b, the shaded

region in the graph below. is given by a definite integral: J': f(x)dx.
s v = fixh

The area of this

\\‘_ region is |: f{‘l.':l dx.




Finding the area between a graph and the x-axis

B R

=» Worked example

Find the area of the shaded region under the curve v =4 - x%.
Fi

AN

Solution

.y

Area= j:l:-ﬂl-lt':] d_l:]:ﬂ.t—%

Exercise 15.3 Find the arca of cach of the shaded TCZIONS:

e e

i Va z

/ Va
F=. .
y=6xr—-x

]
1

1] ) X
3 Vi & Va
/1-=.':*-T K'L:.t‘ 2x
/I_

(=]

¥
-]
(%]
=

"
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Exercise 15.3 [ r:m]i..‘,f
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5 I:I"IJI.

y=x'-3IxfsIx

y=9-x7

=Y

-y

ol

\

y=x"-8x+ 16x

=




Finding the area between a graph and the x-axis

B

So [ar all the areas you have [ound have been above the r-axis The next
cxample involves a region Lhal is below Lhe x-axis.

=» Worked example

The diagram shows Lhe line y =x and 1wo regions marked A and B

Vi y=x

a Calcolale Lhe areas of A and B using the formula for Lhe area of a tnangle.

b Evaluate J- xdx and I xdx. What do vou notice?
-2 1]

S

¢ Evaluaie j * xdx. What do you notice?
Solution
a Ar:aufh=%::2x2=25quarcunilﬁ.

Arca “fB=% ® 3 x 3=4.5 sgquare unils

o (),
C —0-(2)
=—2

3 d =[£).
J-‘.lx-r 213

=45-0
=45

The areas have Lhe same numerical values as Lhe inlegral bul when the area
is below Lhe x-axis, Lthe inlegral is negalive.

3 (2 5
c -Il!.rd:I::'?}_::-‘L‘n—{I}

=45-(2)
=25

The areas above and below Lhe xr-axis have cancelled each other oul

This example shows vou how using inlegration gives a negalive answer
for the arca of a region below Lhe x-axis. In some conlexis this will make
sense and in others it won'l, so you always have Lo be carelul.

267
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=) Worked example

The curve ¥ = x(x =2)(x + 2) is drawn on the axes.

1k

y=x{-2)(x+2)

=z
/E o - x

a Use integration Lo find the areas ol each of the shaded regions P and Q.

b Evaluate I ; xx=2¥x+2dx.

¢ Whal do you nolice?

Solution
0 (1]
a Armcaof P J__x{x -2Nx+2)dx = I_‘[IF -dx)dx

F— xl I
[Tl‘ I

{(-2)° -
=] - [T-ZK[-E:I i|
=4

So P has an arca of 4 uniis®.

-

Area of Q: _I'i::l‘x—ﬂ[nz}d.: = J-“'lx’—dx]dx

The areas of P and )
Q are the same - [KT_ IIEI
since the curve e |
has retatienal =|5- 2122] -0
S}rmme‘hy abeout -4
the arigin. So 0 also has an area of 4 units®,
2 @

_ — 3 _ )
Always draw a b I_EI‘*I Dx+2)dx J .:“ dx)dx
sketch 9rapl-| when _ £ —lr’:[
you are geing to - 4 :
caleulate areas. _[2 5y _[{_314- —2:-:{—2]3]
This will aveid an L 4 ] I
cancelling out e =0
areas above and ¢ The areas of P and O have “cancelled owmt’.

I}EIt.'Jlﬂ" the X-axs. I ————




Finding the area between a graph and the x-axis

B

Exercise 15.4 1 The sketch shows the curve v = x* — x.

Calculalc the arca of the shaded region.
v

y=x-x

2 The sketch shows the curve y = x* — 4x? + 3rx.
a Calculalc the arca of cach shaded region.
b Stalc the arca encloscd between the curve and the x-axis.
Tk

yp=xi-dr+3x

3 The sketch shows the curve y = x* - 2x.
a Find the coordinales of the point A.
b Calculalc the arca of the shaded region

Tk

-

= T'd X

& The sketch shows the curve v = '+ x? -6r
Work oul the arca beiween the curve and the x-axis

Vi

y=xdexd-6x
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Exercise 15.4 [cont] 5
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Sketch the curve y=x* for 3 <x < 3.

Shade the arca bounded by the curve, the lincsx=-1 and x =2 and
the x-axis.
Find, by inlcgration, the arca of the region you have shaded.

Skcichthccurve y=x*-2xfor—-1 <x < 3.
For whalt valucs of r docs the curve lic below the x-axis?
Find the arca between the curve and the x-axis.

Skeich thec curve y=x*lor 3 <x < 3.

Shade the arca belween Lthe curve, the x-axis and the line x=2.
Find, by inlcgration, the arca of the region you have shaded.
Without any lurther calculation, slale, wilh rcasons, the valuc of

_I-:.r-' dx.
Sil'al:lc_ on a suilable skelch, the region with an arca given by
I ‘I{IE +1)dx.

E-\"d]l.lﬂll: Lthis inlcgral.

4

Evaluate | (2x+ 1) dx.
]

Intcrprel this inlcgral on a skeich graph.

Integrating other functions of x

As wilh dilferentiation, there are a number of special cases when
integrating. The prools are beyond the scope of this book, bul yvou will
nced o know and be able Lo use Lthese resulis

Differentiation = Basicintegral =~ = Generalised integral
] iy=1 =S——=nr L - ) i = __1.‘1-1-4_!;} o
lre)” e e et o B et
Jaes not nr dy T ot T D 2
follow the (7723 a "% i ) i s s i

gEnEra| FUIE E].':q_'._y-_‘_[::-d—}:—i_.dnxé sanxdr=—cos x+c

since that
would give
i which is
undefined.

=lnx=—= :
T

&y,

y=g' = —=¢

dy_1

letdx=e"+c

f..'l .......................
] I‘d.l'-ll'll,_l.‘id—f‘
2 _._'_",? ...............

. 1
sinfar+b)dy=——cos(axr+b)+c

ax+b



Integrating other functions of x

B

-» Worked example

Find the following indelinile inlegrals:

1
a Iﬁdx b j[h—i}*dx C J-.[z;__?.]fd;
d Itzl 3y e jsin(lr—B]d.r f jms(lx—der
Solution
Usi J; e
a Using m+bd.t Hlnla.r-rt:iqrr

gives I ssdr=dinj2r—F+c

_ l{ur+.'1',l”‘1

a n+l *c

b Using J{m+ b)* dx

(2x-3° | _(2x-3)
3 +C= 10 4c

gives j[E:—E]'dr=%

n gy 1lax+5)""
c leingI{M+b]dI_E nsl °

]
1 —_ 3 3
gives J'{z;— 3)% dx = %M re=L@x-3)4c

2

d Using Ie""‘d: = !; et 4 o

gives J-Ch'id.t = %cz"-‘ +c

e Using jsjn{n_r +bh)dx = —iﬂﬁ[d‘.‘f+f}]+f

givies Js:i.n{lr -3)dv = —%ms{lx -3)+c

f Lsing jmﬁ{ﬂr+b]dx = ‘l._sintnr+h].+c

gives j cos(2x - 3)dx = %sini’lr— 3) =
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=» Worked example

When i"feﬂ"aﬁ“ﬂ Evaluale the following definile inlegrals:

trigenometrnic . o . * -
functions, the j Ix+1 b I 2x+ 1) dx < Lc dx
ang?ef must be in ] 1 : '
radians d j 2x+1dx 8 I (2x+ 1 dx f Jl 5in(2:+%]dx

o a .

3 %

L 4:1:5{21 + —ﬁ-:ldx
Solution

=3
dx —|: Inj2x+ 1]

UflngI ﬂ II‘

1 =lin7-lins
= Hlﬂ|ﬂ-" +bi +c

2 2
Lin7-
= Z{In? In5)

=lln

278
) e 1 e | 125+ 1)
”““5’I(m+h)"dx..=}’ Lm 1) dx [2 3 I
+1
T a n+1 +cC L5 &
= 3682

1 r i
 aa l Frei

. c Ic.i.t'i-.dl= =g ]
Unngjc‘“”"d.r = Y2 L2 s

1. = B
b 4 ¢ =17 -¢%)

1
1
d [ @reniac- Ul“”
L] &
]

=1L

3
2

-.: 3"—1"
= 140 [31[}

1 r -1
2 g _ | 1{2x+1)
L{Z.HI} a f——l:[

-

- _%13 1_]-1|

f I sm lt-'-—]d.l'- :m|:2:+ﬁ}]3

Using j sin(ax +b)dx—7 "

=-loosI% s Lons
——Ems{m+b]+r =-z0E * 3¢
2




Integrating other functions of x

D R

ugi“ﬂ 5‘ N R " x i
.[ cos(ax+ b)dx s j “""(E“*E]d“[%*'“(h*am

_lgniE_lgn=
=%§in[ﬂj‘+b} i ;;?ﬂﬂﬁ Ssin <

Exercise 13.3 1 Find the following indefinite integrals:

llllllllllllllllllllllllll I -I . 1r+1

a _[hﬂm b I[lr+l}d.t ¢ Jera

d sin{3x+ 1)dx e jms[3:+l}lllx f 3_,:1:
- L e |

g [ (2x-1)dx h jdeh--*dx i [3sinGoax

i ] 4cos()ax k j[.r—zﬁ‘d: | .-{Z.I—l'.lgdx

2 Ewaluate the following definite integrals:

i 4 =4

a ‘:M'Hd.r b L (3x+1)dx c _:e-“*‘dx
. % ) Sl
A . o 4 n .

d J, sm{?:—x+j}dx e L cm[&x-ri}d:n f _JE_zdx
] 2 I%

g (2x+3) dx h j 10e~2* dx i s:inl:lx—:—:}dx
o =] (] i

\ £

| {:cm{lr - E]dl’

Past-paper questions

1 lal A curve is such that g—; =ae'* - 3x°, where a is a constant. At the
point (1. 4), the gradient of the curve is 2.

li) Find the value of a. 1]
liil Find the equation of the curve. [5]
1
(b) (i) Find j' (7x +8)3dr. 2]
] 1
liil Hence evaluate [ (7x+8)3dr. 2]
Cambridge O Level Additional Mathematics 4037
Paper 11 Q10 June 2011

Cambridge 1GCSE Additional Mathematics 0606
Paper 11 Q10 June 2011
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o

The diagram shows parts of the line v = 3x + 10 and the curve

v =2x%— 353 + 3xr + 10. The line and the curve both pass through the
point A on the v-axis. The curve has a maximuom at the point 4 and
a minimum at the point CThe ling through C, paralle] to the y-axis,
intersects the line y = 3x + 10 at the point 1),

il Show that the line AD is a tangent to the curve at A, 12]

lii) lind the x-coordinate of 5 and of C. [3]

(iii) Iind thec arca of the shaded region ABCD, showing all vour
working. [5]

Cambridge O Level Additional Mathemalics 4037
Paper 11 Q9 fune 2005
Cambridge IGCSE Addirional Marhemarics 0006
Faper 11 Q9 June 2015

3 The diagram below shows part of the curve v =3x - 14+ % cutling
X2

the x-axis at the points P and ().
Jr L

liii) State the x-coordinates of P and Q. 1]

liv) Find I(lr - 14+ i—%] dx and hence determine the area of the

shaded region. [4]
Cambridge O Level Additional Mathemalics 4037

Paper 22 Q2 November 2014

{ Part quesition: paris (i) and (i} omitted)

Camibridge 1GOSE Additional Mathemuarics Oo06

Paper 22 Q12 November 2004

{ Part question: paris (i} and (i} omitted)
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Integration

R

Learning outcomes *

Now you should be able Lo:

* understand integration as the reverse process of differentiation

* evaluate definite integrals and apply integration to the evaluation
of plane areas

* integrate sums of terms in powers of x including % and

ax + b
* integrate functions of the form (ax + b)" for any rational n,
sin{ax + b), cos{ax + b),e=** /

Key points M

d.‘_-- -Iﬂ‘il _
v =Xt = y—n—ﬂ+rfurn# 1

This is an indefinite integral.

h . B xeel _bml_ﬂnii
v*Jl‘: d"‘[n+]]:' =51 forn=-1

This is a definiie integral.

v The area of a region between a curve y = f(x) and the x-axis is
b
givenby | ydx.

i &
Areaof A= [ ydx=| f(x)dx
a @

Ay

¥ = fix)
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« Areas below the x-axis give rise to negative values for the
inlegral.
v Integrals of other functions where ¢ is a constant:

cos (ax + b) :—lﬂn[m+b]+r

Faf [ ]




Kinematics

In future, children won't perceive the siars as mere iwinkling points of
light: they'll learn that each is @ Sun, orbited by planets fully as interesting
as those in our Solar system.

Martin Rees (1942 )

A spacccrall leaves Lhe Earth on a journcy Lo Jupiter. Its initial
direction is directly towards Jupiter. Will it travel in a straight line?

Displacement and velocity
You know that % represents Lhe rale of change ol y wilh respect Lo x. It

oives Lhe gradient of Lthe x—y graph, where x is plolled on Lhe horironlal
axis and y on Lhe verlical axis.

The lollowing graph represents Lhe dislance, s metres, travelled by a
cyclist along a country road in lime,  scconds. Time is measured along
Lhe horizontal axis and distance from Lhe starting point is measured on
Lhe vertical axis. When he reaches E Lthe cyclist Llakes a short break and
lhen returns home along Lthe same road.




16 KINEMATICS

You will be treating

each object as
a pnrﬁ-:]'e, 1.e.
something with
a mass but no
dimension.

F T |

T 500

£ E :

E’ cFo D ¢

I 8 B

=

s A A

= - =
0 100 200 300 |

Time {seconds}

Speed is given by the gradient of the distance—time graph. In this
graph the axes are labelled s and ¢, rather than v and x, so the gradient
(representing the speed) is given by %
A graph showing displacement (the distance from the starting point)
looks quite different from one showing the total distance travelled.
Vi
10.0 4
7.5
5.0 -
[ 2 '5 r
0

=] B TIITE Lmﬂrdsl‘r] i ‘
=10.0 4

Velocity is given by the gradient of a displacement—time graph.

b

Vilocity im
.L
Ln
-y

|
L
=

I
i
LY

Acceleration is <205 ) g this is given by the gradient of a

velocity-time graph.

Motion in a straight line

In the work thal [ollows you will use displacement, which measures
posilion, ralher Lhan dislance travelled.

Belore doing anylhing clse you need 1o make lwo importlant decisions:

1 where you will Llake your origin
2 which direction vou will take as positive.



Displacement and velocity

e N N T T

Some options are:

+ direction Q

s>

0 + dlirec lion O + direclion

Think about the motion of a tennis ball that is thrown up vertically and
allowed 1o [all to the ground, as in the diagram below. Assume that the ball
leaves vour hand at a height of Tm above the ground and rises a further

This means it is —== 2mtothe highest point. At this point the ball is instantaneously at rest.

aboutte change A M
directien threugh
180°. :
2 A
¥
1L Y

The displacement-lime graph of the ball’s Might is shown below. For this
eraph. displacement is measured from ground level with upwards as the
positive direction.

Sh

ad
1

Displacement (metres)
= Bk

Tirne {seconds) /

279




16 KINEMATICS

LT R R R e L e R P R T R IR LT

Be carelul nol Lo confuse the terms velocily and speed. Speed has magnitude
{(sxe) bul no direction. Velocily has direction and magnitude. For example,
Llaking upwards as Lhe posilive direclion,

= aspeed of 3 ms™! upwards is a velocity +3 ms™

= aspeed of 3 ms™! downwards is a velocity of -3 ms™.

Ijirns 1
i]ms—'

The table gives Lhe lerms Lthal you will be using. logelher with their
delinitions, units and the letlers that are commonly used Lo represent

Lthose quantilics.

....................... S,l_..i I_J.h F
: : symhaol

i Time - Measured from a m.'cund is i |

o fxedorgn o

Distance Distance travelled metre m XKV5
{ in a given time i :

Specd  Rate of change | metre per  ms!  dx

i ol distance second i v=a

E..Dﬁﬁﬁ&'ﬁiem Iﬁﬁmn& frmna metn: “ m “ Ex..}'.s.-‘i'

- Velocity Rate of change | metre per  ms! : .
: of displacement second

Acceleration - Rate of change - metreper - ms? ”“,E _d":smm
- of velocity : second per O & T ar

: : second :
Like velocily. acceleration can also be cilher posilive or negalive. A
negalive acceleralion is an object cither moving in Lthe positive direclion
and slowing down, or moving in Lhe negative direction and speeding up.

Motion with variable acceleration: the general case

If the molion involves vanable acceleratlion, you musl use calculus. You
should know and be able Lo use Lhese relationships.

dr s

These relationships are used in the next (wo examples.




Displacement and velocity

T

=» Worked example

3 The displacemenl in melres, 5. of a sporls car [rom its initial position during
Lthe first 4 seconds 1s given by
=127 — i3,
Find:
i an expression [or Lhe velocily in lerms of §
il the initial velocily
iil the veloaly afler 4 seconds

iv an expression {or the acceleralion in lerms of
¥ Lhe acceleralions afler 4 seconds.

b The naltional speed limil in Greal Britain is 70 mph.

Al the end of 4 seconds, would the driver of this sporls car be breaking Lthe

Brilish national speed limil?
Solution
ai v=

=24y — 3

ii Whenr=0.v=0

The initial velocity is Oms'.

iii Whenr=4.v=24x4-3Ix4

=48
The velocity, afier 4 seconds s 48ms.

26

L ﬂ=m
=246
¥ Whenr=4,g=24-6x4
=0
The acceleration after 4 seconds is Dms™—.
b mmﬂﬂzdﬁxt‘ﬂxﬂl

10
=172.8kmh!
172 8kmh"! =§ x 172.8
= I[‘.lﬁmph

The driver would be breaking the Brilish speed limil.

=» Worked example

A particle travels in a straight line such that 1 seconds after passing through a
fixed point (). its displacement s metres is given by s =5+ 2r' - 3.

a Find:
i expressions [or Lhe velocily and acceleration in lerms of 1
il Lhe imes when il is al resL

b 5Skeich the velocily—lime graph.
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¢ Find:
i how [ar i1 15 [rom O when 11 1s al rest
ii the mitial acceleration of the particle.

Solution
a i v=$=ﬁﬁ—w
Na‘-"ice‘l‘h?‘l'ﬂwe ‘ =126
acceleration varies dr
with fime. ii The particle is al resl when v=0.
= 6F-ar=0
= 6ifr=1)=0

= i=0ori=1
50 the particle is al rest imitally and afler 1 second.
b The graph of v againsl 7 is a w-shaped curve Lhal crosses Lhe § axis al § =0 and

i=L
vk
The negative valves
of the \Feloci‘]}f theols
that the Far‘]‘ic]e 5
o - meving Tewards O.
1 i

< R

c i Whent=05s=5

Whent=1.5=5+2-3
=4,

The particle is al resl inilially when il is 5 m from O
and afler 1 second when il = inslantancously al rest 4 m from OL
ii When =10, g =—6. The initial acceleration is 6 ms °.
_—

Discussion point

How would you interprel the negalive acceleration in the above
cxamplc?
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Displacement and velocity

Exercise 16.1 1 Ineach of the following cases r = (). The guantities are given in SI units.
TrenmmmmmmmmmmmmmmmmmRs so dislances are in melres and limes in seconds-
i [lind cxpressions for the velocily and acceleration al Ume §
ii wsc these expressions Lo ind the initial position. velocily and
acccleration
i find the time and posilion when the velocily is zero.
E=58-1+3
s=5k-P
s=r-4-6
s=4F-31+5
e s=5-2F+1

2 A particle is projected in a straight line from a point O. After 1 seconds
its displacement, s metres, from O is given by s =3° - r\.
a Wrlc expressions for the velocily and acceleration al ime &
b Find the times when the body is inslanlancously al resl.
€ Whal distance is travelled belween these limes?
d Find the velocily when =4 and inlerprel your resull
e Find the initial acceleration.

e n oo

3 A ball is thrown upwards and its height. i metres, above ground after
rseconds is given by b = 1 + 41— 5.

From whal hcighl was Lthe ball projected?

Wrilc an expression for Lthe velogily of the ball al time &

When is the ball instantancously al resi?

Whal is Lthe grealesl height reached by the hall?

Aller whal length of time docs Lhe ball hit the ground?

Skcich the graph of i against L

Al whal spced is Lhe ball travelling when it hits the ground?

B =0 an oo

4 Inthe early stages of its motion the height of a rockel. i metres, is given
bvh= L+ where  seconds is the time after launch.

@
a Find cxpressions for the velocily and acceleration of the rockel al
lime £

b After how long is the acceleration of the rocket 72ms~?
€ Find the height and velocity of the rockel al this Lime.

5 The velocity of a moving object at time 1 seconds is given by vms ',
where v = 151 - 217 - 25,
a Find the limes when the objeel is inslanlancously al resl.
b Find the acceleration al these Limes
€ Find the velocily when the acceleralion is #zoro.
d Skcich the graph of v against .
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Finding displacement from velocity
and velocity from acceleration

In the previous section, vou used the result v = E: in other words when

5 was given as an expression in ¢, vou differentiated to find v. Therefore
when v is given as an expression in /., integraling v gives an expression
for s,

J=Ivdl.

Similarly, you can reverse the result a = % to give

y= Iu di.
=» Worked example

The aceeleration s particle P moves in a straight line so that at ume 1 seconds its acceleration is
not constant. — (67% Rus’,

P passes through a point O at time 1 = 0 with a velocity of 3ms.

Find:

a the velocily of P in terms of ¢

b the dislance of P [rom O when t=2.

Solution

a r=j.::dr

=j[6r+1]d.-
=3r+2i+c
Whenr=0.v=3

C represents the il

initial veln-:'rfy. Therefore v=3%+ 21+ 3.

b 5=J-n.'|:h‘

=J|:3F+2.t-3]d.'

=PF+rF+3+k

k is the value of Whenr=0.5=0

the displacement— 5 1_p
when = 0. = s=f+rf+3
Wheni=25=8+4+06

= 18

When ¢ = 2 the particle is 18m from O.
05—




Finding displacement from velocity and velociiy from acceleration

T

=» Worked example

This tells {"” that The acceleration of a particle ams™, at ime ¢ seconds s givenbva=6- 21

the acceleratien When £ =1, the parlicle is al rest al a poinl 4 m from Lthe onigin O.

varies with fime. a Find expressions [or the velocily and displacement in lerms of ¢

b Find when the particle 1s next al rest. and ils displacement from O al thal ime.

Solution

a r=Iadr
=j{ﬁ—2l']dl'
=&-F+c

When r=0.v=0{given) = c=10
Therefore v = 6f = £.

s=jvd:

=J{ﬁr-r3}d.r

—yz_

=3r 3+k
Whent=0.5=4(given) = k=4
Thcrcinrcs=3r3—!—;+4.

b The particle is at rest whenv=0 = 6i-r~=0
= N6-N=0
= r=0orr=6

The particle s next al rest afler 6 seconds
thnl=ﬁ.s=3:-cﬁ?—63—3+d

=40
The pariicle 5 40 m from O afier 6 seconds.

-» Worked example

A particle s projecled along a straighi line.

Its velocity, vms™, after ¢ seconds is given by v=2r + 3.
a Skelch the graph ol v againsi ¢
b Find the dislance the parlicle moves in Lhe Lhird second.
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Solution
a8 v=21+3 5 aslraighl line wilth gradienl 2 thal passes through (), 3).

v

b Method 1

The graph shows Lhal the velocly is always posilive, so Lhe velocily and speed
are lhe same. The distance travelled i1s equal 1o the area under Lhe graph.

The third second slaris when £ =2 and finishes when 1= 3.
Using the formula for the area ol a trapezium,

distance = %{T +9)x1
=8m.
Method 2
The area under a graph can also be found wsing inlegration.

b
Distance = I v dr
iIJ-
= Ltzn.?}d:

1
= [1* + 3],
=[9+9]-[4+6]
=8m

» Which method did you prefer to use in the previous example?
» Which method would you need 1o use if v was given by v = 37 + 27

» Is acceleration constant in this case? How can vou tell?
# Could you have used the constant acceleration (suvar) equations?

» Can you use calculus when acceleration is constant?
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Finding displacement from velocity and velociiy from acceleration

Exercise 16.2 1 Find cxpressions for the velocily, v, and displaccmenl, 5 al time ¢ in cach
0 0 0 0 of the following cascs:
a=2-6iwhent=0,v=1ands=0
a=4rwhenr=0,v=4ands=3
a=12f —4:whenr=0,v=2ands=1
a=2whent=0.v=2ands=4
e a=4+rwhenr=0,v=1ands=3

B n oW

2 A particle P sets off from the origin. O, with a velocity of Yms™ and
moves along the y-axis
Al time { seconds, its acceleration is given by a = (6— 12) ms 2.
a Find expressions for the velocily and displacement al Lime &
b Find the time when the particle relurns Lo ils slarling poinl.

3 A particle P starts from resi ai a fixed origin O when r=1.
The acceleration ams ™ at time 7 seconds is given by a = 6r - 6.
a2 Find the velocily of the particle aflter 1 sccond.
b Find the time alter lcaving the origin when the particle is next
inslanlancously al resl, and Lhe distance travelled Lo this poinl.

4 The speed. vms™, of a car during braking is given by v = 30 - 5¢, where
t seconds is the time since the brakes were applied.
a Skclch a graph of v againsl &
b How long docs the car lake Lo slop?
€ How [ar docs il travel while braking?

5 A particle P moves in a straight line, starting from rest at the point O.
t seconds after leaving O, the acceleration, ams =, of P is given by
a= 4+ 121
a Find an cxpression [or the velocity of the particle al lime ¢
b Calculalc the distance travelled by P in the third sccond.

& The velocity vms™, of a particle P at time ¢ seconds is given by
v=r-4r +4r+ 2
P moves in a straight line.
a Find an expression for the acceleration. ams ™, in terms of 1.
b Find the times al which the acceleration is #ecro, and say whal is
happening belween Lhese limes
€ Find the distance travelled in the hirst threc scoonds.
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Past-paper questions

1 A particle P moves in a straight hine such that, ¢ s after leaving a
point @, its velocity v m s~ is given by v =361 - 3r* for t = 0.

(il Find the value of  when the velocily of P slops increasing. 2]
(i) Find the value of t when P comes Lo inslanlaneous resL. 12]
(iii) Find the distance of P from (7 when P is al inslanlancous resl. | 3]
liv] Find the speed of P when P is again al @2 4]

Cambridge O Level Additional Mathematics 4037
Paper 12 Q12 June 2013
Cambridge IGCSE Additional Mathematics 0606
Paper 12 Q12 June 2013

2 A particle travels in a straight line so that. 1 s afier passing through a
fixed point O, its velocity, vms ', isgiven by v =3 + 6sin 2r .
lil Find the velocity of the particle when 1 = % 1]
liil Find the acceleration of the particle when 1= 2. [3]
The particle first comes 1o instantaneous rest at the point P.

liii) Find the distance OF. 15]
Cambridge () Level Additional Mathematics 4037

Paper 23 09 November 2013

Cambridge 1GCSE Additional Mathematics 0606

Paper 23 Q9 November 2013

3 A particle travels in a straight line so that. 1 s afier passing through a
fixed point O, its displacement s m from  is given by s = In(F* + 1).
lil Find the value of r when s = 5. 2]
lii) Find the distance travelled by the particle during the third
second. 12]
liii) Show that, when 1 = 2, the velocity of the particle is 0.8 ms™. 2]
liv] Find the acceleration of the particle when 1= 2. 3]

Cambridge O Level Additional Mathematics 4037
FPaper 13 Q10 November 2010
Cambridge 1GCSE Additional Mathematics 0606
FPaper 13 Q10 November 2010

Learning outcomes i?f

Now you should be able Loz

# apply differentiation and nlegration lo kinemalics problems Lhal
involve displacement, velocily and aceeleration of a particle
moving in a straighl line with variable or conslanl acceleralion,
and the use of x— and v graphs. V4







Functions
fi(x)
f-A—=B

f:xmy
j’—'l
el

lim fix)

F—E

Ax, &v

dy

dx

doy

d'xr

fix), £ (x), ... F(x)

Ja

II.|
Jra
a

X X...

Mathematical notation

B

the value of the function [ at x

f 15 a function under which each clement of set
A has an 1mage mnset B

the function f maps the element x to the element v
the inverse function of the one-one function f

the composite function of f and g. which s
defined by gfix) = g(fix))

the limit of fix) as x tends to a
an increment of x

the derivative of y with respect to x

the nth denvative of v with respect to x

the first, second, ..., nth derivatives of fix) with
respect o x

the indefinite integral of ¥ with respect to x
the definite integral of v with respect 1o x between
the limits x=agand x = b

the first, second, ... derivatives of x with respect
tof

Exponential and logarithmic functions

[

e’ exp(x)
log x

In x

lg x.log, x

base of natural loganithms
exponential function of x
logarithm to the base a of x
natural loganthm of x

logarithm of x to base 10




MATHEMATICAL NOTATION

Circular functions

Sin, ©os, tan } the circular functions

Cosec, sec, ool

sin'.cos !, tan!
the inverse circular functions }

cosec~! sec™!_cot™!

Vectors

a the vector a

ﬁ'?é the vector represented in magnitude and direction by
the directed line segment AB

a a unit vector in the direction of a

i.j unit vectors in the directions of the Cartesian
coordinate axes

[‘T ] the vector xi + vj

¥

lal.a the magnitude of a




Answers

The guestions, with Lhe exceplion of those [rom pasi question papers, and all example answers Lhal

appear in Lhis book were wrillen by Lhe aulhors. Cambridee Assessment Inlernational Education bears no - =
responsibilily for the example answers Lo gueslions Llaken from ils pasl gueslion papers which are conlained T s
in this publication. - =
Chapter 1 Functions E
Discussion point Page 1 -
The amount of petrol, in fitres, is measured and the :
cosl is calculated from iL
Discussion point Page 2 :
The numbers nol appearing as final digits are 2,3, 7 8. .
Exercise 1.1 Page 10
1 a 13 .
b 2 :
c 4 1
d S5aor % ¢ Any numbers less than (—) must be excluded .
2 a2 3% as an inpul. - :
b 16 6 a |1.4,7.10,13) .
c 4 5 _,_3 :
a5 b |_3‘_E'_2'_f‘_” .
- ¢ {y:y20} :
3 a 13 .
b 28 d |y:vz6} :
c 1 T all .
d % b x<1 :
S5 :
4 a4 € 1 .
b -2 d [x:x<—/2 orx>2) :
c 2 _— -
a 2 8 2 H)="5" :
6 b o= E
S a ¢ hlix)=+x+1for x=0 :
nput Output d x)=vx-3 for x4
1 &} 9 a ((n)=232 :
3 - ¥ b A '
5 = A1 { | :
7 V15 .
9 ME]
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Il a See the curve v = fi{x) on the graph in part ¢

el o,

b [(-5)=3
-(0)=2
(3)=1
F(4)=0

T Va

H -

—5

Exercise 1.2 Page 14

1 a 14
b 3r+2
e 4x?
d 12{1“3} + 2

[
|
=

kR A A
ds
I
L)
Fo]
.
[

Ir+1

€ 2x+3
d 1
(4x? + 32x + 65)
4 a Vi
1 1 | HT—1

6 -
y=x
44 'I.=";|..1.'_
E_.
y=x
r T T T T T T T T T =
7 6543 - i 4 5 %
.
L4
-3

5 a -lor7
b dor3

7

c -1 1:11"7.'i
d —dorl

6 a

-

—2 -

Yy
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V=C0sx+1

90°  180° | 270° 380°X

¥ =|eas x|

90°  180° | 270° 360°X

-1

¥ lomsx| 1

-1

8 The equation for graph 2is v =[2x - 1]

The equation for graph 3is y=2x -1 + 3

9 a y=x'+1

b v=
Ma i
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ili 8x==(3x-3)

|'-.I'|

lcading to x = or (1.455

Chapter 2 Quadratic functions

Discussion point Page 19

322 and (.78
Exercise 2.1 Page 27
1 a -54
bh 2.3
¢ 4.7
d -1-6
|
2 a i.211
b -33
)
' l,i2
d —5.—§
3 +13
11
by
3
=3
4 3 i (x+5)Mx+2)
(_E _9
27 4
il minimum
iv ya

(

b i (8+x)2-x)
il (-3.23)

iii maximum
iv

va

-3, 25)

/la

(54 xM1-2x)

L
==

i (-3 %

ili maximuom

iv Vi
{9 121
L4 B

5
di (2x+3)x+4)

o 11 25

B (-3-7

il minimm

iv Vi

-y

-9
=
=
191
3
4]
Ty
tn




3 1 19
5 a [1’+2}‘+5 8 ¢ i [_E' -5
b (x-5y-29 i minimum
5\ _s3 i =292 4 2x— ¢
€ [.1'*-?_} i yotem-9
9y 80
o a (+-3) -F
S 6 a 2Ax-3P-13
= E b 3x+2)F+8
- - c 4x-1P+1
: o) 33
d 2[I+4] 8 -
: 7a 2:V13 \_9_/ *
: b 35+1425 (1..19)
: e DB2VF_ 3, [A sl
: 2 ~ 27N 4
: d 1.5+J675
é B a i[-3.ﬁ] B od i (4.4)
: i minimum il minimum
iiii iii Ya
. . ~ L
. V=X +6X+15
: 20 ¥=xI-8x+20
: ~3.6) a2 ;
- - X
. X
8 b (19 kR X
: il maximum
E i Vi -
é X y=xi-Tx+ 10
: B .
: 2 H 6 x
: 2
: [_2
Rnngi.h 4.-1]




fixi= 2x*-x-6
44

Z

5 i
Range [—%‘;,4]
Real-world activity Page 27
1 _'I_'n
" 4
£
2 -
10 € -6 -4 -2 2 o X

2 Heighl 4m.span 20m
3 By =400-x°

Discussion point Page 32

Lines parallel 1o the y—axis are siraighl vertical lines
and as such a guadratic curve will always inlersecl

them rather than touch them.

Exercise 2.2 Page 36
1 a -2.-1
b =3

Mo

3
0.3

—6.3
—5 (repeated)
211
3'5
a1
33

1n-232,432
ii-1.0

11 —-2.68. L.68
Lii-2.2ZLL77
-143,093

= om =8 a6

- -

no real roots
=.18, =282

2.5

One real solution.
No roots.

No real roots.
Distinct roots.

N real Tools
Equal rools

[Does not meet.

2 2} (3 3]
(i'ﬁ} ‘E‘E)
(184, 6.68) (8.16.19.32)
(—4,12)(1.2)
Tangent touches at (1.5, 18).

Does not meet.
Does not mect.

n TR e RN TR RN

r<lorx=5
4 <sg=1
2=y=
x#2

—d g

=
= o B f TR W ®=AQ

1
ve-lor v=3
- -7 3

Real world activity page 37

Past-paper questions Page 38
, 1,- . 47
1 i) E(I—i} +§5.3T5
G 47 . a1
] ] | 15 minmum value “hLHI—E
2 dck<1?2ork>dand k <12
3 mx+2=x"+12x+18
¥ e(12-mix+16=0
(12-m)* =4x16
leading tom =4, 20

The line 15 a tangent to the curve at (-3, -27).
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Chapter 3 Equations, inequalities

e |
and graphs \

LN v=lx-17
Discussion point Page 41
You can describe it in words, as in *both x and 1T 1 '

E v must be between -1 and 17 or yvou can do it in T —
§ symbols, forexample -l <x<land-1<y< L -2 ) 2 4 X
= Another way with symbols is 1o use the modulus y3* '_-fz
sign and write |x <1/ and |v < 1| . You could even /
use sel notation and write itas |[x < 1wy <.
= - - 2 a A
Discussion point Page 42 &
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A small [amily car such a= a Volkswagen Goll
has an average consumplion of 53 litres per 100
kilometres, so the [uel economy is al worst 0.530 ER y=lax]
litres per kilometre which is remarkably similar Lo
Vellel's Ferran Formula 1 car.

£ HEAV/EERRE
r.I.= ?_1.

o33 .

100

E =0.530

Find oul the uel consumplion of olher models of
road vehicles and see how they compare.

Discussion point Page 44
Using Lthree points helps 1o eliminale errors. A
mistake in the calculation using only (wo points

would give a completely different line. x
Exercise 3.1 Page 45 | ¥t
1 a ' ¥ 1
..
C
- v=|x|
. ® F¥= |12x - 2|
-2 2 4 X
=X/, x
b
} a ¥
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b 6.4
5 a
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x=1

Discussion point Page 48
—{x+ T)=4xis the same as x + 7 = —4x, which is
already being considered.

Discussion point Page 49
It is easier Lo plol poinls wilh inleger coordinales.

Exercise 3.2 Page 50
1 x-6=9
lx-6 =10
lx -6 =11
-l=x=3
-l=x=3

[
Lo - I -

=l=xr=7T

E & " T B

~dcx<h
x<-3orx>5
-4 <zx<l
r<-dorx>|

=

-y

Lo B

-y



=

2 |3 &|*
.
i r=0
d i &
y=Rx+1|
r T >
- 6 &
4]

i x<0

6 a v>x+1

re=7—

¥lx+1 b yv==2-x
c y>=|o

Exercise 3.3 Page 53
1 a4

b 4
25

no solutions

L= - ]

V=X(x-2){x+ 2)
104 -

¥

—104

FAEREERE A EA R

Y
=
=
n
3
]
1
n
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c v Past-paper guestions Page 55

1 iy 404 ¥
35-
30-
& 254
s B
4 g
v=J 5 x ' @
\ | 3 2 1 i 2 3 4 5
———1 (i) Two :
£ 5 -4 P 2 | 4 :
2 (i) ¥ :
—2 =
-
—&- :
g/ :
~1.856 < x < 0.678 or x> 3.177 -3 2 -
(-3.0).(2.0).(0.6). :
d VA ' 25 :
| | | -
@ (33) ;
(iii) 6.5 <r=14
3 9xl+2x-1<(x+1)° :
8x7 <2
—%{x{% i
5 4 % : E
Chapter 4 Indices and surds :
Discussion point Page 58
l T+ 75+ 72 + 7. I vou do the calculations the answer -
-5 works out to be 2800. :
x<—2.125 or 1.363 < x < 2.762 Seartes £ b b0 .
4 a y=(x+3)x+1)x-1) ; El‘t}l?:& dlli .
a . =
b y=(2r+3)(2x+1){2x-1) b 5 :
e v=(x+2)x=-2)° c 3 -
5§ a v=|(x+2)(x—1){x-2) d 6 :
= x
b y=|(x+3)x+2)x-1) e - 5
c I'|‘=|1.I+2"11'—]HI—2] T @ 6Gxl0* i
6 There is no vertical scale. b &x10 -
c Bx10¢ :
d 3x102 -
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Fod] ik M= Ll
— ™ "
fah -

|_‘4

Sx 10
A x ¥

o

LA b
x
q

» 10

BF M = A A" TR AMTTEAER A
Ll -

i—l-l'h. -
o m= SR ez g R g

e
ad
L%

2y
2. % and 4*
3% 4%and 27

=

B |
=)

14

=3

=2

6a’

Sty

b

it g
e’

s

9 r=8and y=27

]
=-Ae BA FEFRE = B A TTE A @
ek

Discussion point Page 61
?=4and V3=2

Therefore, the square rool of 4 is a whole number
and s nol a surd.

Exercise 4.2 Page 65
1 a 243

b 543
1043
9.5

a A T B = & & ~”
é TR EEER

-2
Ir\t;1 U-llf‘ﬂ;_] wall| Wt

[-
=& Ln|

23+ 12

3

"y

& /A T B o @
h
Lad
|
la

-]
T
5 ot

9 x=672cm. Area=T2em?
10a h=150r3

b area= _—ixﬁ or 0,753



Past-paper questions Page 66
1 2+42

2 (a) Powersof 2 4(3x=2)= 3{2x) )
-

b ({=31=1(1=f(2)=00(x+3x-1)x-2)

F s

(b) p=l.g=-3
3 @) 2% x2¥r =27

leads to 5x+2y==3
(i) 7* x49°* =1 can be written as x+4y=

Solving 5x +2y=-3 and x+4y=0 Y r T o

leads to x = —%,_-.-=

y=x'-7x+6

I
in
=
—
A

Baw

o

Chapter 5 Factors of polynomials 10+

Discussion point Page 68
23 128 Keep adding 105 (=3 = 5 = 7) Lo find ¢ f(-5)=f-11=f1)=0(x+3Nx+1)x-1)
subscquent possible answers.

Exercise 5.1 Page 70 -

1 P+ -r-Tr—-4
2 Y3 +50-x-2 -
) r=x+Sxi-x-5

3 4¢84 3+ 100 -5 o PPN :
4 -4+ 12x-9 :
5 dr'-12x =97 =16
6 -6+ 137 -12xr+ 4 :
T ¥*=-2x-1 :
8 ¥-x-1 - - : T T = -
9 P-xtsx-1 - 4 —Z \/ £ 4 :
12 :
— ) .
“(il’ 2) Lr*l]] :
- =10+ .
Exercise 5.2 Page 75 .
1 a f(1)=0/ actor :
(1] l{-]}:-!nntal‘aﬂm d rl_]}=[{]}=I{S]=U {.[‘I'I._I[I—]HI—E} -
¢ f(1)=0factor .
d f(-1)=-8not a factor 10 4Y »
2 a f(-2)=f(-1)=F(3)=0(x+2)x = 1)x-3) :

Vi

, Y,

104 -£ -4 -z

104

-10- -204
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(x+ 1M +1)
(x=1THx*+1)
(x+2Hx2+x+1)
(x-24x2-x-1)

W AR B

tn

a+b=33a+b=27
a=11F==6

=
— S PV

Exercise 5.3 Page 77
1 a 1i2)=6
b f(=2)==10

e f(4)=136
d f(-4)=-144
2 a=-8.b=1
3} x=1-2.-3
4 a=1.-3
5 a=-Th=-6
6 a ¥
5-
4 y=x+ 2l -x-2
7
] ] ﬁ T ] '.I:
% -4 2 \J 2 4 X
4
5
b r=x3-4rl+x+6
.

c
_].-'n
6
44 y=4x +x3
2_

6 4 R
A
ra

d Vi

T

y=2+8¢+x -3

2

i

Past-paper questions Page 78

1 @) (2x-1){72% -4x+2)

2 (i) f(-3)=—9

(i) (x) =(2v - 1){2% = 3x - 2)

(iv) flx) = (2x - I {2 - 1)(

Leading to x =0.5.-2

3 (f§i) 6x° —17x + 20 =0 has
x==-2

x+2)

no real roots



Chapter &6 Simultaneous equations 103340

1157
) 12 5324
Exercise 6.1 Page 85 13 §5
1 a x=5y=7 .
Exercise 6.2 Page 88
1 x=2.y=3andx=2, y=-3 : 5
2 x=2, y=10andx=4,y=20 - 2
20+
15 |y =5x :
\\EE__ IE S I I
| g E
& 2 4 x :
} x=-Ly=-dandx=4 y=1
4 x=-15y=1landx=125v=0 :
5 A(4.3)B(3.4) :
b r=15x=4 :
Tax=1Ly=2 .
b The line is a tangent 1o the curve. '
Va .
104 .
_'|.'=_T'-—] E
2 a x=3y=17 y=ix :
b x=Ty=3 :
}Joa x=-2.y=2
b x=2y=-2 :
4 r=1lv=1 :
§ r=-5y=-2 E
6 a xr=3andy= T 1 - .
b x=3and y=0.5 < | : | 4 | % -
T a x=2andy=3 :
b x=2andy=15 1 :
8 xr=land y=-2 -

9 x=-3andv=4 8 a Nosolutions,




b The line does nol intersect Lhe curve. 3

& b

—
"ol
=
T
-
—

.
= A AA FE QA TE

T
&

=g
9 Il
=]

e

-

| =Y

R4

§ Pl

9 3cm =93 mm
51706cm?® = 51706 mm’

|
=
e A

Past-paper questions Page 89 T a Suretch in the y direction scale factor 3.
1 y=-05x+375 E':—i
2 3Iy+x-2=0
3 k<-2k=>=8%
_4_
Chapter 7 Logarithmic and 7.

exponential functions

Discussion point Page 90
In 1700 about 2' = 1024. In 1000 about -2 -
2% = 17000000000 or 17 billion.

A
Discussion point Page 91
This is more than the present world population £
and much more Lhan it was then. The calculation
depends on Lthe assumplion Lhal all your anceslors b Translation [—3]_
ol any generation are dilferent people and this is
clearly nol truc; cousins, whether close or distanl,
musl have marnied each other and so had some Ly
ANCesloTs IN COmMAOn. 44
. - - ¥ =lnlx + 2)
Discussion point Page 100 l-r___'r__________
Answers will vary. _,,..-"""-‘
- -4 gy 7 X

Exercise 7.1 Page 101
1 a3 =24

b0

c 2 4

d -2
2 a4 5

b 4

c 3

d
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¢ Stretch in the v direction scale factor 3 and

-2
sireich in the x direction scale [actor % I Translation { [IJ followed by stretch in the x

%

direction scale factor é

Va
4 »
-
4 i3
4 3
24 ¥ = Ini2x + &) : o
2'7‘_,_,-—-’-—‘_—___‘ E
-2 /’"—- :
-2 3 2 4 X :.
—- =21 E
- — - -
d Stretch in the v direction scale factor 3 and " :
translation [g} Bai y=logix=1) ‘:
b iv y=3nx
i ¢ v y=log(2-x) :
d vi y=In{x+2) s
4 - e i y=logix=1) :
f i y=-Inx :
=i 9 a % '
2 -
5 b 9 =
1 .
al c i"' 20 :
10 ¢ =0.993 .
" 1 x=315 E
12a 9.4 years (10 years) :
{] b 0.197% per month :
¢ i 113 months :
e Stretch in the y direction scale factor —3 and i 3435 davs -
. (1 :
RTsion [ r;}]' Exercise 7.2 Page 109 E
Vi 1 a :
61 -
4 - .

24 p=-3Inix+1)

i
-

-
-
"
-
-
=
-
"
B
"
-
-
"
s
B
-
-




i y=e® at{0.1) y=e*+1 at (0,2) and 3

v=e"" at(0,¢e)
b

; 5 7
E . 2
- 4 x
: =4 4 a (0.3)
' i ov=e" a0, 1) y=¢ at(0,1) and
: y=2e* at (0,2)
. ¢ Vi

r 1E}_

b 0.1}

K
(= S
e

l ii v=e'at{D1) y=¢" -3 at (In3,0) and i+

E (0.-2) and y=¢* % at (0.¢7), y=2-¢" |

. 2 A ™ ﬁ

m _}-J\ i

; CRR : -
. = € -7 2
. ]

: B - £ 21

: 6

- 44

: 2-

E T ""./ T I

: -2 / 7 4 X




c (0,3)

=Y

10 a
h
1la
h
<

£1782
3 vears
6309
065
2.0

Past-paper guestions Page 112

=
-
"
-
-
-
-
.
-
"

I
in
=
—
A

-2 1 () log, p+log,g=9
-2 2log, p+log, g=15
log, p=6 and log, g =3 5
-4 :
- 1 1 .
(i) log_a+log a=——+——=103 -
N P 07108 " log, p " Tog, g :
d (©.1) 2 a=bh"2a-b=3 :
' . 26" -b-3=0orda®-13a+9=0 :
¥ adinetoa? b3 :
B Ilﬂ]lﬂglﬂﬂ—.d,b—z :
41 =
¥ ' i BE=900 :
2 ——— i B =500+ 400 = 3456 E
1 L~ iv ll]!ZIDD=15{IU+4EI]t“3'
- et =2375 -
-2 0.2 =In 23.75 :
t = 16 (days :
a {days) :
51 Chapter 8 Straight line graphs :
'h ::_': Discussion point Page 114
{‘]‘_g‘ . The graph Lells us thal the natural length of the rope :
td 4_?'“'"" Le. when there is no load allached is 15m. It shows -
a proporltional relationship belween the rope and :
a $4377 Lhe load; the heavier the load, the longer the rope :
b 533"‘:‘“]5 becomes as il is strelched. 11 also Lells you thal for :
o 4?"%"" every exlra 40 kg of load il sirelches anolher
b 4250 seconds 5 melres, so for every extra 1 kilogram il strelches =
a i y=e'+2 0.125 melres or 12.5 em. :
b iv y=2—-¢* -
€ i y=e* Activity Page 119 :
d vi v=¢-"-1 -
e v y=3k*-5 3 Gradient of AB m, =4 :
f il y=2-¢* P :
a Gradient of BC m, = - :
“M '? 'E
100 - Exercise 8.1 Page 120 :
- N = . -
7 — -
M < 10000 1 ai 2 i -5 W W3 v (B.7) :
501 bi -4 S i V36 v (25.-25) :
ci B i -% i 29 v (15)
t di -l iis i V% iv(-05-65)
100

b 347 days
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3 a
[ 1]

6+3(V10)+ 3(+2)
Arca=9

Vi
12+

All sides +173

Midpoints both ( ]

Gradient PQ = - , g_r:.sdu,nl PS= "T-; 00 Ot
perpendicular. Rhumhm

)

104

|
Ln
|
|
|
|
|
Ln
{
'

midpoint BC {T? -

65
%
(14)
2

1:4
gradient BC = gradient AD - -3 soone pair

of parallel sides so trapezium.

C

(5.6)

—
=
B e A gTes T

—
i

i y=2xr-13
i x+3y=17
i Zr=3v+16
2:.':31‘—]3
dy +22x <+ 17=0
Gy +xr=18
2y=x-4
{3.0.5)

2Zy+x+1=0
y=3x+19
2y +3x+15=0

y==2x+ 1035

(0,10.5) (5.25.0)

Exercise 8.2 Page 124

1 a
2 a

b

ini b ii ci div

Iny = Ink = x Ina Plot Iny against x gradient In
i and intercept Ink

Iny = Ink + a Inx Plot Iny against Inx gradient
a and mtercept Ink

Iny = Ina + x Ink Plot Iny against x gradient
Ink and intercept Ina

d Iny =Ina + & Inx Plot Iny against Iny gradient
k and intercept Ina
3 b
it 2 i3 14 s 6
InA [I qﬂ?ﬁ 0_95‘55 l_&]‘} 1.&197 I‘J?#l _3.17]
Jhina
21 1 =
1 T = T
EENENEENEPUNE INNFINE]

Points arc close to a straight line.

¢ kml25huldd
d i 43days ii 645cm’
ll- b
HI‘.I l:l.ﬁ';'.?rl 1.31‘%3 IWIE Zﬂ?'?-'l Emﬁ 345-19
...'..'..5'....3?’-'.“.3.‘.‘....14.'.".1.‘?..?1'”4 27014127726 28273
s!m - w "
2] 1
14
ina
i 1 1.5 F 4 F ] 3

Points aré close 1o a straight line.

)

n=0304 P=T7938



3

Inx 02624 04700 06419 07885 09163 10296 Radius, Amgleat Angleat Arc  Area,

§hy=|?ﬁm lu‘m_

a=3In=235

2.?[!14 ’i.[lhﬁl "l-".'-HTH

3ﬁ?1H

b The incorrect value is the second one. Using
the answers given for part a. the correct value

should be 9.7
InF = Ink + rina
ll 52" 23 g
Inp 12809 14586 16487
a-12k=30
¢ 115 thousand people. Not reliable.

Past-paper questions Page 125
1 (i) (3.5)

(i) vy = 2x -1

(i) 15 square units
2 (HD(3.8) E(54.92)

(i) Area= %1;13 +3)x4
=32
3 (i) V20 ord47
(ii) Gradient AB = %1 gradient = -2
1line y—4=-2({x-1)
y==2x+6

(i) (3.0) (-1.8)

Chapter 9 Circular measure

Discussion point Page 128
26 cenlimelres per second.

Exercise 9.1 Page 133

1 a I
3
b 3=n
¢ llr
d

canTE A
L
S
=

i3
-

118245 (2.

[Ild-':"'

- r(cm)
5 [dzgrws} radians s{m}
8 120° 2 lex  6dx
3 3 3
1] 25.6° iz 5 25.0
a3
373 (il z 4 172
3
f 82° Tz 4 12
33 . :
553 5" 5n 724 20
12
4
n.h-s, " Angle at cen-  Arc length, Enm, ]
riem) - m-ﬂml stem) Agem?)
10 E 5 10z i Shp :
3 é 3 3
12 2 oM 144
2037 % 16 16297
6351 K3 12.28 4
i i 35
L 321‘1 cm’
167
h 5 l10F
3+
6 a 157cm’
b 9em?
¢ 15a-%m®
T a 338In
b 6736cm®
in
£ a T ‘
b 2Mrcm-
¢ 1647 em?
d 247 - 1642 = 52.77cm?

Past-paper questions Page 135

1 [i}hrca=%lﬂ sinl.5 - —IU{IS}
= 161.594 - ?4
-86.6
(i) AC=150r 10% 15
LBD = 36sin0.75

mn-t...ﬂ q:ﬂmeil ltngtl. A{m‘]:

BD = J]E: + 18" - (2x 18 x 18cos1.5)

=25

-9
=
=
191
3
4]
Ty
tn




Perimeter=15+24.5+ 16

2
b i2 “?ﬁ iii 3

1
2 ai i i 1
=555 N 2
x
2 @sind=8.9-0s1 bi2 Bz W
8 =1.696 3'i% "% i /3
o (i) Arc length = (2% — 1.696) x 8 = 36.697 b i = ii2 gL
$: Perimeter = 12 + (2 — 1.696) x & V3 V3
in ot _ 4 a B=60"C=30"
c - =487
-q: L]
P @ Area=82n-1.696)+ s b 5
(i) Arca zi-n 1.696) + Esml.ﬁ% S 8 B=30°C=60"
: 1S b AB=2J3 BC=4
, 3 (@ Area of sector = IE % x? x 08 6 %T?
: Area of triangle = : 45> 45
3% 5c0s0.8 x Ssin 0.8 = 6.247cm” b secL=+Z cosecL=+Z tanL =1
: 0.08x" = 6.247 8 b 1407
: x=8.837 2 a 0<a<9
: (i) Perimeter = 1985 em (2 d.p.) D<a< %
: (iii) Arca POSR=4 = 6247 b No
E =25cm’ ¢ No
Chapter 10 Trigonometry Discussion Peint Page 151
- ) . i 1 The graphs conlinue Lhe same wave pallerns Lo
: Discussion point Page 138 the lefL.
. You can lake measuremenits [rom Lhe picture. Then 2 7
-~ use Lhem Lo make a scale drawing of Lhe cross— 1
: section of Lhe pyramid thal goes through ils verlex,
: and measure Lhe angle with a protraclor. +1
‘ This is nol a very accurale melhod. The allernalive
' 5 Lo use (rigonomelry o calculale the answer. I a0 3
: Exercise 10.1 Page 144
: 1 & 297 =841 = 400 + 441 = 207 + 217 -
b sinQ= 2
: c0s ) = % Starting with ¥ = sin x for 0" to ¥F.
: tan Q= 20 * reflect it in the line x = 90 to obtain the part of
E T the curve from 907 1o 180,
c i [ﬂ ) +{—Il ~40+48 _, * rolale the curve from 0 1o 180F through 1807
- 29 29 841 ) . -
: 20 21 20 about the point (180°,0) 1o obtain the part of the
: i tanQ= o i | curve beiween 180° and 360°. You now have the
. 5 a 6cm ; complete curve of y =sinx from (F o 360°.
6 a 22cm To obtain the curve of v = cosx, translate the curve
: T a 4 for ¥ =sinx from (" to 360° by <9 in the horizontal
8 a 2cm direction. Then translate the part of the curve
: between —HF and (F by +360° in the honizontal
:  Exercise 10.2 Page 147 SO
1 ai % i Q iii % Discussion point Page 154
. - 3 The curves do nol change.




Exercise 10.3 Page 155 NE
2

e —
b2y fo
1
2 —
t R
- ¥ =CosX h !
y=05 J :E e
\ /— i i3
o > 3¢ 5 a 150 : 3
b 139.7° s
¢ R14° :
b 60 or 300° 6 a Graph has a line of symmetry at x = 9L :
¢ (60 +360n)" or (300 + 360n)° Ay :
a2 :
2 2 :
2 a W
1 -
/\ [/ \r=0s f
[\ z
Iz 0 T % 1W :
__'I-' nx _]. =N X E
14 =
-7 '
b —1.2x-18%, 0.2% 085 :
C Vi .E
y=usx b i False ii True iii False iv True :
% /TN=02 /74 ccaco
\‘ / \ / b Mo, If cost and sine are both positive. lana is :
e 3 2z X positive. -
. 2 2 Z ¢ No.If cosa = tane. tana = L :
~1- If sine = l.ms%#l '
8 a BD°320F :
d -02r -18%.02%. 8% b 2°,200° C
e For acute angles sin ' 0.6 = cos ' (.8 and € 0, 323_ R :
for other angles where both sin and cos are d 3"]“' 12']’: 2107, 300 .
positive. For other angles, one or other 15 ¢ E"'] g .3l_'l-l]‘_ o - .
negative. F 5 1057, 555°%, 285" -
3 g 60° 240° g 10°, S0, ]3“"’, 1?“”, .?_iﬂ", 2001° E
b m;' 150° h 07,907 180°, 2707, 360" .
e ]5{.}‘ 210 i 15° 75° 135" 1957, 255° 315° :
d 307, 210° 9 a 0.1 radians and 0,037 radians. .
e 134.4°,2256° b iz :
I ?3—5"-"231-'? ¢ =111 radians and — 0.35x% radians. :
g 1995°.3405° d .41 radians and —0.13x :
h 180 1 .
: e Dand 3% :
4 a B ) _ ] :
; Discussion point Page 158 :
b 3 Strelching the poinl (907, 1) by a scale [aclor of :
c 1 2 parallel 1o the y—axis gives Lhe point {907, 2). -
B Translating this through 3 unils in the y—direction .
d 5 gives (907, 5). Il the translation is done belore the :




strelch. Lhe point (9%0°, 1) moves through (907, 4) 1o b Amplitude 2, period 3607,

(90F, 8), which is incorrecl. v a
Exercise 10.4 Page 161 |
1 i a

w ba 1]
B
%} 3
i
< 24
11 -24
y=9nx
30 1 270° x
=14
A
b Amplitude 2. period 3607,
3 ¢ The order of the transformation matlers
2 i aandb
b Amphiude 2, period 3605, Vi
i a
Ihy y=cosXx
- \ AR /.
1 -
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=
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¢ Amplitude 1 period 7207
ii aandb

Fa
¥=@sX

N\ .
-360° _180° 180° I60°
-3

b Amphiude 1, period 3605,

il a ¢ Amplitude 1 period 360",
3ay e
Vi
2]

¥ =05
1_
X
- 1B0° 05260

=360° =2 NJ" =1E0° L0907

¢ Amplitude 1 period 7207




iv aandb

»a

¢ Amplitude 1 peniod 7207,
d The order of the transformation matters
3 i aandh

O

Ei"D“—'I “
=
a4l
¢ Amplitude 1. period 7207
ii aandb
Ma
2

/\\ /;

' e 1W=

=270

= —éD‘

¢ Amplitude 1. period 3680
iii aandb
_L'n.

RN
WAL A
wIW@u

-270°189° -90°
¢ Amplitude 1, peniod 720P.

iv aand b
¥a

24

270 w 90° 18 270° #0°¥

¢ Amplitude 1. period 720"
d The order does not matter when the
transformations are in different directions.
4 a Strelch in the y—direction scale factor 3
I.'ullum:d by a stretch in the r—direction scale

Em:mr {enth-:r order).

h Stmlth in the y—direction scale factor 2

followed by a translation of one unit vertically

upwards
¢ Stretch m the y direction scale factor 2
followed by a translation to the right by 180
(ether order).
d Translation to the lefi % followed by a
stretch in the y—direction scale factor 3 and a
translation 3 units vertically upwards
5 A strelch. scale factor 2. parallel to y—axs and a
translation of 1 unit vertically upwards
6 ¥ =1tan 2x;a sireich, scale r&r.:mr 5 .parallel 1o the
X—axis.
T Sireich in the x—direction scale factor l; followed
by a stretch in the y—direction scale factor 3 and
a translation vertically downwards by 2. (The
stretch in the x—direction can be al any siage.)

Exercise 10.5 Page 168
£ 50747 125.26°
R.Ix, 411.' 'irr
7 3235 a.m:l
o a -Im l'.': 2a
b Itis not possible 1o solve.
10 8 =-270°, -90°, 90°, 270¢
11 b =07 360F; 3645 W)3.55°
12b (:x:2m

X_S5K
DI'ELT

Past-paper questions Page 168
1 a sin“x=
siny = ( ]%

x =30, 150F, 2107, 330"

Baw

TIitiILL

TIitiI L

I
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=
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b (sec’3y-1)-2sec3v-2=0
sec’ 3y —2sec3y-3=0
(scc3v +1)(sec3y-3)=0

1 ] et

leading Lo cos 3y = -1,c0s 3v =
3y = 180", 540° 3y = 70.5°, 289.5", 430.5"

v=060° 180" 235 96.5°, 143.5"
._E_EAix
€ I-3=3773
._ 2K 3m
=33
2ai A=3B=2
i C=4
b uu::»m%’r
Amplitude = 5
3 LHS = 1 + cos@ " 1-cos@
{1 -cosB)1 +cosB) (1 +cos@)] - cosB)
2
T1-cos'B
_ 2
Tsn 6

= 2cosec:® = RHS

Chapter 11 Permutations and
combinations

Discussion point Page 173
There are 6 x 6 x 6 x 6 = 1296 possibilities.

Suppose il lakes 10 seconds Lo check each
combinalion, so you check six combinalions in
1 minule.

It will take 1296 = (6 = 6) = 3.6 hours or
3 hours 36 minules.

Exercise 11.1 Page 175
1

"

3040
T2
12,
2,
1

2 =

+1
-2
in+1)in+2)
nn+1)
Ot x 31

(61°

15!

x5
(n+2)
x4l
LA M
b (n+l1)n=-1)

e
B TE T

=

B M0

9 120
10 120
11 15!
12a 6
b 8'=40320
¢ 9 = 362880
d 6!=720
e T =35040
I 8 =40320
13a &
b ™
¢ 5040
d 35250

Discussion point [1) Page 178

Mo, il does nol maller in which order Lhe machine
picked them since tLhis is a combinalion, nol a
permulalion.

Discussion point (3) Page 178

As Llhe amounl of numbers Lo choose [rom increases,
Lhe probabilily decreases because Lhere are more
possible combinations.

Discussion point [1) Page 179

A Al ap __ nl
o ri{in—r)! Fr = in—r)!
ar - 1 m 1. . _"F
Ce= G-~ A% =1

Discussion point (2) Page 179
"Co= n!
c T fln—r)

S n! _ o
= "Co = Oin-0) " Txni-}

Smmilarly for *C, .

Exercise 11.2 Page 179

1 ai 210 ii 3024 i 1814400
b i 35 ii 126 iii 45
2730

1287

576

a 1716

b (3
a 210
b

N s e

=

= b

i
T a 210

s &l

e e b



S008
2940
-
84
1001
4M
¢ 336
10 32
1Ma i 15120
i 1680
12 S0s0
13a 495
b 360
14 a 21772800
b 126
15a 56756700
b 3ART0720
c 192
16 a T9H336MN
b 3628500

TEQA TB

Past-paper questions Page 181

Hx13x12x11x10x9 _ 14!
VO == ax3xax1 T 8x6i
3003

(ii) Either 3 students « 1 teacher or 4 siudents = 2

teachers
56x6or M= 15
13856
(iii) 30
2 (a) (i) 360
(i) 120
ib) (i) 924
(i) 28
(iii) 924 - (*C, x*'C;)-("C, x*C,)
(e 924 - 3M 3W - 2M 4W)

924 -224-28
=672
3 (@) () 15120
(i) 210
Chapter 12 Series

Discussion point Page 184

50 x 2%mg = 4.6 x 10" tonnes. In 2017 the world
production of wheat was about 75 » 10F tonnes.
King Shirham made an agreement that he could not
possibly fulfil!

Real world activity Page 188

-I n— 1
2
2 Muhiply the number in column 2 by ";12

Exercise 12.1 Page 191
1 1+dx+ 6 + 2
1+ 8+ 24x7 + 3207 + 16
14+12x+ 5457 + 108x7 + 81x*
16 + 32x + 2417 + & + 1f
81 = 108x + 54x% = 1607 + x*
256 + 256x + 9ax + 16 = 1°
Ay 6’y v dxyvi ey
x¥+ By + Mxty? + 3207 + 16y°
* +120%y+ 54x7y? + 1080y’ + 81y*
10
21
35
21
1
286
15
21
28
243 = 405k + 270k x?
T2x® = 4374x" + 1093557
a 6420
a -5.-5
b 5.5
Wa 1-12x+60:° - 16027

b 64 - 576x + 216057 - 43205

© 729 - 5832x + 19440x7 - 345607
Ma x"+527 +10x* +10x

b 1" -5z +10x* - 10x

¢ x¥+51" 41057 +10x°

d x% -5+ 10x7 - 1057

4

s
A FE=A LS TR AR DR AR

L= - -

12n=5a=3
Exercise 12.2 Page 196
1 a ves: 2,40
b no
€ no
d ves: 4,29
e vis -4 -12
2all
h 19
a d=72
b 16 terms
4 a s
b 2055
5 a 16,2024
h 456
6 a 15
b 1140
T a g=8d4d=6
b 10
B a2
b 480
o a 10000
b 10200
c 20200

%
in
3
=




"
@
=
o]

=

10 a

11 a

]

12 a

b

13 a

In

14 a

I

15 a

b

16 a

b
C
d

Answer ¢ 15 the total of the other two (a8 and
b} answers,

s L]

Sum negative for more than M) terms

T =9, 17h

% n* — %n .25
54000

10

AT davs

| 26.9Kkm

16

Jacm
a=—=25and d =15
=16

3

105

2nt+n

Gt +n

Discussion point Page 201
50 2% mg = 4.6 = 10* tonnes. In 2017 the world
production of wheat was about 75 = 10F tonnes.

Discussion point Page 205
Something elsc

Exercise 12.3 Page 205

1

F B TEASFEFEFETE TR TER TN TR

]

vies 2,192
no

vis —1, 10
ves: 11
o

ves: l_
no
320
£33

4
49152
16

H:h

10

T1al

]

199 /0375

5
32

Wa 0.7

11a

12 a

b 14t
100K

£

3
d 13

L ] = Y L] —

iq'.r.' 41

)
5\'.:__]'
e

d 324

e 12 terms

10,5.2.5.1.25, 0625

b 0.5 758759375

¢ First is geomeinic with common ratio 0.5,

14a &0

15a

18 a

b 400 cym

15x[3)

b 727 m

4 and -4

b When x = —4: sum of the first ten
terms = 6249, 145,

When x = 4; sum of the first ten
terms = 1,043,575,

Past-paper questions Page 207

1

2
3

1200 27} amd (4533 p%%)
IE[T_;J?{;" = ]'Tﬂlﬂ”r‘l_'
252p*g" = 252

g =1 and 4 = 9p

leadi i = = 3
cading 1o g 3,11 2

{iy -275 (i) 385

(i) &4+ 192% + 2402 + 160017

(iii) 64

Chapter 13 Vectors in two
dimensions

Discussion point Page 210
They tell you both the speed and the direction of
the wind.

Exercise 13.1 Page 213

1




%
in
3
=~

Bi2.7)

) A-1.4)
. [—2J

d lengths of the vectors
i PO
ii OR
i RS

o = AB=3i+3 ;
All the lengths of the vectors = v 1L BC = 3i—7j

¢ PORS s a square because all angles are equal AC=6i-4 -
Lo 90 b BC is the longest side of the triangle.

[ ™ .
3 abed ¥ 5.6 :
.

2.0 ! :

Al=-3 =4}
N b OA =-3i-4j
] 2i : OB = 2j .
] OC = 5i + 6
2i -3 oD =2i :

=y




¢ AB=3i+6) 5ai 2+3
DC = 3i + 6 (2
BC=351+4 - [3]
AD = 5i + 4 b1 Q-7

d ABCD is a parallelogram.
|
7 a & i
)

C2.3) [..

—
"ol
=
T
-
—

D3

o
~Y
=
-
—
[=1
-

&
——
Lad Lad
L
=z
——
fy 4
et

¢ Isosceles trapezoid. i 4+
Exercise 13.2 Page 220 ” [#J
’ 2
3
ale kﬁ] 6 a h-a
2 b a-b
b 2] € a
53 d -a
T 5J e b
2 a -i+5 f -b
b 13 g —a~b-a=b-2a
a 4i+6 h a-b+a=2a-b
b 6i-4 &Y
d 5i+20j
e —di+ 25 DC:[I]
f i+ 26 3 )
g 1i-15 {5
1
BD—[_]]
c {%:%}

d Gradient of AC = 2

N ]

Gradieni of BD = = =



1l a

1
J10 ya
-3 B (24,1%)
V10
i C (28,12) :
] A{4.4) : &
ji v S E ::
V2 -
v A b AB =20 =15
BC = 24i - 7j :
Ci2.8 AC = 44i + 8j :
¢ |ABl =25 :
|IBC| =25 :
lAC] =207(5) :
_ d lsosceles triangle. :
B54) 12i Salman walks faster by 021 km per hour :
il L1250 - 20,444 :
Distance = 2047 kms :
13 Direction = 1984.43°
- Distance = 37947 .
* Time = 1 hour 54 minutes :
AE3-2) Past-paper questions Page 222 :
| AB| = 8i + 6 1 (i) 40 + 96j
IBC| =-3i+ 4 (i) (40 + 100)i + (96 + 240)j :
ICAl =-5i-10j (i¥) (120-220)i = (81 + 300)j :
\ABl =10 (v) 1830 hours, 65§ + 156] :
IBC| =5 —_ — — :
ICA| =5v5 2 (i) AB=0B-0A :
Scalene tnangle. 9 + 45)
i OC=ai e 0 by :
il AB=4i+4j Iﬂl{l:;=ﬂﬂ+jﬂﬂ 5
i BC=4i-4 OC = 5i+12j .
iv AD = 4i - §j — E
v CD=—4i- 8§ O] — 5 +12¢ :
vi AC = 8i =13 :
loc| =4 ) =>4 i :
|AB| = 16v2 i) OD =3i-2j :
IBC| = 1642 ' -
—» :
|AD| =4v5 3 OC=35i+12j :
ICD| =445 ﬁ T :
. I =452 +122=13 -
|lac| =8 :
AOQB; BOC and ABC are both isosceles :

triangles and right triangles.
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Chapter 14 Differentiation

Discussion point Page 225

The connection is Lhal gravily applies Lo an apple
[alling and Lo Lhe planels in Lheir orbils. Newlon
realsed thal the planets were held in therr orbils
round the Sun by the force of gravily bul he needed
calculus Lo work oul Lheir equalions.

Exercise 14.1 Page 230
1 4

i’

0

aa o

an T e

B

B A &b
0
o)

6 (0. -90.(-30)-6(20)6
7 a

Vi

b (-3,-5) (2,0)
c 6.4

Discussion point Page 231

As Lhe curve does nol lurn, Lthe gradienl is
negalive both Lo the lefl and Lo the night of D,
D is a slalionary poinl.

Exercise 14.2 Page 234

%:1—4;1—-:‘]_1"‘.-

i
il maximum
i 1123

i Va
£

1

2 i %:12+ﬁx—ﬁ13 x=-12

il minimum ai x =<1, maximum at x = 2
il (-1,7)(2.20)

w

Vi ¥=12x+ 3x - Ix°

20-

10=
T T -
- 2 4 X

dv -
3 i d—':=3.:r- - 8x x=[l.%

Lak| 8

il maximum at x = ) minimum at x =



8 13 5
i (0.9) (3.-5) 6§ L=3:7-48 x=44
in va ii maximum at x = -4 minimum at x =4
204 il (-4, 128), (4, -128)
| " y
ye . =
1 . 1@
10 1 y=x°-48r : 2
: @
~10 10 20 % -
_Tg :
=100 :
i ﬂ_ 3_ gyl _ . dy - _ :
i d.r'4'r 6x- +2x x=0051 7 i E:j;-q.]h_m x=-6.2 -
ii minimum at x = 0. maximum at x = 0.5, B maximum at x = -6 minimum at x = 2 :
minimum at x = 1 iii (~6,241),(2.-15)
iii (0,0)(05,0.0625),(1,0) iv -
Vi -
i ys ' :
0.6- | :
0.4- T P _ -
ya=xiix=1] y=x)+ 80" -36x+25 :
10§ - :
0.2- :
H ' - :_-r T T :-
0.5 05 1 1.5 2 1 \v 10 20X E
i %=413—lﬁx x=-20.2 8 i :jl—';zﬁxl-ﬂ-ﬂ.rvl-l x=1.4 E
ii mummum al x = -2, maximum at x=10 il maximum at x= | mummum al x =4 :
minimum at x =2 iii (1.19).{4,-8) :
il (-2,-12),(0,4),(2.-12) v :
iv i 301 :
10- y=2x'-15x2+ 24r + 8 -
204 -
104 .
a 2| a4 6 x { . 3
o
9 a p=4.g=-3
y=x'-Bc+4 b maximum value % when x = % E
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10 a minimum at (<05, <(L.3125)
maximum at (0, 0), minimum at {1.-2)

h __I‘JI.
y=x2{3d-2x - 3)
7 -
-1 05 1 15 2%
7 -

Exercise 14.3 Page 238

1 a %=3.r:—6.r+2-i;'f=h.r—ﬁ
dv _ ...5 L .
b E_l"t —-12x ,F—._-H. —24x
dv d’y 3
i E'SI —5,F-—-2ﬂj
2 a maximum at (073, 2.875)

b maximum al (13.6.143 ), mimimum at (1.6)

¢ minimum at (L5, 0.75) maxamuom at (0, 1).
minimum at (0.5, 0.75)

d maximum at (=1, 4) minimum at (1, -3)

b At x=-2 g_: = =30 maximum.

Atx=3 d: = 3 maximum.

¢ (-2,48).(3.-77)

-y

4 The maximum area is equal to 3200m°
It occurs 40m away from the wall: B)m parallel
to the wall.

5a V=ari(3-r)
b V., =47 thsoccurswhenr=2and i =1

— e _ 2 d:P _2
6 a x=06 y=>0 FP=24 cm-and =3

SO0 T L

) 2 d* A
b r=6.y=6 A=3cm’and — = -2
x ¥ cm’ a g

S0 MaXimum

Exercise 14.4 Page 241
1

B A T ou

y=2x-2
y=l-xordy=-x+1
d O(0,-2) R (0.0.5)
The area of the triangle is equal to 3125,
4 a Mx)=3x"-6x+4
bi 5
i x+4v-22=0
Wi dy+x=22
-1.3
dy

E=3.r-—18.t+b

=1
y=-x+5
01(4,-3)

y=-x+l

aoF B oA

A

th

B 8 B A F B

2p-g=16
dy 1,2 p
ax =
12

(-2.24)
(0,8)

12y=x+96

=

L T I - TR



=

2]

FaA FBE

yv=3x-5
1

3
-9
10-2x

y==2x+15

2y=x

2y = x (The eguation of the normal.)

(D,10) tangent ¥ = 2x normal 2y + x =0

(1,0) tangent 2y + x = 1 normal y = 2x - 2
Oppaosite sides are parallel and adjacent sides
are perpendicular so it is a rectangle.

Exercise 14.5 Page 253

1 a
b
c

= A & " F B M = a8 @

fod
[ ]

=

—_—

=

L1 ]

Zcosx —2seciy
Soos8
—2 sinfl — 2 cosb

B i g

Ko
1
2e* - =
x
XCOSY + sInx
—XSNX + COsX
>
XSEC™ X+ lanx
efcosr+etEng
-c"sinx +e* cosXx
-
e'sec-xr+e"lany
ICOSX — SN X
LD D et B
o
SINX — X005 X
sin’x
_Xxsinx+2cosx
j:

e
IrO0ST 4 T sing
cos’x

5
fanxy— xrsec” x
-
ian-x
]
rsec- xr—iany
E ]
T
4{x+ 37

8(2x+3)°
Sx(x® +3)

d 3x+3)

_ 1
Vi2x+3)
-
Vix?+3)

L
]

-t B n

=
=

1 b

11c

1
{l1+cosx)

—gosx — |
Nty
COS2T + COSY
Ccos2y — sinx
cosdr + cosx + 2eos2y + cosix
2 cos2x + 2 cos'x siny — siny — sin'x

a e'(sinx + cosx)

e ' 5inx + ¢ cosx
- ]
s
COSX + SINX
E-I

Ar(0.-1) % = cos (0) = sin(0)
The equation of the tangent is equal 1o
y=x-1

The equation of the normal is y =-x -1

Al{.t.l]%=msx+{rin:=—l

The equation of the tangent is equal 1o
y=—=x+mg+1

The equation of the normal is equal 1o
v=x—a+1

dy L

qy = 2sec’x
Ar{i.-1)

dv _ Zally — %
m—zw{ ") =

The equation of tangent =y = 2r =1

The cqualiunu[lhtnmma]:}'=—(%).x—l
Ea L [ E) - ot

AU F )5 = 2sec?(F] = 25(V2) =4

The equation of the tangenl:y=4x -7+ 1

The equation of the normal; y = -%1 + ]‘% +1

The equation of the tangent is equal to ¥ =
The equation of the normal 15 cqual 1o

EI-L

The equation of the tangent is equal 1o;
y=ex-x+1
The equation of the normal 1s equal 1o:

=1 1
-}_Lﬂ—l 'I+{e—1'|+n

=
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Past-paper questions Page 254
iy 94 _g 216
1 (i) E_SI s
When 94 -, ;- 337 =3
Dimensions are 3 by 6 by 4
{iii) Change in A = —38p, decrease

2 @) -2sin2x and %ur.[%i

%Eﬂﬁ me{%) - 2sin Exsin[.‘%]

(ii) sec’x and%

(sec’x)(1+1nx)- l.ltunx}

|l+1nx}:

=
=

B
2x+1

3 @ %E =12x2In(2x + 1)+

Chapter 15 Integration

Discussion point Page 257

A marathon. She had clearly inished before 3 hours.
You can estimale Lhe dislance she ran in each hall
hour, using the average speed. Thal suggesis thal by

2.5 hours she had run 41 760 metres and sull had

435 metres Lo go. S0 an estimale s Lhal she look a
bit over 2 hours and 31 minules.

Exercise 15.1 Page 2461

1 a yv=2r"+2x+c
3_ 3
b V=2xr'-Fx-x+c

y= 31—%.1# +C

c
d y=x'=-2x'-dxsc
_3 3.1
Z a f{.rl—f.t +3ir+o
1,1 a4 1.2 i
b f{.t]—5.1 +2.t 2.: +Bx+c
D R
€ ﬂ'.r'l—jr—j,r +xi-8x+c
d [{1I=11.t‘—?.::+49.r+r
3 a 5x+c
b %x"*r
e xl-3x+¢
d %x*—213+3.r+r
4 a ‘lx—l::-%,tj-r
b %.t-‘-%:z-}xarr
c %x‘+r‘+x+c
4 i _1
d -2 +x+c

= =4
: e
= n
=

] g

=

i i
" £
+ "L
- i
&

&

"
=h
L
|
L
-
I~.l|| —
#\J
|
&
1
=

=
=
[
i

IF

| s
-

i
-+
K
i

-

|

-
g
]
]
-
|
L FY | ]
-
tl
|
Ladi| Bed

a

b v=xi+3r+c

e v=x'+3x-11

a y=x'-2+x-12
9 a3 y=2r"-x+¢

b 3':2_1:-x+r

¢ y=2x'-x+1

d Curve passes above the point.
0o

11 a $=k_ﬂx—2}furanykvﬂ

1] J'=%:=—:7+2

Exercise 15.2 Page 264
1 7



LI 1 2 a v=M - 1U+9 s=1 -6+
h 3«
3 a 3ms?
b 25, —4m
1_ fr=1+4f-5# 4 a v

-9
=
=
191
3
4]
Ty
tn

=
—
Pod gy e

g o :
4av=28 2 :
a v=3t.a=2" :

» 63 b 6s 5

¢ 216m, 144 ms! e 90m :

5 a :f_as.i:s_ , 5 a v=4dr+62 :
b Sms -.—:hlms - b 48m :

: 3.125ms 6 a a=3%"-8+4 .
&\ =

b % 25 Particle is slowing down

0 { c 825m :

;7 8 :

Past-paper guestions Page 288 .

101 1@ =366 :
When %:ﬂ_;:ﬁ i

—20- B

{li) Whenv=0,r=12 '

(i) s = 1872 — F (+¢) :

Whenr=12.5 = 864 :

‘ ) ) (i) Whens =0, r=18 :
Discussion Point page 286 v=—324 -
If the velocity is v = 31 + 2, the acceleration is given o :
. P Since this iavol . ) S0 speed is 324 :
bya= T 6. Since this involves £l 15 not constant. 2 (i) Velocity = 9m pis .
50 you cannot use the constant acceleration formula (i) Acceleration = —78
and must use calculus instead. You can also use i) Dis OP = 171 -
calculus if the acceleration is constant. (iif) Drstance - ) :
3 Mr=ve'-1o0r1’+l=¢ :

Exercise 16.2 Page 287 i=121 .
1a v=2=-3+l.s5=0*=*+1 {ii) distance = In 10 - In 5 :
b |==2r2+4_5=%:3+4r+3 = In 2 or 0.693 '

c v=drt-@r+2 s=r' -2+ 2 +1 (ﬁ}“=£:zil-'-'=0-3

L Folité, Inl+I+Y vy a2 (P H1)2-2020)

© I-‘:aﬂ-[-—%f:-—I_j“:lll+%l'1+l-—3 (rr +1)°
When r=2, a= -0 or-024. :

B-
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Index

A

absolute value see modulus
acceleration 278, 280
variable 280-2
amplitude of an oscillating graph
150, 171
angles
positive and negative 143
radian measure 131-2
see also trigonometry
arc length 129-30
in radians 132-3
arithmetic progressions 192-4
key points 208-9
sum of terms 1946
arithmetic senes 192
arrangements 173-5, 183
ascending powers of x 190
asymptotes 93, 152

B

base of a logarithm 92
changing the base %8
binomial coefficients 186
formula for 187-9
tablec of 187

binomial expansion 185-7
of [1+xF 190
key points 208

C

calculus see differentiation;
integration
CAST rule 150
chain rule, differentiation
252-3, 754
circles
arc length 129-30, 132-3, 137
notation 128
cector area 129-30, 132-3,
137
segments of 134
circular functions 292
see also trigonometry
column vectors 211-12
combinations 173, 177-%, 183
common difference, anthmetic
progressions 192
common ratio, geometric
progressions 198-%

completing the square 24-6, 40
component form, vectors 211-12
composite functions 11-13, 18

differentiation 252-3
convergent senes 202-4
cosecant [cosec) 146

tngonometnical identiies
165-6
cosine [cos] 138-40, 170
07 and 90° 142-3
30° and 60° 140-1
£5% 141-2
angles of any size 148-50
differentiation 243-6
integration 270-3
trigonometrical identities
163-5
cosime graph 151, 171
transformations 15%-60
cotangent lcot] 146
trigonometrical identities
165-6
cubic equations T0-2, 79
using factor theorem 74-5
cubic expressions &8, 79
cubic inegualities 52-3

D

definite integrals 262-3, 275
area between a graph and the
x-axis 264-8
dermvative [gradient function]
226-30
stationary points 231-8
see also differentiation
descending powers of x 190
differential eqguations 258
differentiation 228-%
chain rule 252-3
eguations of tangents and
normals 239-40
efandlnx 246-7
gradient function 226-8
key points 256
notation 291
product rule 249-50
guotient rule 250-1
second dervatives 235-8
ciationary points 231-8

sums and differences of
functions 229-30

tngonometrical functions
263-6
discriminant, quadratic
equations 29-30, 33, 40
displacement 280
determination from welocity
2BL-6
displacement-time graphs 278,
279,289
distance 280
distance-time graphs 278, 289
divergent series 203
domain of a function 2-3, 18, 26

g see differentiation

E

e 104
see also exponential functions
elimination method,
cimultaneous equations
82-3,85
equation of a straight line 115-17
exponential functions 10&
differentiation 246-%
graphs of e* 105-7
integration 270-2
key points 113
notation 271
exponential growth and decay
108-9
expanential relationships 123-£

F

factonals 1734, 183
factor theorem 73-5, 79
family trees 90-1
feasible region of an inequality
£2, 57
flow charts 2
fractional indices 5%-&0
functions 2, 18
composition of 11-13
demain and range 2-3
inverse 7-%
key points 1B
modulus function 13-14, 42-3
notation 291
types of &6-7F
see glso exponential functions;
guadratic functions



G

Gauss, Carl Fniederich 194
general solution of a differential
eguation 258
geometric progressions 198-200
infinite 202-4
key points 208-9
sum of terms 200-2
geometnic series 198
gradient function [derivative]
226-30
stationary points 231-8
see also differentiation
gradient of a straight Line 116
parallel lines 118
perpendicular ines 119-20
graphs
area under a curve 264-8
converting a curve to a
straight line 121-4
of exponential functions 104-F
gradient function [derivative]
226-30
of logarithms 73-6
of modulus function 43
of motion in a straight line
277-9, 289
solving cubic equations 70-2
solving cubic inequalities 52-3
sobving modulus equations
&4 5
solving modulus inequalities
£7-50
sobving simultaneous
eguations 81
ctationary points 231-8
straight line graphs 114-24
of tigonometrical functions
150-61
y=Ab 1234
y=axm 121-2
see also quadratic curves

I
i 211
identities, trigonometncal 163-6
indefinite integrals 258-61, 275
indices [singular: index] 58
fractional 59-60
key points &7
multiplying and dividing 58
negative 57
raising to a power 59
zero index 5%
see also loganthms

inequalities
cubic 52-3
illustration of regions 49-50
illustration on a number line
£6-T7
modulus inequalities £6-50,
57
practical uses 42
guadratic 35-6, 40
using loganthms 100-1
infinite geometric progressions
202-4
infinite sequences and series
185
inflection, points of 231-2
integration 258-41
area between a graph and the
x-axis 264-8
definite integrals 262-8
e* and ln x 270-2
key points 2756
notation 291
tngonometnical funchions
270-3
inverse functions 7-9, 12,18

J
j 211

L

length of a line 117-18
leganthms 92
changing the base 78
converting a curved graph to a
straight line 121-&, 127
differentiating ln x 2456-9
graphs of 93-7
integrating ln x 270
key points 113
laws of 76-T7
notation 291
use to solve eguations 98-%
use to solve inequalities
100-1

M

magnitude see modulus
major sector of a circle 129
many-many mappings 5, 18
many-one functions &, 6-7, 18
mappings 1, 18
four types of 3-5
key points 18
maximum turning points 231-8
guadratic functions 21-4

midpoint of a line 117, 127
minimum turning points 231-8
guadratic functions 21-6
miner sector of a circle 129
modulus 13-14, 18, £2-3, 54
of cubic functions 52
of a vector 212
modulus equations 43-5, 56
modulus inegualities £&8-50, 57
motion in a siraight line 278-80
definitions, units and notation
280
finding displacement from
velocity 284-6
finding velocity from
acceleration Z84-5
graphs of 277-8
key points 28%
with vanable acceleration
ZB0-2

N

negative indices 59

negative vectors 212

MNewton, lsaac 225

normals to a curve, equations of
240, 246, 249

notation 270-2

0

one-many mappings 5, 18
one-one functions &, &, 18
order of a polynomial 20, 68

parallel lines 118, 127
particles 278
particular solution of a
differential equation 258
Pascals tnangle [Chinese
triangle] 186
perfect squares 25, 40
periodic functions
cosine graph 151
cine graph 150
tangent graph 151-2
pernod of an osallation 150, 171
permutations 176-7, 183
perpendicular lines 119-20, 127
points of inflection 52
polynomials 20, 68, 185
factor theorem 73-5
finding factors 72

key points 79
multiplication and division &%
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remainder theorem 76-7
solving cubic equations 70-2
see also quadratic equations;
guadratic functions
position vectors 211
powers see indices; logarithms
principal values of
tngonometrical functions
153
product rule, differentiation
249-50, 256

Q

guadratic curves 20
for certain values of x 26
intersection with a straight
line 30-3
guadratic equations
completing the square 246
discriminant 29-30, 33, 40
factorising 22-4
key points 39-40
solving equations involving
sguare roots 51
guadratic expressions &8
guadratic formula 28-30
guadratic functions 20-1
key points 39
MaxiMmum or minimum points
-2
use in problem solving 34
guadratic inequalities 35-4, £0
guadrats 41
quartic expressions &8
quintic expressions &8
guotient rule, differentiation
250-1, 256

R

radian measure 131-2, 137
arc length and area of a sector
1323
range [image set] of a function
2-3.18. 25
reflections of logarithmic graphs
93,95
remainder theorem 76-7, 79
resultant vectors 215-16
roots of a polynomial
cubic equations 70-2
guadratic equations 28

S

scalars 210
secant [sec] 146

tngonometnical identiies
165-6
second dervatives 235-8
sectors of a circle, area of 129,
132-3
segments of a circle 134
ceguences 184-5
arithmetic progressions 192-6
geomeiric progressions
178-204
key points 208-9
series 185
arithmetic 192, 194-6
convergent and divergent
202-4
simultaneous equations 80
elimination method 82-3, 85
graphical solution 81
key points B?
non-linear 86-7
solving everyday problems
BL-5
substitution method B3-4
sine [sin] 138-40, 170
0® and 90° 142-3
30* and 60° 140-1
45 141-2
angles of any size 148-50
differentiation 243-6
integration 270-2
tngonometnical identiies
163-5
sine graph 150, 171
transformations 15661
speed 278, 280
sguare roots, eguations
involving 51
stationary poinis 231-8
maximum and minimum points
21-6, 232-8, 245, 267-8
straight line graphs 11415
intersection with a guadratic
curve 30-3
key points 127
length of a ine 117-18
midpoint of a line 117
y=mx+c 11517
stretches 158-9
of tngonometnical graphs
156-7, 160
substitution method,
simultaneous equations
B34
summation 185
surds &1

adding and subtracting 52

expanding brackets 62-3
key points &7
rationalising the denominator
63
simplifying 61-2
symbols 290

T

tangent [tan] 138-40, 170
0" and 70° 142-3
30° and 607 140-1
£5° 141-2
angles of any size 148-50
differentiabion 243-6
integration 270
tngonometrical identities
163-5
tangent graph 151-2, 171
transformations 161
tangents to a curve 31-2
equations of 239-40, 246, 248
terms of a seqguence 184
time 280
transformations
of loganthmic graphs 93-7
of trigonometrical graphs
156-61, 172
translations
of logarithmic graphs 93-4, 96
of tngonometnical graphs
157, 160-1
tngonometrical equations
152-4, 1667
trigonometrical graphs 150-2,
1m
transformations 156-61, 172
use to solve equations 152-4,
167
tngonometrical identriies
163-6,172
trgonometry
0® and 70° 142-3
30° and 60 1401
£5° 141-2
angles of any size 148-50
CAST rule 150
differentiating trigonometrical
functions 243-6
integrating trigonometrical
functions 270-3
key points 170-2
principal values of functions
153
reciprocal functions 146
in night-angled tnangles
138-47



turning points 231
MEXirmum andg minirmum

points 21-4, 232-8, 245,

247-8
guadratic functions 21-6

u

unit vectors 211, 217

v

veclors
addition and subtraction
215-17, 218

applications of 219-20
key poinis 224
multiplication by a scalar 215
notation 292
terminology and notation
210-13
unit vectors 217
zerovector 217
velocity 280
application of vectars 219-20
determination from
acceleration 284-5
velocity-time graphs 278, 289

vertical line of symmetry,
quadratic functions #1-4,
26

Vigte, Francois 1%

Y

v=AbY 123-4,127
y—ax® 121-2,127
v=myr+c 11517127

z

zero index 59
rero vector 217
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